5 
< 














- 195?=1950 
L. L, Forpy 
| Kennetn Greisen 
Tuomas Laurirsen 
H. W. Lewis 
C: P, Sucarer 
C. N, Yanc 
J A Manuscripts for publication 
Viee-Premtem, "=. | Ediegr, The Physical Revidew, Be 
V. F. Waesxoer 0 York. The authors’ institutions are req 


— Institute of Tec $30 per page which, if honored, 
tional $8 will be requested for - 
Review Letters. Instructions will: 


tion should be addressed to the “Publication 
Physics, 335 East 45 Street, ‘New: York 17, 


sity 
New Yotk 27, New York 
Ae 8 
S. L. Quam . 
Colimbia University 
New Yer ba New York 
eee | Single copies: $3.00 each. | 
‘ Lace! Secretory General index, 1893-1920: $4.00... 
har We Pesific Coast «: 1921-1950: Paper bi 
Wruitam A. Nieves 
University of Califore 
Berkeley, Calitornia 


Manasio Editor OF 
ciety should be addressed to the Tre 
to the American Institute of Physics: 


3 For ne i ae 1-15, 1893-3902) inquire 0 ‘ 
Ithaca, New ¥: ede 3 











THE 


PHYSICAL REVIEW 


cA journal of experimental and theoretical physics established by E. L. Nichols in 1893 





SECOND Seriks, Vor. 115, No. 2 


JULY 15, 1959 





Ground State of Liquid Helium* 
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A calculation scheme suitable for studying the ground state of many-body Bose quantum systems with 
strong forces is developed. The calculation scheme is based on the nodeless property of the ground-state 
wave function and is capable of yielding in some cases upper and lower bounds on the ground-state energy 
and corresponding wave functions. From a treatment of liquid helium in the ground state, including a 
short-range interaction form, it is concluded that the calculation scheme is suitable for problems with 
involved interactions and is capable of reducing the problem to the mathematical one of calculation of the 
energy and lattice structure of a classical crystal at absolute zero of temperature. 


INTRODUCTION 


EF  Ypeewce-don which have been made to find the 
ground-state wave function and ground-state 
energy of liquid helium II, and to investigate the 
ground-state Bose many-body problem with hard- 
sphere interactions, have suffered universally from 
convergence difficulties, or difficulties associated with 
physical approximations necessary for integration over 
all the variables.‘ 

It is the object of this paper to develop a calculation 
scheme based on operations other than integration over 
all the coordinates and depending on the situation at a 
few points in the coordinate space. 


THE CALCULATION SCHEME 


It is clear that, for the case of strong interactions, 
no analytical process which depends on integrating 
general functions over the configuration space will be 
performable, so that techniques independent of the 
integration process are to be sought. The nodelessness 
of the wave function of the ground state of a Bose- 
Einstein many-body system and the variation principle 


* Part of this research was carried out by the author as a 
student at the University of Washington. 

1 The boundary conditions are that y is a continuous function 
of all continuous variables and the time, possesses continuous 
first derivatives in all variables, and is quadratically integrable. 
It vanishes wherever the forces are infinite and repulsive. This 
restricts the problem in particular to spinless systems. 

2Q. Penrose and L. Onsager, Phys. Rev. 104, 576 (1956). 

3 F. J. Dyson, Phys. Rev. 106, 209 (1957). 

4 Yang, Huang, and Lee, Phys. Rev. 106, 1136 (1957). 


imply the following theorem®: 

(Hy V)max> ED (HW /p) min; (1) 
where £ is the ground-state total energy, H is the 
Hamiltonian of the entire system, y is the nodeless 
trial wave function satisfying the boundary conditions, 
and the symbols ‘‘min” and “max” stand for the 
absolute minimum and maximum values, respectively, 
of the functions in parentheses over the whole con- 
figuration space. 

A transparent illustration of the use of this theorem 
is the ground-state problem of three noninteracting 
Bose particles of mass M, connected by light, inex- 
tensible strings of length a. 

To produce an upper bound on the energy, one 
chooses a function of form 

V=f (riz) f (ris) f (res). (2) 
Here rj. is the distance from particle 1 to 2, and 

f (riz) =sinkrie/krie, 
where ka=z. This function satisfies all boundary 
conditions including the condition that ~Y=0O when 
ri2=4, 1.e., when any string is tight. 

Equation (1) yields 
E< 6Rh?/2M+{ (—2h?/2M)(V 12 In(sinkri2/kriz) 

-Vi3 In(sinkry3/kri3) + Var In(sinkros/ kre) 
-Vo3 In(sinkre3/kre3) + V31 In(sinkrai/krs1) 
» V32 In(sinkrgo, kr) |}, (3) 


5 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Vol. 2, 
p. 1147. 
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where V,; means 10/0(x;—2x;)+j0/0(y,— y;)+kd/d(<; 
—z,). The term in curly brackets is not positive. Thus, 


EE. < 6h? /2M = 6(9)?h?/2Ma?=59.2h?/2M a’. 


The sign of the curly bracketed term can be analyzed 
by considering several! similar triangle configurations of 
the particles. If all three angles of each triangle are 
acute, the term in curly brackets is negative for finite 
sides, since each gradient is positive and monotonic. 
The same conclusion follows, if one angle is obtuse, 
from the fact that each gradient is positive and mono- 
tonic and that the longest side is opposite the obtuse 
angle. Thus the curly bracketed expression in (3) is a 
maximum when all sides of the triangle are zero. 

Correspondingly, a lower bound on the eigenstate 


energy is found by choosing a function of the form 
Y= f (rie) f (ris) f(res);  f(rig)=(a"—41g")"/™. (4) 


It is of interest to obtain the greatest lower bound on 
k:, and to use # as a parameter to be varied to maximize 
the minimum point of y/y, and hence to maximize 
the lower bound on £. For this form, 


h? (Ve+V2+V;2)y 
2M 


B; By, cosa] (5) 


i 


(n+1)(r;;/a)” 1(- ) 
[1—(r;;/a)" ] a’) 


B,;={—(a/r,;)""/[1—(a/r,;)"}} (1/a), 


where 


(7;;/a)*"*(1—n) 
A 55> 
[1—(r.; a)" tb 


and the innermost sum of (5) includes only one nonzero 
term. The angle 6,;’* is the angle between r;; and r,, at 
particle 7, i.e., it is the angle jik. If m is less than 1.5, 
the function (A/W/w) goes for extreme configurations to 
plus as well as minus infinity; we select nm=1.5 as the 
best choice, since inspection of the function and calcu- 
lation for n=2 indicates that, for m greater than 1.5, 
(HW/) min monotonically decreases, i.e., the choice 
n=1.5 maximizes (HW/W) min- 

If one neglects the small cross terms, (—7?/2M)B;,;By, 
Xcos6;*, which generally are less than 20% of the 
total, the minimal configuration is an equilateral 
triangle so formed that each of the positive functions, 
—A;;, is itself a minimun, at r;;/a=0.35. The con- 
tribution of the cross terms is generally negative, 
and they are sufficiently involved that no simple 
argument appears to define the absolute minimum 
point. The configuration which minimizes (Hy/W) is an 
equilateral triangle configuration with 11./a=17};/a 
= 79;/a=0.36, and it seems that the cross terms shift 
the minimum only very slightly. A numerical survey of 
the function (Jff/y) has been carried out and no other 
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minimum has been found. In more involved cases a 
survey of this type cannot be carried out. The magni- 
tude of the lower bound energy is 32.2(h?/2Ma*). In 
this case, as in all others using this theorem, no explicit 
bounds on the error in the wave function are presented. 


Example of Liquid Helium 


In this section the procedure is applied to a model of 
liquid helium in its ground state. The procedure yields 
no upper bound on the energy but does yield—subject 
to one further physical assumption—a lower bound on 
the ground-state energy and a corresponding wave 
function. The model assumes that the liquid helium is 
a set of .V nonrelativistic Bose point particles in a cubic 
box of volume V. Each particle has the mass of a 
helium atom and interacts with others through a 
Slater-Kirkwood two-body potential at interparticle 
distances greater than a= 2.5 A, and through an infinite 
replusive potential at smaller interparticle distances. 

Equation (1) applies to the model of liquid helium II 
in its ground state. One can choose a trial wave function 
of the form 


N 
v= IT f(r), 
i>j>1 
f(rij)=(74;2—a")""/r,; for ri;><a, 
f(ri;)=0 for ri;<a. 
The form of f has been chosen to vanish at 7;;=a@ and 


to approach the value 1 as r;; approaches infinity. The 
product function may be written as 


\ i Bea 
II f(ri;) =ex|— >. | 
— Sib KT 


where L’(r,;;) vanishes as r;;—> ©, and is plus infinity 
for r,;<a. Since the square of this function is the 
probability, per unit volume of configuration space, of 
a configuration of a classical gas, liquid, or solid, one 
might interpret this wave function as expressing the 
guess that liquid helium has the same configuration 
distribution as a classical liquid whose kinetic energy 
per particle, 3/2 KT, is produced by the temperature, 
T, rather than the confinement energy. 

The function (6), when inserted into the form Hy/y, 
yields, in addition to terms of form (—#?/2M)V;7?f(ri;)/ 
f(ri;), product of gradient terms of the form 


—h? Vif (ris): Vin f (rin) 
2M f (ris) f (riz) 


and for a configuration where 7;;=a and r;,=a both of 
the factors of this expression become infinite with the 
same sign. When 6@,’* is acute or obtuse, Hy/y will be, 
respectively, minus or plus infinity unless the positive 
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terms of form 
—h Ai; f (1:3) 
2M 


—h Vint f (ris) 
and 
f (rij) 2M f(rix) 
are so large as to override the product of gradient 
terms. The function (7) has this property with 
n>2.20. Subject to this restriction, as in the three- 
particle case, the choice of m is made to maximize the 
lower bound on the energy, i.e., to maximize (HW/W) min. 
The boundary condition that Y must vanish on the 
surface of the box containing the helium is expressed 
in the many-body limit by considering only configura- 
tions such that each Helium particle is within the box 
volume.® 

Then 


e7[VP+V+---VytWy 
: —=)+ ¥ Vir) 


V (r;;) h? Vi? f(r:;) 


2M f(r;,) 


Ausf ris) Ain ) 
f (ris fl rit) 


Bi Bix cost") | (8) 
2M k=1,ixk, jk 
where 


1 LG es Ne 1 1 
A.j= \~ | B= | | 
aL (Z,;"—1) al Z;,(Z,;"—1) 


M is the mass of a helium atom, and for our specific 
choice of function, with n= 2.20, 


A j= (—1.2)/255-°7(2577—1)%e?; 
By;=1 £i3(2;77—1)a. 


, (9) 

Ziz=P1i3/0; 
To show that the expression (8) has a lower bound, it 
is sufficient to show that the bracketed sum in this 
expression (8) cannot assume negative infinite values 
for any configuration of the particles 7 and &, for any 
one particle 7. There can be, at most, 12 spheres touch- 


6 A more rigorous procedure is to choose as trial function, 
\ “0 
I f(r:;) 11 6(X.), 


t> 7)=1 a=! 


where ¢(X,) is an analytic nodeless function of each variable XY, 
which is flat for Xq inside the box up to a distance 2a of the 
surface of the box, and vanishes at the boundary. For the densities 
considered here, in the many-body limit as the volume of the box 
goes to infinity while N/V remains fixed, the contribution to 
(Hy /)) min of the particles within distance 2a of the edge of the 
box vanishes in comparison with that of the rest of the particles. 


STATE 


OF LI@G@UID He 


\ DIAMOND 


IN CALORIES 


\ SIMPLE CUBIC 








BODY CENTERED CUBIC _ 
REOY CENTERED CUSHC 


——<= 





tte & &@& @ 
VOLUME IN MILLILITERS FOR ONE MOLE 
Fic. 1. The body-centered cubic value of (//¥/¥) min, 28 calories, 
is taken as the lower bound of the experimental ground-state 
energy, 14 calories. The experimental free liquid volume is 27 cc 
in contrast to 20 cc given by this calculation. 


ing sphere 7 and contributing to this bracketed sum. 
If there are any such number, .Vo, of spheres all at 
distances r;;=a+e, where ¢ is infinitesimal, but fixed, 
the bracketed sum can be written as 


—h? ¢ No(A—n) 
( + 
2Ma?\(Z;;"—1)? 


For No>2, the configuration which minimizes this 
bracketed sum in (8) is one where each sphere touches 
at least two others as well as 7, since the configuration 
which minimizes the bracketed sum minimizes 


1 


(% +-  * cos. 
1#kK=1, iA =1, kF 


No 
>, fij| 
a 


] | 

(where the ?;; are unit vectors from the center of sphere 
i to each of the .Vo spheres in question, and where & is 
any special sphere). For each sphere k, the quantity 


Ne—! 
1 


will increase as the sphere & is moved to reduce the 
angle between #, and (}°)~,;4°'?,;) unless & should 
touch another sphere. For 7 less than 2.20, a configura- 
tion in which five particles touch each other can make 
Hy/¥ minus infinity. The choice of m which maximizes 
(HW/b) min seems to be n= 2.20 as judged from calcu 
lations with n= 2, and «. The potential energy is taken 
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as the Slater-Kirkwood form with a hard-sphere core’: 

V(r,,)s=0; 25;<a=2.5A, 

V (r;;)=[770 exp(—4.6r;;) —1.49/r;;° |X 10-” erg; 
rij> a. 


(10) 


To find (HW/W)min, one finds a number of relative 
minima of the function and selects the lowest of the set. 
In this example, three such configurations have been 


selected: simple cubic, body-centered cubic, and 


diamond. The function (Hy/W)min has been plotted 
against volume of one mole for each configuration in 


Fig. 1. 
The formulas for the lattice energies are 
Simple cubic: 
(Hy /b)= N[6V°(d)+12V°(dv2)+8V°(dv3) J; 
d=(V/N)!. (11) 
Body-centered cubic: 
(Hyp /p) = N{8V°(d')+6V°(2d’/v3)+12V° 2d’ (2/3)! ]} ; 
d’=d(1.092). 
Diamond: 
(Hy /p) = N{4AV9(d") +12V°L 2d" (2/3)! ]} ; 
d'’=d (0.866), 
$V (95;)+(Ai;— B;7)(—/?/2M). 
The terms A;; and B;,; in V® are kinetic energy terms 
describing, respectively, two- and three-body correla- 


(12) 


V°(r;;) 


tions. The procedure reduces for h=0 to the classical 
procedure of minimizing the total potential energy. 
The form of the term B;,? is simplified by the symmetry 
of the lattices chosen, which cancel all angular contri- 
butions in the term B;;B,, cos0,;’* in (8), except those 
corresponding to 6=180°. Numerical calculations are 
made in each case to see that the lattice points are 
relative minima rather than maxima. The body- 
centered cubic curve of Fig. 1 beyond about 20.0 cmé 
volume per mole is flat, indicating that the lattice 
configurations of greater volume would be relative 
maxima rather than relative minima, which physically 
corresponds to separation of a liquid phase and the 
appearance of a meniscus. The error in the calculated 
energy and volume is not sensitive to the form of /, but 

7W.H. Keesom, Helium (Elsevier Publishing Company, Am- 


sterdam, London, and New York, 1942), Amsterdam edition, 
9 ‘ 
p. 92. 
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seems to indicate that the form (6) must be changed to 
include explicit 3-body correlations. In this procedure, 
it is well to note that the lattice calculation is a compu- 
tational tool and does not imply any lattice configura- 
tion of liquid helium. From a computational viewpoint 
this calculation is similar to that of cell model calcu- 
lations for a corresponding classical liquid, or lattice 
calculations to find the lattice structure of a classical 
crystal at absolute zero of temperature. In this case, 
a large number of types of “cells” can be considered 
and a detailed survey of each is unnecessary. That the 
selected relative minimum is really the required absolute 
minimum is the one physical assumption of the pro- 
cedure, beyond those of the model and the choice of 
trial function y. 

The plan of letting the function Hy/W go to minus 
infinity for all configuration space points on the hyper- 
surface r;;=a, to provide an upper bound, will not 
work for a trial function w of the form (6) used for the 
lower bound, i.e., a simple product function which 
approaches a constant as 7;;— ©. To see this it is 
necessary to observe that any such y, continuous with 
its first derivatives, can be used as a trial function to 
describe a hard-sphere gas in any sized box, and in 
particular in a box just big enough to contain the 
spheres. For such a case, because of the variation 
principle, the expectation value of the kinetic energy is 
very large and positive. To make the procedure work, 
the function Hy/y for all such configurations must be 
negative infinite and continuous and so cannot have an 
average which is large and positive. Thus, because of 
the variation principle, any such function Hy/y which 
goes to negative infinity for some configurations cannot 
do so for all such jammed configurations, but must 
fluctuate wildly and go to large positive values as well. 
Thus (1) is useless for upper bound analysis with a 
trial function of form (6). This, of course, does not 
exclude the possibility of choosing more involved wave 
functions containing explicit long-range correlations and 
describing the system in only one size box. 
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Induced and Spontaneous Emission in a Coherent Field. II 


I. R. SENITZKY 
United States Army Signal Research and Development Laboratory, Fort Monmouth, New Jersey 
(Received January 15, 1959) 


The interaction between the electromagnetic field and a number 
of identical atomic systems, individually characterized by an 
electric dipole moment and two energy levels, is analyzed for the 
case where the atomic systems are inside a lossy cavity and 
exposed to a coherent driving field, resonance being assumed 
between atomic system, cavity, and driving field. 

The problem of introducing loss into a quantum-mechanical 
formalism is treated first. Formal operator expressions are obtained 
for the field variables which include the absorption and the 
fluctuation (both thermal and quantum-mechanical) effects of 
the loss mechanism. Expectation values are then obtained for the 
field strength and the field energy which are valid for times short 
compared to the lifetime of the excited state. It is shown that the 
spontaneous-emission energy in the field increases initially as the 
square of the time and approaches a steady-state value after a 
transient period which is of the order of the cavity relaxation time. 
The induced emission contains two parts: incoherent emission 


N the first article of this series,’ some of the problems 

peculiar to the interaction between a group of 
similar atomic systems and a coherent electromagnetic 
field were discussed. The atomic systems, referred to as 
molecules, were contained in a resonant cavity with 
perfectly conducting walls. The problems examined 
pertained mainly to the questions of coherence of the 
emission and the correlation of the molecular states. 
For these problems the idealization of a lossless cavity 
made possible a more illuminating discussion by 
eliminating complications which are not significant. 
There are other important problems, however, for which 
the cavity loss is of significance, such as the amplitudes 
of the induced- and spontaneous-emission fields in the 
cavity. Thus, for a constant-current radiating source 
inside a cavity, the field energy approaches a constant 
value if the cavity has some loss, while in the lossless 
case the energy increases indefinitely. For a realistic 
discussion, therefore, of the amount of spontaneous 
and induced emission and, in particular, of its time 
dependence (it is in this respect that interesting results 
are obtained), cavity loss must be considered. This is 
the purpose of the present article. 

In the lossless case it was not necessary to include a 
driving mechanism to maintain a zero-order oscillating 
field in the cavity. Only an initial field was needed, 
since, because of the absence of cavity loss, this field 
continued to oscillate, in the lowest order, without 
change. (The interaction with the molecules is of higher 
order.) In the present case, however, an initial field will 
soon be damped out, so that a driving mechanism must 
be provided. We will, therefore, insert into the cavity, 
as our driving mechanism, a classical dipole of pre- 

17. R. Senitzky, Phys. Rev. 111, 3 (1958), hereafter referred to 
as I, 


induced by the thermal field, and coherent emission induced by 
the driving field. The incoherent induced-emission energy has 
the same time dependence as the spontaneous-emission energy, 
and the ratio of the former to the latter is the number of photons 
in the thermal (inducing) field. The coherent induced-emission 
energy does not approach a steady-state value, but, after a 
transient period, increases linearly with the time. The ratio of the 
coherent induced-emission energy to the spontaneous-emission 
energy is equal, initially, to the number of photons in the driving- 
field energy, but becomes #/ times as large after the transient 
period, where 8 is the reciprocal of the cavity relaxation time. 

The expectation value of the rate of energy emission by the 
atomic systems is also obtained. It is shown that the ratio of the 
downward to the upward transition probabilities has the well 
known value of (n+1)/n, where n is the field energy in units of 
the photon energy, only in the absence of a coherent field. 


scribed dipole moment. The molecules, driving field, 
and cavity are all considered to be in resonance. 

In Part I a method of introducing loss into a 
quantum-mechanical formalism is presented. Ex- 
pectation values for the field strength and energy in 
the cavity in the presence of a driving field and a single 
molecule are derived and discussed in Part II. The 
power emitted by the molecule is considered in Part 
III, and expressions for the field due to a number of 
molecules are given in Part IV. 


I 


In order to explain as simply as possible the method 
of introducing loss into a quantum-mechanical formal- 
ism, we consider a cavity without molecules and without 
a driving mechanism; we have only the radiation fiéld 
and the loss mechanism. 

The effect of losses, or resistance, is the coupling of 
the electromagnetic field to the thermal bath, thereby 
converting electromagnetic energy into thermal energy. 
However, a coupling mechanism works in either direc- 
tion. It will, therefore, transmit thermal (and also, as 
will be seen, quantum-mechanical) fluctuations to the 
electromagnetic field. 

In order to have a loss mechanism which behaves 
like a resistance, we impose the following two require- 
ments: (1) The loss mechanism must be nonresonant. 
(2) The state of the loss mechanism is determined 
mainly by the temperature of the thermal bath to 
which it is coupled, and only slightly by the field in the 
cavity. The first requirement may be met by con- 
sidering the losses to be due to a large number of 
electric dipoles, the resonant frequencies of which are 
continuously distributed. The second requirement will 
be considered later. 
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We consider, therefore, a cavity with walls which are 
still perfectly reflecting, but include inside the cavity a 
large number of dipoles, each one labeled with index 
‘7” and having (angular) frequency w;. For simplicity 
we take each dipole to be of the type studied in I, that 
is, having only two energy states, their difference being 
hw;, and having no permanent dipole moment; but now 
there are dipoles within the cavity for all (positive) 
values of w;. The number of dipoles per unit frequency 
range (dipole density) is p(w,), which is a slowly varying 
function of w;. The notation used? will be essentially the 
same as that in I, except that the dipole moment oper- 
ator of the dipoles constituting the loss mechanism will 
be designated by IT, the symbol y, used in I, being 
reserved for the molecules to be introduced into the 
cavity later. 

The Hamiltonian for the system of cavity field and 


dipoles is 
H Heeat+>. HT ,+ IrcP >; T;-u(r;), (1) 


where H; is the Hamiltonian of the jth dipole con- 
taining its internal variables, r; is its position in the 
cavity considered to be fixed, and 
feta = 200? PP + (w?/ 8a of Oa (2) 
We have not indicated explicitly any coupling of the 
dipoles to the thermal bath, and this requires some 
explanation. If the number of dipoles were small, then, 
in order for the loss mechanism to absorb a given power 
from the field and still satisfy the second requirement 
(i.e., that its state be determined mainly by the tem- 
perature of the thermal bath), the dipoles would have 
to be coupled tightly to the thermal bath so that they 
would transmit the energy to the bath almost as soon 
as they received it from the field. If, however, we take 
the number of dipoles to be very large, then the coupling 
to the thermal bath may be taken to be weak; and if 
the period of time under consideration is not excessively 
large, this coupling may be eliminated entirely. In the 
latter situation we merely require that the inzfial state 
of the mechanism be determined by a temperature; the 
very large heat capacity of the total number of dipoles 
makes it possible to satisfy the second requirement. 
Our treatment will refer to this idealized situation, in 
which the effect of the coupling to the thermal bath on 
the motion of the dipoles may be neglected. 
For simplicity we consider u(r;) to have t 
value U for all j, and designate by I’; the component of 


he same 


I; along U. The equation of motion for I’; is 


thd ;/dt=(T;(0),H;(0 |, 


which, together with 


dar , 
H;=H,(0)+ vf dt [Hj(4),0j(4) |P(h), (4) 


ih 0 


* The field is described by E= —4acP, H= 9 XA, A=Q(/)u(r), 
P=P(t)u(r), where [Q(t),P(4)]=ih, and u(r) is a normalized 
function describing the spatial dependence of the field for the 
mode under consideration, the normalization being fy? (r)d‘r= 1, 
where V is the volume of the cavity, 
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gives 


dV ;(t) 1 
=—[T';(4),H;(0) ] 
dt th 
4nc . 
+- -{ di,{1 (2), [0 j(t:),Hj(h4) JP (at) J. (5) 
0 


h? 


As stated in our second requirement concerning the 
loss mechanism, the effect of the field on each dipole is 
small. We may, therefore, approximate I’; and H; under 
the integral sign in Eq. (5) by I; and H;, which 
are the corresponding operators for the dipole un- 
coupled from—or unperturbed by—the field. We 
approximate further by neglecting [P(¢,),I' (¢)] com- 
pared to I (¢)P(t;) under the integral sign.’ The first 
term on the right side of Eq. (5) becomes dT’; (()/dt 
[see discussion following Eq. (I, 12) ]. We thus obtain 


4c 
DO 4-—_U 
h? 


xf au f dt 1; (4), [1 (te), Hj; JP (2). (6) 


I (0) 


Our treatment of the dipole resembles perturbation 
theory. Thus, we obtain Eq. (6) from Eq. (5) by con- 
sidering only the lowest-order interaction in the ex- 
pression for the dipole moment. It should be borne in 
mind, however, that our treatment of the field must not 
be a perturbation treatment, since we are dealing with 
a large number of dipoles, and their effect on the field 
may be great. In fact, as will be seen, the effect on the 
field is described by the product of dipole density and 
dipole moment, and this product need not be small even 
though the dipole moment itself is small. 

It is interesting to note that the substitution of the 
unperturbed dipole operators under the integral sign 
in Eq. (5) has the effect of making the dissipative 
system linear. The perturbed operators [; and H; 
contain, in general, a dependence on P, so that the 
dipole current is a nonlinear function of the field. 
However, I’; and H;"” are independent of P, and their 
substitution results in a linear dependence of the 
current on the field. 

Denoting the off-diagonal matrix elements of TI’; by 
l,* and making use of the relationship [see equation 

’ Explicitly, in the energy representation of the free dipoles, 
we have (in accordance with I) 


E,(7) 0 
Hoa("' " |) romel 
; 0 FE2(j) 


where E2(j)—F,\(j)=%w;. Also, see discussion following Eq. 
(i, 52). 

*Since I (¢) is uncoupled from the field, one might at first 
glance expect that it commutes within the field. The latter, 
however, is not uncoupled from the dipoles, and its description 
contains T(t’), ¢’t. We can obtain a rough estimate of the 
neglected commutator by using Eq. (21) to evaluate it. It can be 
shown that the approximation is justified for our purposes, 
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preceding Eq. (I, 13) ] 


(rj .1, (4) ,7;° | | 2hw T"1; cosw;(t—t1), (7) 


where 


for the jth dipole and unit matrix for the other dipoles, 
we obtain 


| ORG: pe 
r;(=TjOO+ uM, | dt, P(t) sinw;(t—)). (8) 
h 0 


This is an operator equation, I’; and J; being operators 
with respect to the dipole coordinates, and P being an 
operator with respect to the field coordinates. For con- 
venience in later calculation, we make an approxi- 
mation at this point, replacing 7; by its expectation 
value (times the unit operator), (J;). Since our end 
results will be expectation values anyway, this approxi- 
mation only eliminates, in effect, higher order quantum- 
mechanical interaction terms than the second (which 
are related to correlation effects between dipole and 
field fluctuations), and is consistent with the approxi- 
mation previously made with respect to the dipole 
moment. 

Utilizing the expressions which describe the field in 
terms of its initial value and the dipole moments, 
namely [see Eq. (I, 5) ] 

t 
Q(t) =O (1) +4are { dt, T(t) U cosw(t—t), 
a) 


(9) 


@ t 
P(t)=P(t)— x f dt, 1 ;(t,)U sinw(t—1t,), 
¢ # 0 


where 
P (t)= P(0) coswt— (w/4c?)O(0) sinw/, (10) 
QO (t)=Q(0) cosat+ (4c? /w)P(O) sinat, 
we obtain 


Ww t 
P(t)=P(t)— ux f dt, T; (t,) sinw(t—) 
Cc J 0 


83a | . fl 
— oT} dd; { at | dl, P(ts) 
h P i) ( 


Xsinw;(t;—f2) sinw(t—t;), (11) 


and 


O(1)=0 (t)+4rc © 


Lt “ K 
+ ure (| asf dty P(t2) 
h j 0 0 


Xsinw;(t1—l2) cosw(t—t1). 


t 


dt, T; (t1) cosw(t—t,) 


(12) 
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We carry out the /; integration in the last term of Eq. 
(11). Noting that the significant contribution to the 
integral (for (>w~') will arise from the w;~w terms, we 
ignore the (w;+w)~! terms compared to the (wj—w)"! 
terms. The result for the last term in Eq. (11) is 


1 t 
[ dt, P(t;) 


Wi—W "0 


82rw 


uly (1) 
h J 


X sin} (wj—w)(t—t) cos} (wj+w)(t—t). (13) 
We can now carry out the summation by converting it 
into an integration, making the usual approximations 
which go with the fact that the main contributions to 
(13) come from the terms for which w;~w (again for 
{>w"'). We obtain, thus, 


w nt 
P(t)=P®(s)- vy | dt, T; (ty) sinw(t—t) 


¢ j 0 


t 


af dt; P(t;) cosw(t—t), (14) 


) 


where 


B= — (49’w/h)U°P(T,;).p(w), (15) 


(7;) being the average expectation value’ of /; for those 
dipoles the frequency of which is in the neighborhood 
of w. Since P(t) and [(/) are known operators, Eq. 
(14) is an integral equation for P(t). We can cast it into 
more familiar form by transforming it into a differential 
equation. Remembering that 


POAc2PO =(), (16) 


we have 


P+ pP+0P=— (w/o) U Tj (0. (17) 


It is worthwhile noting certain interesting features of 
Eq. (17). In the absence of a loss mechanism, the field 
satisfies Eq. (16). If we were to include cavity losses 
phenomenologically, we would most likely only add the 
BP term to the left side of Eq. (16), leaving the right 
side zero. Then we would have an operator equation in 
quantum mechanics identical to the dynamical variable 
equation in classical mechanics—a common situation. 
However, the term on the right side of Eq. (17) is very 
important, even if one ignores thermal fluctuations, 
since, as will be seen in the subsequent analysis, it 
accounts for quantum fluctuations which are formally 
responsible for spontaneous emission. 

The initial conditions contained in Eq. (14) are 
expressed in terms of P(0) and Q(0). In connection with 
Eq. (17), we need initial conditions in terms of P(0) 
and P(0), the latter, as obtained from Eq. (14), being 


P(0) = — (w/4re?)0(0)—BP(0). (18) 
We can now write down the solution of Eq. (17). The 


6 It is assumed that (J;) is a slowly varying function of w;. 
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solution of the homogeneous equation satisfying the 
initial conditions is 


2 


wW 


1 2 
e a P(0) cosw’t—- -01(0)+187(0) sinw’f ; (19) 
w’ L4arc? 


and a particular solution which is zero initially is 


w” 7 t 
—-—U> f dt, T; (te)e 
wc 1 fi 


1B(t—41) sinw’(t—t)), (20) 
where 
w’ =w[ 1— (8/2w)* Ji. 


We assume that 8/w<1. We can, therefore, write, as 
the approximate expression for the complete solution, 


P(t) =e—¥'P (1) 


w t 
- vef dt, T (t,e8—) sinw(t—t)). (21) 
( P 0 


In an entirely analogous manner, we obtain 


O(1) =e #0 (1) 
t 

+4 f dt, Tj (te cosw(t—t)). (22) 
7 0 


Equations (21) and (22) are the explicit expressions for 
the operators P and Q in terms of the initial operators 
P(0), Q(O), and T;(0). 

It is easy to justify these expressions intuitively. The 
resistance in the cavity acts as an absorber and an 
emitter. The absorptive properties account for the 
factors containing 8, and the emission accounts for the 
second term in both expressions. 

To illustrate the significance of these expressions, we 
solve two simple problems, the solutions of which are 
well known.® The insight gained thereby will be helpful 
in the subsequent analysis of more complicated situ- 
ations. We will obtain the expectation values for the 
field strength and for the energy. 

In order to obtain expectation values, we must 
describe the initial state of our system. We take the 
field to be oscillating, initially, with amplitude Eou(r), 
in the manner described in I. The initial state of the 
jth dipole is described by a;(j)¢:(j)+a2(j)¢2()), 
where ¢1(j) and ¢g2(j) are the lower and upper energy 
states, respectively, and 


ay 2+ | dy 2==1, 


We consider the dipoles to be, initially, in equilibrium 
with a thermal bath at temperature 7. In accordance 
with the principles of statistical mechanics, the phases 
of a,(7) and a2(7) are random, and we may set 


(23) 


| d@2(j) \?/|ai(j/) |? =exp(—hw;/RT). (24) 
® See H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951), 
whose methods are applied by J. Weber, Phys. Rev. 90,977 (1953). 
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Since 


(Ty) = 2] ai(j)a2(j) | P cos(wt+9;), 


where @; is the phase difference between a2(j) and a;(j) 
[see Eq. (I, 10) ], and since 6; is a random variable, 


LAT; (t))=0, (25) 


so that 


(E(r))= —4acu(r)(P(t)) = Eou(r)e~*** sinw!. (26) 


The amplitude of the oscillations decays exponentially, 
and we have the same expression for the expectation 
value of the field as that which would be obtained for a 
classical field if we set 
B=0/“Q”, 

where “Q”’ is the quality factor of the cavity.’ 

To obtain the expectation value of the energy of the 
field, we evaluate 


(H feta) = 240% P?)+ (w?/80c?)(”). 


(27) 


(28) 


Now, the expectation value of all cross terms in P? and 
Q? [see Eqs. (21) and (22) ] vanishes, since 


LAPOT;)=(P DAT, =0, (29) 


and 


> Tor,” => (Tr; y >. (T,0 \—=(), 
i k 


7#k 
The value of 


2ac*{ PO?) + (w?/8mrc?)(O?) 


is the expectation value of the initial energy of the 
cavity field and, according to Eq. (I, 18), is given by 
E,?/8r+ thw. We are thus left with only the evaluation 


of 


w : ’ 
vy f ats f dt{0j (t2)P 4 (t) eet 
Cc | 0 0 


Xsinw(t—t;) sinw(t—t2), (30) 


for P? and the corresponding term for Q?. Noting from 
the equation following Eq. (I, 17) that 


(T , (t2) 0, (t1)) = P2(| ay | 2e%i-#) 


+ | a|%e (31) 


iwj(ti—te ). 


we obtain for expression (30) 


wt t t 
oy at) 18/9 . 
UT? dt, dty e~ 2B (2t—t—t2) 
c 0 0 


Xsinw(t{—t;) sinw(t—t.) So et#i(n-*) , 


d 


(32) 


which is shown in Appendix A to be equal to 


t 
UT plo) f dt, e~ F(t) sin’ (t—t,). (33) 
“id 0 


c 


‘Tn order to distinguish the quality factor from the coordinate 
of the cavity field, we use quotation marks about the former. 
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The corresponding term for Q? is 


t 
1on'eU"Tp(u) f dt, e~8(-4) cos*w(t—h). (34) 
0 


Multiplying (33) by 2mc?, (34) by w?/8mc?, and adding 
the results, we obtain, as the part of the energy due to 
the dipoles, 


hw (1—e 8) (— (a), (35) 


where we have made use of Eq. (15). Since 
(15)= | @2(7) |?— |ai(9) |’, 
we obtain from Eqs. (23) and (24) 


(—(1;)s)7=1+2[exp(hw/kT)—-1}. (36) 


We have, therefore, as the part of the field energy which 
comes from the initial field, 


(E?/8r+ fhw)e*, (37) 
and, as the part of the field energy which comes from 
the dipoles, 


shw(1—e Bt) + figy(eho/ kT — 1)—-1(1 — eA), (38) 


We see that the initial classical energy, Eo?/8, decays 
as et; that is, at the classical rate. It is interesting to 
note that the initial zero-point energy in (37) also 
decays at the same rate, but that the zero-point energy 
due to the dipoles, in (38), increases at a compensating 
rate to keep the total constant, so that at absolute zero 


(H eta) r—0= (Eo?/8mr)e-8'+ thw. (39) 


For 6t>>1 the zero-point energy is due entirely to the 
dipoles. This illustrates, in part, the significance of the 
right member of Eq. (17), or the second terms on the 
right sides of Eqs. (21) and (22). These terms also 
account for the second term in (38), which for T>0 
gives the thermal field energy. Since it was assumed 
that at ‘=0 there is no thermal field energy in the 
cavity, this energy builds up from zero to a steady- 
state value 


hea (*!*F —1)-, (40) 


which is in agreement with Planck’s radiation law. 

Perhaps the most fundamental justification for the 
second term on the right sides of Eqs. (21) and (22), 
from a quantum-mechanical viewpoint, is the com- 
mutation relationship between Q and P. The contri- 
bution of the first term towards [Q,P ] is ihe~*', which, 
standing alone, would obviously result in a violation of 
the uncertainty principle. It is shown in Appendix B 
that the contribution of the second term toward the 
commutator is 7#(1—e~*®*), which is just what is needed 
to produce the correct commutation relationship, 
[O,P ]=ih. 

II 


We come now to the central problem, namely, the 
consideration of the behavior of molecules in a lossy 
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cavity in the presence of a driving field. For simplicity 
we consider, at first, the presence of only a single 
molecule inside the cavity. This molecule is the same 
as that considered in I. Its internal energy is described 
by a Hamiltonian H,,, which, for the free molecule 
(uncoupled from the cavity field), has the eigenvalues 
E, and Eo, with E,—E,=hw, and the eigenstates ¢ 
and ¢2. The position of the molecule in the cavity is 
Im, and its dipole moment is ym. The component of 
dipole moment along u(r,,) is designated by ym. For the 
free molecule, y,(0) has the off-diagonal matrix 
elements y and the diagonal matrix elements zero. The 
initial state of the molecules is specified by a1¢1+ d2¢2, 
where |a;|?+|\da2|?=1. The phase difference between 
dy and a, will be designated by Om. 

For the driving mechanism we consider a classical 
dipole of prescribed (oscillating) electric dipole moment 


D(t)=Dv sin(wt+@) 


situated at rp. Instead of Eq. (1), we now have for the 
Hamiltonian 


H= Heat) ; Hr 


+4rcP (>>; T)U+ymutDup), (41) 


where up is the component of u(rp) along the driving 
dipole. In accordance with Eq. (I, 5) we must add to 
the right side of Eq. (11) the term 


t 


Ww 
_ | dti[¥m(ti)u+D(ty)up | sinw(t—t;). 


C #9 


We notice that this has the same form as the I’; terms 
in Eq. (11), and may be included in the subsequent 
analysis leading to Eq. (21) merely by adding wym(t,) 
+upD(t)) to >>; UT;, so that instead of Eq. (21) we 
now have 


w t 
P(t) =e7¥*P (1) — f dt, e 8-0 UP; (ty) 
Cc #H0 F] 


+7 m(ti)+uUpD(t:) | sinw(t—t;). (42) 


In a similar manner, Eq. (22) is replaced by 


t 
O()=e ¥19()+44c f dt, e6(—-MS* UT; (th) 
7 


0 


+0 m(ti)+uUpD (ty) ] cosw(t—t)). (43) 


Equations (42) and (43) are no longer explicit expres- 
sions for the operators P and Q in the manner of Eqs. 
(21) and (22), since y is now one of the three dynamical 
variables, P, Q, and ym, which are to be obtained from 
the equations of motion. Equations (42) and (43) are 
two of these equations, and the third is the same as 
Eq. (I, 9): 

[¥m(t),Hm(0) |. 


thy m(L) (44) 


We proceed now to solve these equations by means of 
perturbation theory along the same lines as those in I. 
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The new feature is the inclusion of losses and a classical] 
driving field. It should be pointed out that only the 
interaction between molecule and field is treated by 
perturbation theory. The other interactions are treated 
more precisely. 

There is good reason for the use of perturbation 
theory (besides the fact that it offers a method of 
solving the problem) in the analysis of the interaction 
between molecule and field. The processes of spon- 
taneous emission, induced emission, and absorption 
have meaning only within a perturbation-theory—or 
small-signal—framework. Outside this framework these 
processes become intertwined and inseparable, and a 
discussion of them individually, which is very helpful 
in an understanding of the interaction, is impossible. 
The limitations of perturbation theory, of course, are 
well known. In our case the theory is valid only for 
times short compared to the lifetimes of the initial 
states; that is, for times short compared to the time 
required for the expectation value of the molecular 
energy to change substantially. This time depends, of 
course, on the strength of the cavity field. For fields 
which are not too strong, it will be much longer than 
the cavity relaxation time, 8. In the following dis- 
cussion, the time is to be understood as properly 
restricted in accordance with the above considerations. 

We now expand P, Q, and y,, in powers of the coupling 
constant between molecule and field (considered to be 
included in 7) in the following manner: 


P= PWO4+ prl+ pei+..., (45) 


It is important to distinguish between P! and P 
(and likewise for the higher orders). P“ describes the 
cavity field uncoupled to the loss mechanism, the 
driving mechanism, and the molecule; while P!°! 
describes the cavity field coupled to the loss mechanism 
and the driving mechanism (to all orders) but un- 
coupled to the molecules. 

In setting up the equation of motion, we have con- 
sidered the initial time to be ‘=0, and the initial con- 
ditions refer to this time. For our present purposes, it 
is more convenient to take the initial time to be — ~. 
This has the effect of eliminating the P and O° 
terms in Eqs. (42) and (43), and changing the lower 
limit of the integrations to —*«. Physically, these 
modifications mean that the initial oscillating field and 
the transient part of the driving field have been damped 
out before the time under consideration. Now, we want 
the molecule to enter the cavity at /=0. Mathemati- 
cally, this is accomplished if we consider the position 
of the molecule, r,,, to be a function of the time, and 


u[r,,(t)]=0, <0; 
u[r,,(f)]=u, (>0. 


(46) 


We have then 
P()=PptPrt Py, (47) 


Ot) =(Op +Or+?,, (48) 


SENITZKY 


where 


WUp : 
Pp=—D, cos(wi+6) = P pov cos(wt+6), 


¢ 


4rcup 
VYp= Dg sin(wl+6)=Qpv» sin(wt+8), 


1B(t—4) sinw(t—4)), 


w t 
P; = U Z [ dt, DP; (dive 
Cc © oa 


t 
Or=4rcU + f dt, Tj (tye48""-® cosw(t—), 
j 2 


t 


Ww 
ry =. uf dy ¥m(hide 1B(t—t1) 


C "9 


sinw(t—t;), 


t 
V,= trou f dt, Ym(ti)e 48(t—t1) cosw(t—/;). 


0 


The zeroth order expressions for P(¢) and Q(t) may be 
written down immediately. We have 


Plt) = Pp(t)t+Pr(t), 
QU! (t) = On(t)+Q1 (t). 


(49) 


It is obvious from Eq. (44) that y»!=y,,. We can, 
therefore, write 


Ww 


t 
pus — uf dty Ym (te sinw(t—ty), (50) 


Cc 0 


t 
om trou f di, Van (1, )e— 3B 1) cosw(t—1). (51) 
0 
In order to obtain second-order terms, we need an 
expression for yn"). This is given by Eq. (I, 13) with 
P replaced by P!: 
t 


wi'tn f dl; P(t) sinw(t—1;). (52) 


h 0 


81 
Yn (1) =- 


(There is no damping factor under the integral sign 
because the molecular oscillations are not damped 
internally.) We thus obtain 


t 


win f dt, PM(t))(1—e 4B(t 41) 
hg 0 


&rr 
P(t) = 


(53) 
X cosw(¢—/1), 


= (P?!)p+(P")p, 


327? ‘ 
QP) (¢) =—— culm f dt; P!)(t)) (1— et) 
hp 0 
: (54) 
Xsinw(/—/;), 


= (O"!)p+(Q")p, 
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where an approximation based on 8B/w<1 has been 
made, and where (P?"!)p, (?"!)» refer to the parts of 
P®) due to Pp and Py, respectively, according to Eq. 
(49) (and likewise for (). 

We can now obtain expectation values for the field 
strength. Up to second order in 7, 


(E(r,t)) = Ep(r,0) 


Sr 

wuu(r) | ado) ¥ sin(w/+6,,,)(1—e7 28") 
B 
Sr 

wu?yEp(r,t)() a2\?- 
hp? 


a1\") 
x [461—(1—e7 #84) ], (55) 


where use has been made of Eq. (I, 10). Ep(r1,f) is the 
driving field,* given by 
En(r,t)= — (42/B)wupu(r)Do cos(wl+8), 
Iepou(r) cos(wt+8). 


It is to be noticed that as 6 approaches zero, Eq. (55) 
becomes identical with Eq. (I, 19), which is the ex- 
pectation value of the field for the lossless case. In this 
comparison we identify the driving field in the lossy 
cavity with the zeroth-order field in the lossless cavity. 

Our main interest is in the expectation value of the 
energy of the field. To this end we must calculate the 
expectation values of the squares of P and Q, respec- 
tively. We have, up to second order, 


(P?\= ( Ptol2)4-( Pl) + ({ pt pay )+( { Pt) pei) \ (56) 


and a similar equation for (V*), where {1,3} =AB+ BA. 
Now 
(Ptol) 


=P p?+(P;*), (57) 
since, by previous reasoning, 


(PpP| = Pp(Pr =(). (58) 


We obtain (Pr*) from Eq. (33) by changing the lower 
limit of the integration to — ©. We do the same for Q”, 
and obtain for the zeroth-order energy expectation 


value 
0 hw 
f 3 hey +. 
Sr 


(Hira! (59) 


which is, of course, the sum of the energy of the driving 
field, the zero-point energy, and the thermal energy. 
The first-order term in Eq. (56) is 


({ Pe), Puy = 2Pp(P"! ), (00) 


and can be obtained in the same manner as the first- 
order term of Eq. (55). Combining this with the first- 


8 As our driving mechanism, we chose a dipole. There are other 
possible driving mechanisms for a cavity, such as a loop or an 
iris. It is obvious that a classical driving mechanism will produce 
a classical driving field in the cavity. We can, therefore, ignore 
the mechanism and consider the problem as specified in terms of 
a classical driving field, given by Ep(r,t). 
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order term in Q?, we have, as the first-order term of the 
energy, 


(Heia"!!) = 2wuye | aya2| Epo(1—e-**') sin(@m—9), (61) 


which corresponds to the first-order term in Eq. (I, 18), 
and approaches the latter for vanishing 8. Equation 
(61) is the expression for the coherent spontaneous- 
emission (or absorption) energy arising from the inter- 
action of the coherent molecular oscillations with the 
field, and depends, obviously, on the phase relationship 
between the molecular oscillation and the field oscil- 
lation. 

The second-order part of (2?) is composed of two 
parts, (P"?) and ({ Pl, P@l}). For the former we have, 
from Eq. (50), 


wu? t t 
( Ple2) = f aus f dlo({y (t1) vy (te) }) 
2c? 0 0 


X BBE t) (62) 


sinw(/—1t,) sinw(t—ts). 


Noting, from the equation following Eq. (I, 17), that 
(Ly (tr) 9 (te) } = 277 cosw(tea— th), (63) 
we obtain 
wy? 
(PU) = (1 —2e~ $8 e-Bt) | 
c*B* 


(64) 


where we have neglected a! compared to 8~'. We also 
have 


({P! PRY) =2Pp((P®!)p)+({Pr,(P#)p}). (65) 


((P®!)p) is obtained from the last term in Eq. (55) by 
replacement of Ep(t) by Pp(t), so that 


Sir 

c 

Pp((P™) p)= wiy?P pe cos?(wi+6) | ds 2 a;|?) 
13° 


x [36t— (1—e~ #4) ]. (66) 
Also, by methods similar to those used in deriving Eq. 
(33) (and using previously mentioned approximations), 
we obtain 

wu? y* 
({ Pr, (P®) p})= ( dy» . 


c?B? 


XK (1 —2e~ 44 *-+--8*) (— (74). 


We have, thus, for the second-order part of P”, 


2w*u*y* 2 


de — ere 
(1—2e-48t+-¢-8*) 6 | q,/24 . (68) 
cB" e hw/kT) 1 


Calculating the second-order Q? terms in a similar 


manner, we obtain for the second-order energy of the 
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field, 


|a2|?— | a1? 
(Héetal*) = 8(1—2e-¥'e (| a+ neon ) 


eholkT)_ 4 


Epo?/84 
&(Bt+ 2e—!#'—2)(|a2|?—|a,|*), (69) 
hw 
where 
$= 8rw*u’y"/B?. 


It will prove convenient to break this up into two terms: 
(A feta") spontaneous = 6 | d2|?(1— 2e—!9'+-e-**), (70) 


and 
Ep9, &r y 
(H fietd)induced = & (Bt+ 2e—48*— 2) (| a2)?— 
hw 


&(|a2|?— | ai|?)(1—2e-$6*+-e-#*) 
4. (71) 


e hw/kT) _ 1 


The considerations regarding coherence and_ in- 
coherence are the same as those for the lossless case, 
and are discussed in detail in I. According to these 
considerations, the second-order spontaneous emission 
[ Eq. (70) ] is incoherent, the first term of the induced 
emission (the part induced by the driving field) is 
coherent, and the second term (the part induced by 
the thermal field) is incoherent. The latter behaves in 
all respects like the spontaneous emission. The ratio of 
the thermally-induced emission to the spontaneous 
emission is 
for kT /hw>>I, 


kT /hw 
—1) l 
—~ pep (hw/kT 


é 


(e(hw/k7 
= for hw/kT>1. 

We see that for B/<1, we have the same situation as 
in the lossless case, with the energy increasing from 
zero as the square of the time. For 6f>>1, the spon- 
taneous-emission energy in the cavity approaches a 
steady-state value; the induced-emission energy ap- 
proaches a function which has a constant rate of 
increase as far as the coherent emission is concerned, 
and a steady-state value as far as the incoherent 
(thermally-induced) emission is concerned. 

Let us consider first the case for which the tempera- 
ture of the cavity is sufficiently low so that tw/kT>>1. 
Then we can neglect the thermally-induced emission 
compared to the spontaneous emission. For a molecule 
in the upper state, the ratio of induced-emission energy 
to spontaneous-emission energy (which is also the ratio 
of coherent to incoherent energy) starts out initially as 

Ene’ 8a 
(73) 
hw 


which is the familiar quantity expressing the (driving 
field) energy in the cavity in units of the energy of a 
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photon, and becomes, for B/>1, 
Epo?/84 
hw 


Since the driving power is B(Ep,.?/87), this ratio is also 
equal to the number of photons sent into the cavity up 
to time ¢ (ignoring transient effects). It is interesting 
to note that for a given driving field strength in the 
cavity, the steady-state value of the ratio of induced- 
to-spontaneous emission increases with increasing loss 
in the cavity. However, for a given driving power, the 
ratio of induced-to-spontaneous emission is independent 
of losses in the cavity. It is also important to note that 
the ratio increases with the time during which the 
molecule is exposed to the field. (It should be remem- 
bered that the time considered is small compared to the 
time in which the molecule radiates all its energy.) 

For the case of tw/kT<1, we can neglect the spon- 
taneous emission compared to the thermally-induced 
emission. As far as the time dependence and coherence 
properties of the thermally induced emission are con- 
cerned, they are identical to those of the spontaneous 
emission. In view of Eq. (72), the ratio of coherent-to- 
incoherent-emission energy in the cavity field, corre- 
sponding to (73) and (74), respectively, now becomes 


Ene? Sar 


kT 


Bl. (74) 


(75) 


for 6Bf1, and 
Ep¢’, ‘81 ; 
——— Bt (76) 
kT 
for B>1. 
Ill 


Although for measurement purposes and for appli- 
cations (such as masers, for instance), the field proper- 
ties are the most significant ones, the study of the 
molecular behavior is also of interest. Returning to the 
Hamiltonian of Eq. (1), we see that 

ihdH ,,/dt=4mrcuP( Hmm), (77) 

so that 
dH »/dt= —4mrcuPdy,,/dt. (78) 
Using the expressions for P!, P™, and P®!, as well as 
those for ym!°! and y»"!, all of which have been derived 
previously, we obtain 
(H,,'!)=0, (79) 
7,1) = — Epwwuy 42 | sin(@,—8), (80) 


where an oscillatory term has been neglected, and 
(H,,")) = —B&(1—e-**)] | ao |?+- 


— (w/h)w?7Epo'l cos? (wl+6) (| a2|?— | a{2), (81) 


where the usual approximations have been made. 
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Let us consider first the case for which tw/kT>>1, or 
very low temperature. Then the thermally-induced 
emission is negligible. The spontaneous (and also in- 
coherent) power emitted by the molecule is 


—(H mn!) sont. = 86 | a2|2(1— e784), (82) 


By comparing this with Eq. (70) for the spontaneous- 
emission energy in the field, we can see easily that 
= d 
—(H,,'*)) =- ~(H field) spont. + (A field) spont., 


dl 


(83) 


which is equivalent to the statement that the incoherent 
power emitted by the molecule is equal to the rate of 
increase of incoherent energy in the field plus the 
incoherent power absorbed by the walls—a result 
which we would certainly expect. 

We look now at the induced emission radiated by 
the molecule, which (for fw/kT>>1) is given by the 
last term in Eq. (81). Its average value (averaged over 
a cycle) is 


—(H))nauced= 4 (w/h) wy E pet (| a2|2— |ay|?). (84) 


By comparing this with the first term in Eq. (71), we 
see that we cannot make a statement such as Eq. (83) 
about the induced power. Thus, 


d 
(Hieta!) induced +B( A fieta!) induced 
dt 


wy? a 
a tameemae Epi? (Bite 46¢_ 1) (| a2|?— | a, |’). 
Bh 


We see that for small ¢ it is true that the right side of 
Eq. (85) reduces to the right side of Eq. (84), but after 
the transient period the latter is only one-half the value 
of the former. This seemingly paradoxical situation is 
resolved when we realize that our driving mechanism 
is one of prescribed dipole moment or prescribed field. 
The amount of power it emits into the cavity depends 
on the total field in the cavity, and one can readily see 
that the second-order part of the power emitted by the 
driving mechanism is just the difference between the 
right sides of Eqs. (85) and (84). 

The ratio of induced-to-spontaneous power, or of 
coherent-to-incoherent power, emitted by the molecule 
is (still for Aw/kT>1) 


(85) 


1 Ep0’ 8r 


Bt(1—e~48*)-1, (86) 


2 hw 

For small ¢ this expression is just the number of photons 
in the expectation value of the cavity energy, but in the 
steady-state condition it increases linearly with the time 
and may be interpreted as one-half the total energy sent 
into the cavity, in units of photons, up to time ¢. For a 
temperature such that tw/kT<1 the same consider- 


SPONTANEOUS 


EMISSION 235 


ations apply here as those for the energy in the cavity 
field: The ratio of coherent-to-incoherent power 
emitted is given by (86) with fw replaced by kT. 

The result of Eq. (81) is interesting from several 
points of view. From a fundamental viewpoint, one 
should note that the spontaneous-emission power, or 
the spontaneous transition probability, depends on the 
environment of the radiator. This fact was recognized 
by Purcell, who gave, as the spontaneous transition 
probability for the case of resonance between molecule 
and cavity, 

890” 7?/hV (87) 
where V is the volume of the cavity. If we take the 
steady-state value (by neglecting the exponential term) 
of the expression for the spontaneous-emission power 
given in Eq. (82), average u*? over the volume of the 
cavity (which gives V~),? and divide by fw (which 
converts power into transition probability), we obtain 
Purcell’s formula. It should be further recognized, 
however, that the transition probability is not constant 
in time, as may be construed from Purcell’s formula; 
and, although it approaches a steady-state value, the 
time taken to approach this value (>2/8) may be 
considerable, depending on the “Q” of the cavity. The 
incoherent (thermally) induced transition probability 
has the same time variation as the spontaneous tran- 
sition probability, as is evident from Eq. (81). 

Also of fundamental interest is the fact that the 
coherent induced transition probability, which is the 
right side of Eq. (84) divided by ww, is not constant at 
all, but increases linearly with the time. It depends on 
the cavity only through the strength of the driving field. 

An interesting quantity is the ratio of power emitted 
by a molecule in the upper state to power absorbed by 
a molecule in the lower state, or its equivalent, the ratio 
of the downward-to-upward transition probability. For 
the case of an incoherent field in free space, this ratio 
has the well-known value!® 


(n+1)/n, (88) 
where » is the average number of photons per mode. 
For the case of a coherent field in a lossless cavity, it 
follows immediately from the results in I that the ratio 
is the same. In the present case, the situation is some- 
what different. 

Let us consider, first, the absence of a driving field. 
Then the only zero-order field in the cavity is the 
(incoherent) thermal field. The ratio of thermally 
induced to spontaneous power emitted by the molecule 
is the ratio of the second term to the first term in the 
square bracket of Eq. (81), which is, for |a2\?~1, 


(e(holkT) — 1)-1, (89) 


9E. M. Purcell, Phys. Rev. 69, 681 (1946). 

10 See, for example, W. Heitler, The Quantum Theory of 
Radiation (Oxford University Press, New York, 1954), third 
edition. 
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But this is, according to (40), just the number of 
photons in the thermal field. It follows, therefore, from 
Eq. (81), that the ratio of the downward- to upward- 
transition probability, when the induced emission is 
due to the thermal field, is given by (88). This, of course, 
was the original basis for the derivation of the Einstein 
transition coefficients. It can be shown that the same 
situation exists when the induced emission is due to any 
incoherent field. 

The situation is different, however, in the presence 
of a coherent field. Let us consider the case for which 
the thermal field in the cavity is negligible. Then, the 
ratio of the downward- to upward-transition proba- 
bilities (averaged over a cycle) is, from Eq. (81), 


[n+2(Bt)*(1—e-#*") ]/n, (90) 


where » here, too, is the number of photons in the 
(driving) cavity field. For small St this ratio approaches 
(88), but for 8/>>1 it approaches unity. 

The ratio of induced to spontaneous emission is also 
of interest in masers. Since induced emission is coherent 
and spontaneous emission (when the molecule is in the 
we are not concerned here with first-order 


upper state 
incoherent, the 


coherent spontaneous 
induced emission is identified with signal and the 
spontaneous emission with noise. The ratio of the two 


emission) is 


determines the ultimate signal-to-noise ratio attainable. 
In previous calculations,’ the ratio was considered to 
be n. We see now, however, from Eq. (86), that after 
the transient period the ratio is larger than m by a 
factor of 381. 


IV 


Thus far we have considered only a single molecule. 
We can generalize our discussion quite easily to apply 
to a large number of molecules in the cavity. Returning 
to Eqs. (42) and (43), we sum the third term on the 
right side of both equations over all the molecules in 
the cavity ; that is, instead of a single term we now have 


w t 
— = f dty ¥m(t)u(r, e8—™ sinw(t—t) (91) 


Cm 0 


in the expression for, P(/), and 


t 


— 4arc x f dty Y¥m(t)U(Ly, )e 18(t—t) Cosw(t{—t,) (92) 


m 0 


in the expression for Q(/). For simplicity we assume, 

M. W. P. Strandberg, Phys. Rev. 106, 617 (1957); Shimode, 
Takahasi, and Townes, J. Phys. Soc. Japan 12, 686 (1957). The 
author is indebted to Professor Townes for pointing out, however, 
that the latter reference refers to molecules which have an infi 
nitely wide frequency response and are therefore not of the type 
considered in the present discussion. A separate analysis is needed 
for the case where there is a significant spread in molecular fre 
quencies, and this will be given in a subsequent article. In general, 
a molecular-beam maser has a very narrow frequency spread, 
while a solid-state maser has a much more significant frequency 


spread. 
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as we did in I, that u(r,,)=u for all m. Then, by the 
same methods used for a single molecule, we obtain 


E(r,!) = Ep(r,t)+ (8%/B)wuyu(r) 
XD m|\ai(m)as(m) | (1—e~!**) sin(wl+On) 
+ SEp(r,t)[48t— (1—e7 #4) J 
Xd ml | a2(m)|2?— | ay(m)\?], (93) 


and 


Epo hw 
+} hw+ 


Sr 


( HH fiera 


e! ha/kT) 


w 


+2-uyEpo(1—e~ #8) & | a,(m)a2(m)| sin(6,,—8) 


— 


pB m 


Ep0’ 81 
+ &(Bt+2¢ 


(es) 


18¢— 9) $* [| ao(m) |?— | ay(m) |? ] 


a(m)\*— | a,(m)}? 


a(m) 7+ 


e hw/kT —1{ 
, , 
a;(m)a2(m)a,(m')ao(m’) | 


x (1—e7 #8")? cos(@m—Om’). (94) 
We see that the expectation value of the field strength 
(to which only the coherent part of the field contributes) 
produced by all the molecules is the sum of the fields of 
the individual molecules. As for the energy, all the 
molecular terms except that last are the sums of the 
corresponding terms in the field energy of a single 
molecule. The last term gives the effect of interference 
(either constructive or destructive) in the coherent 
spontaneous emission of the molecules. The consider- 
ations pertaining to the combination of the radiation 
from many molecules are the same as those in the loss- 
less case, and are discussed in detail in I. 


ACKNOWLEDGMENT 


The author wishes to thank Professor Julian 
Schwinger for illuminating discussions and for his 
reading of the manuscript. 


APPENDIX A 


We show that expression (32) is equal to expression 
(33). Since most of the contribution to the integral of 
2) 


(22) comes from the terms wy~w, We can set 


(1A) 


x 
piw j(ti—te) — 3 ,. piw;( 2 
> eiwilti-te ota) f dy; e'ei(ti-t) | 
a 


where it is important to note that w; assumes positive 
values only. Now 


¥ ) 


dw e'*"=16(n) +710 /n, 


= 
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where ®/n is known as the principal value” of 1/n and 


has the property that 
‘  f(n) > f(a) 
n+ f dn—— |. 
n ‘ 


b 
f dyn f(n)0/n= im] f 
«0 n 


~a mG 

The integration over the 6(¢;—/2) term may be per- 

formed immediately, and yields (33). The integration 

over the @/(t;—¢:) term vanishes, as shown by the 
following argument: Introduce a change of variables, 

f=hAth, 

n=l. 


(3A) 


The part of the integrand multiplying @/y is an even 
function of 7. ®/n is an odd function of 7. The limits are 
transformed in the manner 


t t I t t 
f af dtz f(ti,l2) = f af dn 
0 0 2| 0 t 


2t—£ 


2¢ 2 
+f af dn 
t ( 


2t—£) 


¢(&n), (4A) 


where f(t:,f2)=¢(én). These limits are obviously 
symmetrical about zero for the 7 integration. We thus 
have a symmetrical integration over an odd function, 
which is zero. 


APPENDIX B 
From Eqs. (21) and (22), we have 


[O(t),P(t) ]=the* 


t t 
—4et DE f anf dl» 


XK e782 4-2) Cosw(t—t;) sinw(t— tl») 


<I; 9(t;) T, * (ty) |. 


0 e iwjt 
roy=2( ), 
eit Q 


2 See, for instance, reference 10, p. 69. 


Since 


and 
Tor. ] 7 0, jJ#k, 


we obtain, for the last term in Eq. (5A), 


t t 
— rit? f ats f dts[ sinw(2t—t,—t2) 
0 0 


+sinw(t)— ty) Je“ BOM 4-®) ST; sinwj(ti— ts). (6A) 


We make the approximation, which was used in 
originally obtaining Eqs. (21) and (22), of replacing 
I; by its expectation value and then bringing it through 
the summation sign as (/;).. Noting that for purposes 
of evaluating (6A), 


> sinw/n =o(w) f dw; sinw;n 
J 0 
= p(w)P/n, 
we have 


[O(1),P(t)]=ihe-®*— 2miwl2Pp(w)(T;)u 


p 
x farfan e BC) I sinw(2/—£)+sinwn |, 
n 


where the limits of integration are the same as those in 
Kq. (4A). Carrying out the integration first, we find 
that the contribution from the sinw(2/—£) term 
vanishes; and for the sinwn term we have 


yY 
fa ~ sinwn=1 
n 


for sufficiently large w. Making use of Eq. (15), we 
obtain 


(8A) 


(9A) 


26 
C0,P ]=ihe-*+ bina f dE e~ BCE 


= the-8'+-th(1—e- 8") =th. 
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Hydrodynamic equations are used to describe the flow of the 
electrons and ions of a fully ionized gas under the action of an 
electric field, E, of arbitrary magnitude. The dynamical friction 
force exerted by the electrons and ions upon each other through 
the agency of two-body Coulomb encounters is evaluated. In this 
connection the electrons and ions have been assigned Maxwellian 
velocity distributions which are displaced from each other by 
their relative drift velocity. This treatment yields a dynamical 
friction force which maximizes when the relative drift velocity is 
equal to the sum of the most probable random electron and ion 
speeds. For relative drift velocities in excess of this value the 
friction force decreases rapidly. As a consequence, it is found that 
a fully ionized gas cannot exhibit the steady-state behavior 
characterized by time independent drift velocities which has 
previously been accredited to it by other authors. Instead, it is 
shown that the electron and ion currents flowing parallel to the 
existing magnetic fields increase steadily in time (i.e., runaway) 
as long as a component of the electric field persists along the 
magnetic field. Drift velocities which greatly exceed the random 
speeds of the plasma particles can be created in this manner. 

The theory yields a critical electric field parameter, £., which 
is proportional to the plasma density and inversely proportional 


I. INTRODUCTION 


N evaluating the electrical conductivity of a fully 
ionized gas the conventional treatment follows the 
methods of Lorentz! or Chapman and Enskog.? The 
starting point of these calculations is the time-inde- 
pendent Boltzmann equation, and the method of solu- 
tion follows a perturbation scheme in which the electron 
velocity distribution is expressed as a sum of spherical 
harmonics, or in powers of some small expansion 
parameter. Generally, it is assumed that encounters 
between particles occur with sufficient frequency to 
bring about a Maxwellian distribution in the absence 
of the electric field. The introduction of a weak electric 
field is then found to give rise to an electrical current 
which is linearly related to the perturbing field. This 
method of solution is assumed to yield correct answers 
provided the average random electron speed is very 
much larger than the electron drift velocity. In this 
limit the electrical conductivity is the well-known 
(temperature)! law, and the numerical results obtained 
by several authors’ are in good agreement. The assump- 
tion that a steady-state velocity distribution is attained 
* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
1H. A. Lorentz, The Theory of Electrons (Teubner, Leipzig, 1909, 
and G. E. Stechert and Company, New York, 1923). 


2S. Chapman and T. G. Cowling, The Mathematical Theory of 


Nonuniform Gases (Cambridge University Press, Cambridge, 
1939). 

’Cohen, Spitzer, and Routley, Phys. Rev. 80, 230 (1950); 
L. Spitzer and R. Harm, Phys. Rev. 89, 977 (1953) ; R. Landshoff, 
Phys. Rev. 76, 904 (1949); R. Landshoff, Phys. Rev. 82, 442 
(1951); T. G. Cowling, Proc. Roy. Soc. (London) A183, 453 
(1945). 


to its temperature. It is a measure of the electric field which is 
required if the drift velocities are to increase and exceed the most 
probable random speeds in the gas in one mean free collision time. 
For electric fields in excess of £. runaway proceeds even faster. 
In smaller fields runaway occurs when Joule heating has depressed 
F, sufficiently. Several interpretations of £, are given in terms of 
the collisional phenomenon involved. 

Within the framework of the hydrodynamic equations it is 
shown that the well-known (temperature)! electrical conductivity 
law can be recovered, provided EXE, and the electron tempera- 
ture is held constant. 

Numerical solutions giving electron temperature and drift 
velocity as a function of time are presented for a range of the 
ratio /E,. The assumption of the displaced Maxwellian distri- 
bution is justified on the basis of a comparison between the rate 
of Joule heating and the rate of equipartition of random speeds. 
Moreover, it is found that the use of an anisotropic velocity 
distribution does not affect the runaway phenomenon in any 
important way. 

The possibility of runaway induced across magnetic fields by 
steep pressure gradients and its relation to diffusion across mag- 
netic fields is examined and discussed in detail. 


several mean free collision times after the electrical field 
is turned on is basic to these time independent treat- 
ments. 

In the present paper we wish to consider the problem 
of electrons moving through a gas of positive ions under 
the influence of a static uniform electric field of arbitrary 
magnitude. From the start we avoid the usual steady- 
state assumption and search for the time-dependent 
behavior. Our main results indicate that the conven- 
tional concept of an electrical conductivity along 
magnetic field lines, which is based upon a Stokes law 
dynamical friction force, is of limited applicability. 
The rapid variation of the Rutherford cross section 
with energy is responsible for strong deviations from 
a Stokes’ law and rules out the existence of a collision 
controlled steady-state drift velocity for the electrons 
and ions. Instead, we find that the drift velocities of 
these particles steadily increase with time as long as a 
component of the electric field persists along the 
direction of the total magnetic field, and relativistic 
effects can be ignored. 

This is the so-called “runaway” effect which has 
become important in connection with controlled fusion 
research. 

The results presented in this paper are based upon 


‘For earlier results, see H. Dreicer, Ph.D. thesis, Physics 
Department, Massachusetts Institute of Technology, 1955 (un- 
published). Results of this work are also reported in W. P. Allis’, 
Handbuch der Physik (Springer-Verlag, Berlin, 1956), Vol. 21, 
p. 436. The results of the present paper were first reported at a 
classified joint British-American Conference on Controlled 
Thermonuclear Research held at Princeton University, April, 
1957 (unpublished). See also H. Dreicer, Proceedings of the Third 
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the two-fluid (electron-ion) hydrodynamic equations. 
These equations yield most of the important runaway 
effects. However, when the problem is examined in more 
detail, additional effects come to light which we have 
treated by means of the Boltzmann equation. These 
results are to be presented in a subsequent paper, where 
we also discuss the experimental implications of the 
runaway effect. 


II. RUNAWAY IN THE TWO-FLUID HYDRO- 
DYNAMIC APPROXIMATION 


A. Derivation of Equations 


In this section we shall consider a completely ionized 
gas of infinite extent subjected to a magnetic field, B, 
and placed under the influence of an electric field, E, at 
some initial instant of time. The pressure of the gas is, 
in some parts of the calculation, assumed to vary from 
point to point in space. For simplicity we assume that 
in addition to the electrons only protons or deuterons 
are present. Their respective masses will be denoted by 
mand M. The two Boltzmann equations which we must 
consider are 


OF, —e OF, 
. -+e¢- vet ( )(E+exB): vF=( “) = th) 


al m al 
e 


OF, OF, 
—+e¢- ve +( )(E+exB) vFi=( ‘) ae i?) 
ol M Ot Ft « 


Here F,(r,c,/) and F,(r,e,/) are, respectively, the 
electron and ion velocity distribution functions, r and 
c are their space and velocity coordinates, and V, is 
the gradient operator in velocity space. The collision 
terms (0F,/0/), and (0F;/0t), are in this paper repre- 
sented by the Fokker-Planck equation 


OF 4 " Po 
( ‘) = > | _— [F(Ack)as | 
GF a FH OC; 


1 @& 
+ [F(AcyAc;)as |}, (3) 


2 0¢;.0C; 


where repeated Latin indices are summed over, and 
the summation of 8 over e and 7 indicates that each 
type of particle encounters both electrons and ions. 
The average velocity increments are related to the 
Rosenbluth H and G potentials® through 

‘ 


(Ack) as= 9H ap/OCz, (4) 


(Ac, ACc;) ap = 9°Gap/OCKOC;, (5) 


International Conference on Ionization Phenomena in Gases, 
Societa Italian di Fisica, Venice, 1957, p. 249; and H. Dreicer, 
Proceedings of the Second United Nations International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, September, 1958 
(United Nations, Geneva, 1958). 

5 Rosenbluth, MacDonald, and Judd, Phys. Rev. 107, 1 (1957). 
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where 


Ww 


Mat+meg F 3(r,c’,t) 
H.(t,¢,)=——— ref Pe, 
ms 


Gaa(r,c¢,t) = Pa f whan ee, 


w=|c—c’l, 


e $ ny 
r= de( na ) os,( ), 
4reoma Po 


€9= 1/367X10~® coulomb volt! meter, m.=mass of 
the a constituent, A= Debye radius®, and po= average 
impact parameter for a 90° Coulomb deflection. Only 
short-range two-body Coulomb encounters between a 
given particle and its neighbors inside of a Debye sphere 
have been counted in the evaluation of H and G. 

For problems involving electric fields of arbitrary 
magnitude there is at present little hope for obtaining 
an analytic solution to the Boltzmann equation in a 
closed form. Nevertheless, with the help of the con- 
servation laws of momentum and energy we can make 
some general statements which are helpful in under- 
standing the basic features of the problem. In this way 
we are also led to a useful approximate treatment. We 
first consider a plasma which is distributed uniformly 
in space and is under the influence of uniform and static 
electric and magnetic fields, E and B. In strong magnetic 
fields the charged particles circle magnetic lines many 
times between collisions, and the entire electrical cur- 
rent is produced by the component of E along B. The 
component of E perpendicular to B leads merely to a 
translation of the plasma as a whole with the drift 
velocity (EXB)/B?. We shall ignore this motion by 
choosing E parallel to B. 

The electrical current density is given by 


j= NE\Vi— Ve); 


where 7 is the electron (or ion) particle density, and the 
drift velocities are defined by 


1 
Va= fi acd ? 
n 


The first-moment equations are obtained by multi- 
plying the Boltzmann Eqs. (1) and (2) by me and 
integrating over all velocity space. This results in 


(10) 


OV, m 
m—+eE= fron V 1 «dc, 


al n 


OV; M 
M-———eE frsco V HH *c. 
al n 


(11) 


(12) 


6 P. Debye and E. Hiickel, Z. Physik 24, 190 (1923). 
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These equations state that the time rate of change of 
momentum along B is for each constituent gas a balance 
between the electric force and the dynamical friction 
force arising from electron-ion encounters. Encounters 
between like particles do not alter the total momentum 
of the parent gas and therefore do not contribute to the 
dynamical friction. The total momentum of a neutral 
plasma subjected to a steady electric field must be 
conserved. To prove that this is so we need merely 
show that the dynamical friction force obeys Newton’s 
third law. With the help of Eqs. (6), (8), and (9), we 
find 


m 
mF, V.H..d*c=(m+M) ref frccories v. 
M 
1 
x( -) ate 


=—M f F (cl) VeHiddic’, 


and addition of Eqs. (11) and (12) yields 


M ov; 
=— ‘ (13) 
al m dl 


OVe 


This result shows that the electrons carry nearly the 
entire current generated by the electric field. 

With the help of Eq. (11) we find that the power fed 
into the electron gas from the electric field can be 
divided into the following two terms: 


d fm? ; 
—neE-v.=n ( )- mvs fF, V.H,d’c. (14) 
dt ) 


The first term on the right-hand side gives the increase 
of electron drift energy with time. The second term 
describes the rate with which electron-ion encounters 
convert electron drift energy into random energy. Most 
of this random energy is stored in the electron gas, 
however, because of the finite ion mass, some of it is 
transferred to the ions. The total rate of Joule heating, 
Q, is given by 


O=m(v.— vy: fi V.H,«d*c. 


Joule heating involves the conversion of drift to 
random energy. Accordingly, since encounters between 
like particles cannot alter the drift energy of the gas, 
Joule heating occurs as a result of electron-ion collisions 
only. In collisions between like particles random energy 
is, however, exchanged very efficiently, and a Max- 
wellian velocity distribution, displaced by the instan- 
taneous drift velocity, tends to be established. We see, 
therefore, that the rate of Joule heating and the 
dynamical friction force which gives rise to it can be 
indirectly influenced by like-particle encounters, in- 


(15) 
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asmuch as the precise form of the velocity distributions 
plays a role in the rate of electron-ion encounters. 

In the limit of weak and strong electric fields this 
problem exhibits certain simplifying features. In strong 
fields we may consider the effect of electron-ion en- 
counters to be a small perturbation on the motion which 
the electrons and ions execute in the applied electric 
field. To a good approximation, then, the electrons and 
ions are accelerated independently and at a constant 
rate. Moreover, if we remember that the velocity 
distributions are, under these conditions, altered largely 
by collisions between like particles, then it becomes 
apparent that these distributions will tend asymp- 
totically in time to Maxwellian distributions which are 
centered about the drift velocities. 

These notions have led us to the consideration of the 
displaced Maxwellian distribution 


F.(r,¢,Va(t)) 


=n(r)[B.(r)/m }? expl—Bale—Va(t)|?], (16) 


where 
B= ./ 201 AS), 


as an approximate solution which satisfies the Boltz- 
mann equation on the average. Subsequent analysis 
shows that this distribution leads to many correct 
results even in the limit of weak electric fields. The 
H,; function required for the solution of the first 
moment Eqs. (11) and (12) may now be evaluated by 
substituting Eq. (16) into Eq. (6). Straightforward 
integration results in 
m+M &2(8;5q) 


H.,;=nl'.— : 
M qg 


2 “5 
&5(x)= J exp(—F)dt, 
Vio 


C= (0 Vei5 


B,= M/2kT,. 


(17a) 


where 


(17b) 


In many problems the average random electron speed 
greatly exceeds all random ion speeds, and in this limit 
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Fic. 1. The variation of the dynamical friction function W 
with the relative electron-ion drift velocity (expressed in units 
of B.-4). 
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we can simplify H,; appreciably by dealing with an ion 
gas at zero temperature. We adopt this procedure and 
also neglect all terms of order m/M compared to unity. 


This leads to 
H.;=nT ./q, (18) 


and after another integration Eq. (11) takes the form 


Ov, 
m( )+en= —el W(s), 
al 


&2(s) —2d&o/ds 


WV (s)= ; 


9 


(19) 


where 


2=B.'|v.—Vvil, 
Be=m/2kT., 
eE,=nm"I 2B. 


The W function presented in Fig. 1 accounts for the 
variation with relative drift velocity of the dynamical 
friction force exerted by the ions on the electron gas. 
The total magnitude of this force depends also upon the 
coefficient EZ, which, as we shall demonstrate shortly, 
plays the role of a critical electric field parameter. 

The velocity dependence of ¥(z) can be understood 
with the help of potential theory, since the potential 
Hag and the velocity distribution Fs bear the same 
relation to each other in velocity space as do electro- 
static potential @ and electric charge density distri- 
bution p in real space. From Eq. (6) we find the exact 
analogy to be 


$(R) > Has(c), 


Matms 


p(R) Pal 3(¢c), 


ms 


R’) 
¢(R) -f dR’, 
R—R’ 


In particular, when F, is spherically symmetric about 
v,, we can obtain the dynamical friction force, MV.7;,, 
which acts on an ion moving with the velocity v; by 
making use of Gauss’ theorem. Moreover, we can im- 
mediately state that the contributions arise only from 
the electrons whose velocity ¢ is interior to the sphere 
defined by 


where 


A further simplification results from the circumstance 
that as far as the calculation of the force is concerned, 
all of the electrons in the sphere act as if they were 
moving with the velocity v,. Gauss’ theorem taken 
together with Eqs. (6), (9), and (21) then yields 
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[M V.H;.(e) e- v; 


M? t ¢: 
=—I'n8,— J P exp(—P)dt 
m (wr) 3s? 0 


4 z 
=mnV 3, f ? exp(—F)dt, 
(w)*s? 0 


and this is just e&¥(z). In the limit of small z, the 
number of electrons in the sphere is proportional to 2°, 
and this force takes the form of a Stokes’ law: 


(22a) 


osc 


4 
WV(z)— z. 
3\/r 


(22b) 


For z>>1 essentially all electrons are inside of the sphere 


nL 


f ?exp(—Ff)dt - f Pexp(—F)dl, 


W(s) > 1/27. 


and 
(22c) 


The maximum of ¥(z) occurs at the most probable 
speed z=1. Above this speed the inverse square law 
falls off faster with z than the number of electrons 
which contribute to the force can increase with 2. 


B. Uniform Plasma in Parallel Electric 
and Magnetic Fields 


1. Critical Runaway Field at Constant Temperature 


We can solve Eqs. (13) and (19) by a method of 
successive approximations. To zero order in m/M, v, 
is the solution of 


(23) 


where 


x=B.30., 
and to first order, conservation of momentum yields 
v;= —(m/M)>,. 


With the electron temperature held fixed Eq. (23) 
yields two different kinds of solutions. The first is 
characteristic of an applied to critical field ratio which 
obeys the inequality 


E/E.<¥ (1) =0.43. (24a) 


In this case, v,, starting from zero initial value tends 
monotonically to a terminal value v..(<@.~!) which is 
the solution of the transcendental equation 


E=EN(B.!0-). (25) 


The second type of solution is associated with the 
opposite inequality 


E/E,>W(1). (24b) 





H. DREICER 





CRITICAL ELECTRIC FIELO IN VOLTS/CM 
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Fic. 2. Critical electric field, 2., as a function of the particle 
density with the average electron energy, 3k7,., treated as a 
parameter. The cutoff factor, In(A/po), was assumed to be 10 
for all conditions. 


Starting from any initial condition, we find in this case 
that the particle acceleration is always positive. Con- 
sequently, as time proceeds v, and 2, increase without 
limit, i.e., the electrons and ions “run away.” We find 
it useful to speak of electric fields which are appreciably 
larger than, or smaller than, E, as “strong” and “‘weak”’ 
fields, respectively. 

It is useful to ascribe to the critical field a physical 
interpretation in terms of the collisional phenomena 
involved. Let us consider electron-ion encounters. For 
electrons moving with the most probable random speed, 
8.4, these occur approximately with the frequency 

v=nl B'=(e/mESB.'. (26) 


Thus, in order to double the speed of an average 
electron in the mean free time between collisions, the 
acceleration required is 


Bo v= (e/m)E., 


and the required applied field must therefore equal E.. 
A somewhat different interpretation can also be put 
forward. In terms of the Debye radius 


ekT, } 
\ ( ) | 
ne 


we can write £, in the form 


e r 
E,=——_ in(—). 
4rreod? Po 


Since the value of the logarithm ranges roughly from 
5 to 20, we see that E, is equal to the electric field at a 
distance of about 4/2 to 4/5 from a positive ion. In 
weak fields, therefore, most electrons are scattered in 
ionic fields whose magnitude exceeds that of the applied 
field. The opposite holds true for strong fields. These 
statements can be expected to hold even though the 
Debye sphere about an ion becomes distorted and 
somewhat displaced in a strong field.? A graph giving 
E. as a function of density and electron temperature is 
shown in Fig. 2. 


2. The (Temperature)! Law 


In the weak-field limit we can solve Eq. (23) with 
the help of Eq. (22b). At constant temperature, the 
solution which satisfies the initial condition v,(0)=0 is 
given by 


3(r)i E Be 
Be *[1—exp(—4yt/3\/m)]. (27) 
E. 


After a few mean free collision times, the corresponding 
electrical conductivity takes the form of the well-known 
(temperature)! law 


3(m)e? s2kT.\ 3 
o=nev.=— ( ) ; 
4. .m m 


Comparison of ¢ with the conductivity, oo, calculated 
on the basis of conventional perturbation theory yields 


(28) 


oo/o=1.977, 


for an electron-proton mixture.* The origin of this 
discrepancy probably originates in our assumption 
that the distribution can be described by a displaced 
Maxwellian distribution, whereas in fact electron- 
electron encounters probably do not occur frequently 
enough to make the distribution completely 
Maxwellian. 
For arbitrary applied electric fields in the range 


E<EN(1), 


a more accurate electrical conductivity than oo is 
obtained by solving the transcendental Eq. (25). We 
then find that the conductivity is a function not only 
of temperature, but of applied electric field and density 
as well. 


7B. B. Kadomtsev, J. Exptl. Theoret. Phys. U.S.S.R. 33, 151 


(1957) translation: Soviet Phys. JETP 6, 117 (1958). 
* L. Spitzer and R, Hiirm, Phys. Rev. 89, 977 (1953). 
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3. Joule Heating 
Dynamical friction heats the electron gas at the rate 
d 
P, (x) =—(3kT,) 
dt 


=eF Bx (x). (29) 


Our choice of the displaced Maxwellian distribution in 
this problem implies that electron-electron encounters 
partition this random energy equally and instantly 
into all degrees of freedom. Actually, we must expect 
the relative growth rates of the random energies in 
each degree of freedom to be a balance between the 
Joule heating rate and the rate of electron-electron 
encounter. If the Joule heating rate exceeds the latter, 
then the velocity distribution will appear distorted 
from spherical symmetry when viewed in the coordinate 
frame moving with the drift velocity. A rough measure 
of the accuracy of our approximation can thus be 
obtained from a comparison of these rates. Figure 3 
shows that «¥(x) maximizes with an amplitude of 
0.525 at x=1.5. The quantity 


P,(1.5)=0.525eE.8-3, 


therefore represents the maximum Joule heating rate. 
The rate of mutual encounter between electrons of 
average random speed in a Maxwellian distribution 
of electrons is given by the frequency v, and the 
amount of random energy exchanged by these in unit 
time is approximately 


P 2kT w=eE Bo}. 
A comparison of P?, and P,(x) shows that P, is roughly 
equal to P;(1.5), and it therefore exceeds P; appreciably 
for almost all values of x. This result indicates that the 
use of the displaced Maxwellian distribution should be 
qualitatively correct as far as the gross features of this 
problem are concerned. 
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Fic. 3. Dependence of the Joule heating rate expressed in units 
of eE.8. * upon the relative electron-ion drift velocity. The latter 
is expressed in units of the most probable random electron speed, 
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Fic. 4(a). The variation of electron drift velocity (expressed in 
units of 8,-+) with time for a range of the parameter E/E,. The 
initial conditions are x(0)=0 and 7,(0)=T7,. (b). The variation 
of electron temperature (expressed in terms of the initial tempera 
ture 7.) with time for a range of the parameter E/E,. The initial 
conditions are x(0)=0 and 7,(0)=7 


An important consequence of Joule heating is that 
runaway can occur for any nonzero applied electric 
field. Indeed, if initially the gas is subjected to a weak 
field, i.e., E<E.W(1), then the monotonic increase of 
temperature with time guarantees the eventual reversal 
of this inequality, and in general what we consider to 
be a weak field will in the course of time evolve into a 
strong field even though E remains constant. 

Equations (23) and (29) have been solved on a 704 
IBM digital computer for the variation of electron 
temperature and drift velocity with time. Typical 
results are presented in Figs. 4(a) to 9(b). The quan- 
tities x, E., and v are defined by Eqs. (20), (23), and 
(26), in terms of the electron temperature 7,9 at time 
t=0, 1.e., 


x(t) = (m/2kT o)*v.(t) =B o'r (0), 
E.=n(m/e)T Bo, 
yv=nT' 8.0!. 


The initial conditions are described in the caption of 
each figure. We find that the time required for the 
electron drift velocity to increase from zero to 8,~} is 
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Fic. 5(a). The variation of electron drift velocity with time for 
E/E,.=0.1. The initial conditions are x(0)=0 and 7,(0)=7, 
(b). The variation of electron temperature with time for 
E/E.=0.1. The initial conditions are x(0)=0 and T,(0) = 70. 


roughly one mean free collision time provided that the 
applied electric field is approximately equal to E.. 
This result is in agreement with the interpretation we 
have assigned to E,.. The Joule heating processes pre- 
sented in Fig. 4(b) show a steady initial increase in 
T./T. followed by a leveling off to an asymptotic 
value. This behavior can be understood by comparing 
the ratio of P; to thy power P4 going into drift motion. 
With the help of Eq} (23) we find 


P; W(x) 
Py (E/E)—¥(x) 


This relation shows that the energy gained from the 
applied field can be very largely stored in the form of 
drift or directed energy since in the limit of runaway 
we have 


P; EE, 2kT. 


Pa E mv,, 


and this expression approaches zero with increasing 2,. 
For E/E<1, x quickly reaches the terminal value it 
would assume in the absence of Joule heating. Its 
subsequent increase follows the rise in temperature 
and thus takes place more slowly. This behavior is 
illustrated in Figs. 5(a) and 5(b) and to a lesser extent 
in Figs. 6 and 7. 


The energy stored in drift motion may eventually be 
dissipated and converted to random energy by the 
removal of the electric field or the growth of magnetic 
fields perpendicular to E. Examples of several such 
cases are presented in Fig. 8. These curves show that 
the rate of Joule heating decreases with increasing 
temperature. 

Figures 9(a) and 9(b) illustrate the behavior of x 
and 7/7» when the electrical field is initially exceeded 
by the dynamical friction force. At first the drift 
velocity decreases, however, in time Joule heating 
decreases the dynamical friction, and the situation is 
reversed. 

Runaway may be avoided by use of alternating 
electric fields. Ultimately, however, its frequency must 
increase with time in a manner dictated by the amount 
of Joule heating which takes place. 


4. Displaced Anisotropic Velocity Distribution 


In order to test the effect of incomplete equipartition 
of the random energy, we have repeated some of the 
calculations carried out so far, making the new as- 
sumption that the electron velocity distribution has 
the cylindrical form 

n 
F.(¢,v,(t) ; a,b) =—— 
27a*b 


(v.—b)<c,< (ve +b) 
Cha 


=() for all other velocities. 
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Fic. 6. The variation of electron drift velocity with time for 
E/E.=0.2. The initial conditions are x(0)=0 and 7, (0) = 7,0. 
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Fic. 7. The variation of electron drift velocity with time for 
E/E-=0.6. The initial conditions are «(0)=0 and T,(0) = 7,0. 
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The variable c, is the radial velocity component, and 
a, b defines the thermal spread of the distribution in 
the two orthogonal directions. Again the ions are 
assumed to be stationary, and with the help of Eq. 
(18) we have 

H,=nl ./(c2+c2)!. 

The dynamical friction force defined by the right-hand 
side of Eq. (11) is now easily evaluated with the result 
mdv,/dt+eE= —eE.*®(é,¢), 

where 
eE.*=nm!I',/a’, 
$60) =C(E+1P +P }-L(E- 1 +P }!-2, 
£=0,/b, 
c=a/b. 
In the limit of large £, we find as before 


1 


P| £0) —> 


Weak and strong electric fields are defined as in Eqs. 
(24a) and (24b) by their relation to the electric field 
defined by 


E=E?®(1,f). 


With the help of #(£,¢) presented in Fig. 10 we note 
that E,*#(1,f) is nearly proportional to ¢. This obser- 
vation permits us to conclude that anisotropic distri- 
butions will not alter our previous conclusions in any 
important way. 


5. Effect of Random Ion Motion 


So far in our discussion we have restricted the ion 
temperature to be zero. Clearly, we shall obtain very 
similar results provided 


BiB; 


In studying the effect of random ion motion the relevant 
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Fic. 8. The variation of electron temperature with time for 
)/E.=0. The initial and final conditions shown are: (a) «(0) = 100, 
T.(0)=T eo, x(10%) =24; (b) x(0)=75, T.0)=Teo, x(4.6X 105) 
=15; (c) x(0)=60, T.(0) = Teo, x(2.8XK 10°) =8. 
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Fic. 9(a). The variation of electron drift velocity with time for 
E/E,=0.2. The initial conditions are x(0)=1.0 and T,(0) = Tyo. 
(b). The variation of electron temperature with time for 
E/E,.=0.2. The initial conditions are x(0)=1.0 and T,(0) =T,. 


parameter is therefore 


= (8-/Bi)*. (30) 


The extreme limit y>>1 is easily obtained by distrib- 
uting the electrons into a delta function at v, and 
distributing the ions according to a Maxwellian dis- 
tribution characteristic of the temperature 7; and 
displaced by the drift velocity v, The dynamical 
friction force is then obtained from Gauss’ law in the 
form 


fei=YeEN (y's), 


where £, is again defined by Eq. (20). This expression 
has a maximum at the most probable random ion speed, 
and the critical field y°E, is inversely proportional to 
kT;/M. 

The extension of the theory to a plasma whose 
electrons and ions possess random speeds of the same 
magnitude, i.e., y=1, is readily carried out. Details 
of this calculation are presented in Appendix I. [See 
Eq. (42) and Fig. 11]. As one might expect, the sum 
of the most probable random electron and ion speeds 
enters into these results. The maximum of the 
dynamical friction occurs approximately when the 
relative drift velocity between the electrons and ions 
is equal to [(2kT;/M)+(2kT./m) ]', and the critical 
electric field is proportional to the inverse square of 
this quantity. We may conclude, therefore, that the 





H. DREICER 








Fic. 10. The variation of the dynamical friction function ©(£,¢) 
with the electron drift velocity for a range of values of the ani 
sotropy parameter ¢. 


random motion of the ions does not alter the phe- 
nomenon of runaway in any essential way. 


6. Comparison with Other Work 


The main results obtained in this paper are based 
upon the strong deviation of the dynamical friction 
force from a Stokes law, especially for large drift 
velocities. This behavior, embodied in the V function, 
has led to fundamentally new results. In this connection 
it is useful to compare this work with the earlier work 
of Giovanelli® which is based upon a Stokes law over 
the entire velocity range and also results in a critical 
electric field. Giovanelli considers the balance between 
the rate at which electrons gain energy from the electric 
field and the rate at which they lose energy as a result 
of elastic collision with ions. He concludes that for 
electric fields in excess of a certain critical field E,** 
the electron energy grows in time without limit. E.** 
depends upon the ion mass and ion temperature and is 
given by 

2v3 ma?m'n 
E**= 


9 ureM) 


where mu is the velocity of electrons whose kinetic 
energy equals the mean kinetic energy of the ions. The 
quantity a@ is related to the mean free path, /, for 
electron-ion encounter through the expressions 


l=1/(arnQ?), 
Q=a U;", 


where the electron speed is represented by “. Giovanelli 
takes a to be equal to 1.57 10° cm*-sec~. 

This result may be compared with the critical field 
derived in this paper only if we let 7Q? stand for the 


*R. G. Giovanelli, Phil. Mag. 40, 206 (1949). 


momentum transfer cross section. This yields 


(1—cos6) csc*(0/2) sinédé, 


e} r/2 
2xr— J 
4m’u;' J 


minimum 


dire! d 
mo? = —— Inf — 
m* po 


With this result Giovanelli’s critical field becomes 


8rv3 e* In(A/ po) 
+ : 


9  u92(mM)! 


There is a functional difference between this ex- 
pression and our result [Eq. (20) ] which arises in the 
following way. Giovanelli retains the Stokes law for all 
velocities and restricts his treatment to weak electric 
fields so that the energy gained by electrons between 
collisions is small compared to the average random 
speed. Under these circumstances the increase in the 
magnitude of the drift velocities is caused by Joule 
heating alone. He then finds that a runaway in electron 
energy develops when the electrons gain energy from 
the field faster than they can transfer it to the positive 
ions by elastic encounter. This effect depends strongly 
upon the mass ratio m/M and the ion temperature, 














Fic. 11. The variation of the generalized dynamical friction 
function x(y; 2) with relative electron-ion drift velocity for several 
values of the parameter y. 
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and accounts for the appearance of M and um in E,**. 
In fact, for infinitely massive ions (i.e., m/M=0) E.** 
vanishes in a manner which is independent of the 
electron temperature and the particle density. The 
considerations which led to the critical field, E., derived 
in this paper are based upon the transfer of momentum 
between electrons and ions, and therefore our results 
are independent of the ion mass to the extent that 
m/M can be neglected compared to unity. In particular 
E, does not vanish for the case of infinitely massive 
ions unless n/T,=0. It is important to note that our 
critical field appears in the theory only because the 
dynamical friction force has a maximum when con- 
sidered as a function of the drift velocity. This deviation 
from a Stokes law can in general result in the runaway 
of the drift velocities, even though little or no Joule 
heating takes place. Furthermore, as we have shown, 
this kind of runaway can develop in periods which are 
very short compared to the characteristic electron-ion 
energy exchange times which enter into the mechanism 
considered by Giovanelli. 


C. Currents Across Magnetic Fields 


In a uniform plasma subjected to a strong magnetic 
field, charged particles circle magnetic lines many times 
between collisions, and the application of a time inde- 
pendent electric field, perpendicular to B gives rise to 
the same drift velocity, (EXB)/B*, for all charged 
particles. Under these circumstances, the dynamical 
friction force between the electron and ion gases is 
zero, and the question of runaway does not arise. 

However, in the presence of a pressure gradient, 
VP, at right angles to the magnetic field the situation 
is somewhat more involved. If we ignore collisions there 
is a Magnetization current 


j(r)=VXM(r), (31) 


where 


4 ’ 


, rE 


B B 
which is at right angles both to B and VP at r. The 
quantity M is the magnetic moment per unit volume 
which arises from the circular motion of electrons and 
ions about magnetic field lines. The current j is due to 
the incomplete cancellation of elementary particle 
currents at r and arises when a pressure gradient 
exists. Although the charges do not actually drift 
perpendicularly to B and VP, we can still assign drift 
velocities v, and v; to the electrons and ions which are 
a measure of this incomplete cancellation. The current 
j is then given by 

j=ne(v;—V-). (32) 


If we perturb this situation by introducing collisions, 
we give rise to a dynamical friction force, f.;, which 
acts to oppose the relative drift between electrons and 
ions. First order orbit theory then gives rise to a 
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diffusion drift!” 


{.:.<xB 
vg=——_, 


eB? 


which is in the same direction for both electrons and 
ions, namely along (— VP) 

With the particles distributed according to displaced 
Maxwellian distributions, f,; is given by Eq. (42) in 
Appendix I. However, within the accuracy of our 
treatment we may follow the comments in Sec. 5 and 
use the approximate formula given in Eq. (43), i.e., 


ek, z 
fin: 
yv?+1 L(y?+1)! 


where z is defined by Eq. (19). By combining Eqs. (31), 
(32), and (33) we find that the magnitude of ¥ depends 
upon the steepness of the pressure gradient. 

Let us estimate the pressure gradient which results 
in the maximum value of ¥. We proceed from the first- 
moment equations which have the form 


(33) 


av. Ur (ve ¥4) 
m—-+-m(ve> V)ve+— V(nkT.) +— Sei 
ot n bi dilg. 


= —e(E+v,.xB), 


Ov; 1 (vi— Ve) 
M—+M(v;- V)v;+— V(nkT;)+ 


al nN 
e( E+ vixB). 


For simplicity, B is now assumed to be along the z-axis 
and V(nkT,,;) along the x-axis of a Cartesian coordinate 
system. In the absence of collisions we find for the 
static drifts 
i @ EK, 
(nkT,..;)-—, 
neB dx B 


(% Jy=— (34a) 


(v,.)2=E,/B. (34b) 


In the presence of collisions these become modified to 
the form 
L @ 
y=— (nkT + nmv, 
neB dx 


1 @ 
(nkT ;+nMi 


neB dx 


te F 1 Oo 
of (MM? - x1 
eB neB dx 


t.. 4. 0 
+ -(nM?#;20;,). 
eB neB ox 


10 ., Spitzer, Astrophys. J. 116, 299 (1952). 
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In the laboratory phenomena generally encountered," 
fai/eB is smaller than the relevant random speeds. 
Moreover, the drift £,/B due to induced electric fields 
must by definition be small in a static situation. The 
diffusion drifts v,, and 2;, are therefore also smaller 
than the relevant random speeds, and we can neglect 
the drift energy compared to the random energy in 
Eqs. (35a) and (35b). The relative drift velocity is now 
given by 

‘ 1 0 
[nk(T.+T,) ]. 

neB dx 


(37) 


The maximum of V occurs when its argument becomes 


unity, or 
( BB. ) 
B.+B; eo 


By combining Eqs. (37) and (38) we find that this 
condition requires appreciable variation in the particle 
pressures in a distance of one Larmor radius. For even 
steeper gradients the dynamical friction decreases, and 
the diffusion velocity va induced by electron-ion en- 
counters falls off as the inverse square of the pressure 
gradient. In this event the diffusion caused by like- 
particle encounters remains.'? Equations (33), (36a), 
and (36b) indicate the deviations which we may expect 
from the usual linear diffusion law. These deviations 
turn out to be relatively unimportant as long as the 


(38) 


pressure variations occur over many Larmor radii. 
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APPENDIX I. EVALUATION OF THE DYNAMICAL 
FRICTION FORCE 


In this section we calculate the dynamical friction 
force when both the ions and electrons are distributed 
according to displaced Maxwellian distributions. Fol- 
lowing the analogy prescribed in Eq. (21) we easily 
obtain the potential H,; given in Eq. (17). The 
dynamical friction force exerted upon an electron 
moving with the velocity c by all of the ions is given by 


q [ae 
q 


m V He —eE Bo (39) 


q dq 


with the relative speed g defined as in Eq. (17b). The 


11 See, for example, J. Honsaker ef al., Nature 181, 231 (1958) ; 
L. C. Burkhardt et al., Nature 181, 224 (1958); P. C. Thoneman 
et al., Nature 181, 217 (1958) ; T. Coors et al., Physics of Fluids 1, 
411 (1958). 

2, L. Longmire and M. N. Rosenbluth, Phys. Rev. 103, 507 
(1956). 
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force exerted upon the entire electron gas acts in the 
direction of the relative drift velocity (v;—v,), and we 
need only sum over the component of 39 in this direc- 
tion. In the subsequent integration over all electron 
velocities we introduce a spherical coordinate system 
whose origin is at v;, and whose polar axis coincides 
with the unit vector k defined by 
k= (v.—v;)/|ve—Vv;|. 

The cosine of the polar angle is then given by 


u= (q/q)-k. 


The total dynamical friction force averaged over all 
electrons is given by 


Bev! 
sf ) m {k- V.H.; expL—B.|e—v-|? |d*c 
wT 


=—eE,(2/\/mr) exp(—2*)D(y; 2), (40) 


where 


ear &o(x ‘y) 
Doio=f f |: 
0 a Ox x 


Xexp(—2?+ 2zxy)duxrdx 
2=B,'|v.—Vv;. 
Integration over yu results in 
aaa $(x) 
D(y; 2) =f exp(—2x°+22x%)——dx 


22x 


where we have used the definition 


me df &o(x ‘y) 
o(x)=2* - - | 


dx x 


and the oddness property ¢(—x) = —@(x). Integration 
by parts results in 


1 a 
D(y;2)=— f (x) exp(—1x?+2sx)dx 


2 2 
1 ** 1 do 
— J — exp(—x?+ 2zx)dx, 


437 J_, x dx 


o 
a) 


and with the use of the definition 


+20 


J(z; v=f &9(x/y) exp(—x?+2zx)dx, 


—D 
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we can rewrite D in the form 


:, fri 2 +1 
D(y;z)=——— f x exp] — (“st 200 | 
(r) by8g2 -20 R 


1 
awd (5 8). 
22? 


The first integral on the right-hand side of this equation 
can be evaluated analytically, and D is finally given by 


RUNAWAY IN 


PULLY IONIZED GAS 


Dynamical friction force 


? 
= ~er — exp(—2?)D(7; »| 
Vr 
(42) 
= —eE.x (7; 2). 


The bracketed term which is represented by x(y; 2) 
plays the role of the W function introduced in Eq. (19). 
Indeed for y=0 it is precisely the same function. 

We have evaluated J(z;y) numerically, and x(¥; 2) 


is presented in Fig. 11 as a function of z with y as a 
parameter. Within the accuracy of our treatment these 
curves may be represented by the single formula 


1 z 
x(¥;z)= v | 
y?+1 L(y?+1)! 


1 - 
D(y; 2) =———— exp| (— 2 
(y?+1)#z a 


The total dynamical friction force is obtained by 
combining Eqs. (40) and (41): 


(43) 
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Third Law of Thermodynamics 
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A new formulation of the third law is proposed stating a universal connection between the lower limits of 
the energy and the entropy of any physical system. As consequences of the new theorem are derived the 
Nernst heat theorem, a theorem concerning the lowest energy state of mixtures, and the nondegeneracy of 


the energetic ground state of physical systems. 


1. INTRODUCTION 


WELL-KNOWN formulation of Nernst’s heat 

theorem (NHT) is the following': At absolute 
zero the entropy S of a chemically pure substance 
assumes the value zero. The term ‘‘chemically pure” 
requires a few remarks. The theorems of statistical 
thermodynamics state that a mixture of chemically 
different substances, a mixed crystal for instance, has 
an entropy different from zreo at any temperature and 
hence also at T=0. The same applies to a crystal 
consisting of two isotopes of the same element as long 
as the spatial arrangement of the isotopes shows the 
characteristics of a statistical mixture. If, finally, 
isotopes are excluded and only one sort of nuclei is 
allowed, one can assume internal degrees of freedom 
nuclear spin or general state variables of the nuclei-—and 
again these degrees of freedom can be the source of a 
statistical disorder which prevents the entropy from 
vanishing as 7 tends to zero. These considerations seem 


* On leave of absence from the Institute of Theoretical Physics, 
Technische Hochschule Aachen, Germany. Now at the Institut 
fiir Kernverfahrenstechnik, Technische Hochschule Karlsruhe, 
Germany. 

1M. Planck, Vorlesungen iiber Thermodynamik (W. de Gruyter, 
Berlin and Leipzig, 1930), nineth edition, Chap. IV, p. 6. 


to prove that the NHT is not very valuable from a 
merely practical point of view because an unambiguous 
application to a given physical system requires all its 
degrees of freedom to be known. On the other hand, 
the theorem has a very successful history of applications 
even to systems of unknown internal degrees of freedom. 
This shows that the weakness of the theorem does not lie 
in its content but merely in its formulation. 

Simon? has defined the term “chemically pure” as 
“being in internal equilibrium.” It seems certain that 
this definition covers all cases where the NHT is valid. 

To call the NHT the third law of thermodynamics 
however does not seem appropriate because of the 
explicit use of the concept of temperature. The actual 
meaning of the third law is a universal connection 
between the energy and the entropy of any physical 
system. Hence the explicit use of a property which 
cannot be defined for all physical systems is certainly 
not suitable to formulate a law of such generality. 

The first and the second law of thermodynamics can 
be considered as theorems concerning the existence of 
the two quantities energy and entropy. These laws are 


2 F. Simon, Z. Physik 41, 806 (1927); Ergeb. exakt, Naturw. 9, 
222 (1930). 
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usually formulated using essentially concepts like heat 
or temperature, which have a meaning only in the case 
of thermal systems, i.e., systems with a temperature. 
This has its obvious reason in the historical fact that 
the fundamental part of the energy as well as the 
entropy was discovered by studying thermal systems 
but there is no doubt that these concepts have a basic 
significance for any physical system. It is therefore 
desirable to formulate the axioms of thermodynamics 
with a minimum of thermal concepts. This has been 
done in an article by Falk and Jung.* We refer to this 
article for a more detailed treatment of Sec. 2. 


2. METRIC VARIABLES 


The existence of the quantities entropy and energy 
is based on two fundamental operations applicable to 
every physical system, the adiabatic and the energy isola- 
tion. Let us take the energy as an example to demon- 
strate how a variable of a certain type—which we call 
‘“‘metric’”’—is constructed. The energy isolation defines 
for each physical system a division of its set of states 
into classes with the same energy but it does not lead 
to any relation between different energy classes. 
Consequently it can be known whether two states have 
the same energy or not but it is meaningless to ask 
which one of the two states has the higher energy if 
they do not belong to the same energy class. In order 
to establish a relation between two states or classes of 
different energy an actual physical operation has to 
be carried out. In principle this can be described as 
follows: Two physical systems 2; and 2 being in the 
states 2; and 2, respectively, experience a transition 
2,2,’ and z.—» 2,’ such that the system [2,22], 
composed of 2; and 2, is energetically isolated during 
the considered transition. After that the composite 
system is separated into its parts 2,, Ss, and Y, is 
brought back to its initial state 2; by any means 
whatever while Y» remains in 2’. In the next step 2, 
and XY» are again compounded into [2,22] and a 


“Js i , Ie 
transition 2;—> ~,’, 2 —> 22"’ is generated under energy 


isolation of [2,,2.] which brings 2; in the same state 
z;' as before (or into one which is energetically 
equivalent). The repeated application of the procedure 
described above generates a sequence of states 
2 — Bo’ > 2.’ —> +--+ of LY» which in turn defines a 
sequence of energy classes of 2 called “increasing” for 
instance. In this way we not only obtain an order of 
the energy classes but at the same time a metrization 
of the energy variable by assigning numbers l’2(z2) to 
the states of Ss such that U(29’)—U2(z9)= Uo(20"!) 
—U>(z.')=---. The first that this 
construction can be carried out uniquely. 

The entropy can be constructed in a completely 


law then states 


analogous manner applying similar considerations to 
3G. Falk and H. Jung, Encyclopedia of Physics (Springer- 


Verlag, Berlin, 1959), Vol. IIT, Part 2. In the following denoted 
by (F-J). 
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adiabatically reversible transitions (which immediately 
demonstrates the fundamental role of the reversible 
processes in the definition of the entropy). Any physical 
variable the construction of which is based on the 
principle described will be called metric.4 Energy and 
entropy are examples of metric variables; others are 
length, volume, mass, electric charge, etc. 

A metric variable X is by construction defined only 
up to a linear transformation X’=aX+6 with real 
constants a and 6. For, using again the energy as an 
example, it can be seen that the above assignment of 
U, to the states of De» is such that U2(zo’) and U2(z2) 
each can be given arbitrary values. This corresponds to 
the choice of an arbitrary unit and an arbitrary zero 
point. We note particularly that the factor @ can 
assume both positive and negative values. This may 
be stated as follows: 

Theorem I.—If X is a metric variable for which 
apart from being metric no further physical information 
exists, then any theory containing X must be invariant 
with respect to the transformation X — —X+const. 

A theory is called invariant with respect to a trans- 
formation if by that transformation every correct 
statement goes over into a correct statement. 

From the well-known fact that the energy generally 
does not allow an inversion of its scale, it must be 
concluded that more information about the energy is 
available than contained in the first law. The missing 
property of the energy is the fact that a system cannot 
release an arbitrary high amount of energy or differently 
formulated: The energy variable of a physical system 
is bounded in one direction. This direction then may 
be called “decreasing.”’ Each physical system thus has 
a lowest value of the energy which can be assumed to 
be zero. 

It should be noted that there is no logical reason for 
the energy to be bounded in one direction only. Hence 
systems could exist the energy of which has a lowest 
and a highest value. Such systems are of course sub- 
jected to Theorem I, choosing, in the transformation 
U— —U-+ cost, the constant such that the lower 
limit of the energy is transformed into the upper one 
and vice versa. Thermal systems with an energy vari- 
able bounded in both directions show the phenomena 
of negative absolute temperatures.® 


3. THE THIRD LAW 


Theorem I cannot be applied to the entropy S since 
the adiabatically irreversible processes furnish “addi- 
tional information about S which allows us to’ define 
the direction of increasing entropy values in an in- 
variant manner (F-J). Nevertheless the question 


‘The so called “extensive” variables of thermodynamics are 
of this type. The metric nature of a variable can be expressed in 
form of a conservation theorem with respect to processes under 


the interaction by means of which the variable is defined 


(see [F-J}). 
5 N. F. Ramsey, Phys. Rev. 103, 20 (1956), 
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remains whether or not the entropy of a physical 
system has also a lower boundary similar to that 
existing for the energy. For the second law does not 
restrict the entropy to be bounded in either direction. 
As far as thermal systems of “chemically pure” char- 
acter are concerned, the NHT immediately answers 
this question stating that the entropy of those systems 
has a smallest value (which is assumed at T=0). 
Although the NHT yields this information only about 
systems of a certain type, there is no doubt that such 
restrictions are irrelevant and solely caused by the 
formulation of the NHT. In full analogy to the energy, 
we can say therefore that the entropy of any physical 
system has a lower limit which can be assumed to be 
zero. 

The NHT, however, contains more than merely the 
existence of the smallest value of the entropy. It gives, 
in addition, a characterization of the states which 
belong to this entropy value, namely the states with 
T=0. But this part of the theorem is essentially 
restricted to thermal systems in internal equilibrium 
since the NHT does not apply to any other systems. 
We have therefore the alternative of either dividing 
the physical systems into two classes—those subjected 
to the NHT and the rest—or of generalizing the 
theorem in the form of a fundamental law valid for all 
physical systems. In contrast to previous treatments 
of the subject, we here follow the second alternative 
and give a generalization which has the obvious 
function of the third law. Evidently such a law cannot 
be derived, but only verified by showing that it does 
not contradict any experimental or established 
theoretical evidence. 

The NHT seems to establish a connection between 
the entropy and the temperature of a system such that 
each assumes its smallest value simultaneously. This, 
however, is but a specialized form of a universal 
connection between the entropy and the energy which 
we formulate as follows: 

Third law.—Energy as well as entropy of any 
physical system each has a smallest value which can 
be normalized to zero. When the energy assumes its 
smallest value so does the entropy, but the reverse 
need not be true. 

The last statement (that S=0 does not imply U=0) 
may be illustrated by the example of mechanical 
systems which can experience only adiabatically 
reversible transitions. The entropy of these systems 
consequently has one single value which, trivially, can 
be assumed to be zero while the energy is arbitrarily 
varied. 


4. CONSEQUENCES OF THE THIRD LAW 
(a) The Nernst Heat Theorem 


Firstly, the NHT is derived from the third law by 
simple statistical arguments. We consider systems for 
which the occupation numbers of the energy levels can 
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be used as a complete set of coordinates. In states of 
equilibrium the occupation numbers are determined 
by a Boltzmann distribution,’ and hence they are 
functions of the temperature T alone. The total energy 
U then also depends solely on T. As the temperature 
tends toward T=0, the energy U obviously approaches 
its smallest value and, according to the third law, the 
same happens to the entropy. A system being in internal 
equilibrium at any temperature therefore has the 
property that its entropy assumes the value zero at 
absolute zero. On the other hand, it is obvious that if 
the system is not in internal equilibrium, i.e., if the 
occupation numbers are not functions of the temper- 
ature alone, the energy and, accordingly, the entropy 
does not need to approach zero as the temperature 
tends to zero. A mixture of para- and ortho-hydrogen 
represents the classic example of such behavior.” 

As far as systems can be described by using the 
occupation numbers of energy levels as coordinates 
the NHT is an immediate consequence of the third 
law with Simon’s clarification that “chemically pure” 
means “being at all temperatures in internal equili- 
brium.”’ But not all physical systems can be described 
in this manner, at least not within energy ranges 
significant for the third law. This is true especially for 
systems consisting of different types of interacting 
particles. 


(b) Mixtures 


We consider systems which consist of two substances 
A and B. The phase space of such a system contains 
states where A and B are mixed as well as states where 
A and B are separated. The states of mixed components 
will be denoted by (A:B), the states of separated 
components by (A+B). Each state has a certain 
energy U and for each system the lowest of all these 
values is assumed to be zero. Then, according to the 
special choice of the substances A and B, there are 
three possibilities of the minimum energy as compared 
with the type of states 


(i) U(A:B) =0, U(A+B)>0—>S(A:B) =0; 
(ii) U(A+B)=0, U(A:B) >0—> S(A+B)=0; 
(iii) U(A:B) =U(A+B)=0S(A:B)=S(A+B)=0. 


The case (i) describes systems the lowest energy states 
of which are states where A and B are mixed while 
all states of separated components have a higher 
energy. In (ii) the situation is opposite. The case (iii) 
finally describes systems which can assume the mini- 
mum energy in states of mixed as well as of separated 
components A and B. 

Our treatment cannot distinguish between a mixture 
in the ordinary sense and a chemical compound or a 
regular crystal formed of A and B. Including all such 


6 In the case of fermions or bosons the corresponding distribu 
tions have to be used. 
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possibilities in the concept of a mixture one easily 
realizes that the cases (i) and (ii) correspond to well 
known processes. In (i) for instance the mixture appears 
as the final state in a cooling down process when this 
process leads to the energetic ground state of the 
system. Statistically this final state, of course, must 
be a state of maximal order since S=0. The “mixture” 
therefore must have lost all its features of disorder. 
This, again, may happen in many different ways, for 
instance when a chemical compound or an ordered 
solid is formed or any other kind of an ordered phase. 
Similar considerations may be applied to the case (ii) 
as shown by the example of a solution (i.e., a statistical 
mixture) the components of which get separated when 
the temperature drops below a certain value. 

The case (iii) leads to an interesting result when 
applied to ideal mixtures. A mixture of A and B will 
be called ideal when for any two states (A:B) and 
(A+B) at equal temperature and equal total density 


AU=U(A:B)—U(A+B)=0, (1a) 


AS=S(A:B)—S(A+B) 
= R[ (n4+ng)in(mat+ng)—ny Inng—ng Inng }, (1b) 


n4 and mg being the numbers of moles of A and B. The 
case (ili) obviously contradicts Eq. (1b) since it 
requires AS=0 for the lowest energy state. Assuming 
(1a) to be valid for all energies and assuming further 
the energetic ground state of the system to be identical 
with the state 7=0, we consider a process in which 
the system is heated up under constant total density. 
The entropy change in this process is given by 
S(T)—S(0)= fo7(1/T)dU for the mixture as well as 
for the separated components. Equations (la) and 
(iii) then yield S(A:B)=S(A+B) at all temperatures 
so that the entropy of mixing is zero in all states. 
This evidently is a description of identical substances 
and when (la) is valid for all values of the energy, it 
defines therefore identical substances. 

The question remains if (iii) is possible in case of 
different substances. In this case, of course, there must 
be states for which AU#0. In the next section it is 
shown that the lowest possible energy can be acquired 
only in one single state of the system. On grounds of 
this theorem (iii) obviously has to be excluded when 
A and B are different. 

As an additional principle concerning mixtures we 
eventually use the fact that for any two different 
substances A and B there is a temperature 7*(4,B) 
above which the mixture (4: 8B) can be considered to 
be ideal. This may be stated as follows: 

Theorem IT.—When a mixture of two different sub- 
stances A and B is cooled down from sufficiently high 
temperatures T>7*(A,B) to the energetic ground 
state of the system formed of A and B, it passes from 
ideal to nonideal mixture type of states going eventually 
over into an ordered phase or into a state of separated 
components A and B, 
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It should be emphasized that cooling down a system 
to T=0 does not necessarily lead to its minimum 
possible energy. A fixation of coordinates by freezing a 
higher temperature equilibrium, for instance, or by 
means of external conditions, would make it impossible 
to reach the lowest energy as a rule (see Theorem III, 
next section). On the other hand, the entropy can 
assume its minimum value also in states different from 
the energetic ground state. So it may happen that S 
tends to zero as T— 0 although the process does not 
approach the energetic ground state of the system. 
The cooling of helium under pressure represents a 
well-known example of this case. 

Theorem II actually resolves Gibbs’ paradox because 
substances can be declared different only if there is an 
energy (or a temperature) below which the mixture 
behaves like a single substance or separates into its 
components.’ The sign of AU, i.e., practically the 
heat of mixing near T=O at constant total density, 
indicates which one of these two cases takes place. 
The practical significance of this statement lies in its 
application to substances which are known to be 
different. Theorem II then states that there must be 
an energy or a temperature below which the mixture 
changes into a regular structure or it gets separated, 
provided the coordinates do not get fixed by decreasing 
the temperature. The phase separation of He*-He‘- 
mixtures* shows the importance of the latter fact in 
regard to isotopic mixtures. 


(c) The Energetic Ground State 


It is well known that almost every characteristic of 
a physical object can be used to form a variable. But 
only a few such variables are accepted as significant 
for physics. In other words, a physical object generally 
has many more properties than those used in physical 
theories. Hence there must be a criterion for selecting 
from all variables the physically significant ones, 
which we solely refer to when speaking of variables. 
We define: ” variables X,,---,X,, constitute a complete 
set of variables or a coordinate system if the energy U 
or the entropy S (or both) of the considered system 
are unique monotonic functions of each of the X; when 
all the other coordinates X,,-+-,Xj~1, Xjy1,°++,Xqn are 
kept constant. An essential point in this definition is 
that coordinates cannot be defined one after (and 
without reference to) another, but merely as a whole set. 
Energy and entropy are employed to indicate whether 
a given set of variables can be used as a physical 
coordinate system. Such a definition obviously requires 
a previous characterization of both energy and entropy 


* That the resolution of Gibbs’ paradox should be sought in 
the existence of a temperature of separation for mixtures of 
different substances (when kept in internal equilibrium) was 
first claimed by E. W. Becker, colloquium, University Marburg/ 
Lahn, Germany, 1952 (unpublished). . ij 

wae K. Walters and W. M. Fairbank, Phys. Rev. 103, 262 
(1956). 
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as briefly described in Sec. 2. It is easily seen that our 
definition covers all familiar cases of physical co- 
ordinates. In mechanics or quantum mechanics,’ for 
instance, only U is used since S is constant, whereas in 
conventional thermodynamics U or S can be used. 

An immediate look on any theory in physics, however, 
shows that the above definition is too general for 
characterizing the coordinates of the well-known 
theories. Why do we use energy and volume as co- 
ordinates of a gas, for instance, and why not other 
monotonic functions of these two quantities which 
would satisfy the above definition as well? The priority 
of energy and volume to nonlinear functions of them 
is due to their metric nature (see Sec. 2) with respect 
to thermal and pressure contacts. Contacts of this 
type, well known from thermodynamics, are a general 
means of selecting physical coordinates. As shown in 
(F-J), this way of selecting coordinates is equivalent 
to Gibbs’ method of defining coordinates by means of 
the maximum principle of the entropy and the minimum 
principle of the energy. The essential part of this 
method, which we will call the Gibbs condition, can 
be described as follows. 

Metric variables are called “of the same type” when 
they are generated by the same interaction.” The 
interaction must have a structure as described in Sec. 2 
in case of the energy. Now let X,,--:,X, be a co- 
ordinate system consisting of metric variables of the 
system 2, then for any two coordinates of the same 
type X,,X, the following condition must be fulfilled: 
When the variables Y;+X;,X1,°°°,Xj-1Xj41,°°°, 
X j-1,X jr41,°++,X, are kept constant the entropy of », 
considered as function of X;, assumes its maximum for 
the same X; value for which the energy assumes its 
minimum. As to the coordinates of 2 which do not 
occur in pairs of the same type, one simply applies the 


® The definitions given here concerning fundamental concepts 
of physics use the continuity of variables or similar analytic 
properties only in an irrelevant manner. The term “monotonic” 
in the definition of coordinates, for instance, does not necessarily 
mean continuously monotonic. For further details see (F—J). 

10 Variables of the same type have the same dimension but not 
necessarily vice versa. 
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Gibbs condition to the system (2,2) composed of two 
samples of 2. 

Combining the definition of physical coordinates 
with the third law, one obtains the following theorem: 

Theorem IiI.—When the energy of a system assumes 
its lowest value, not only the entropy but every 
physical variable assumes a fixed value. In other words, 
the energetic ground state of a system is a single state. 

Proof—The metric variables X,,---,X, may con- 
stitute a set of coordinates of the system Y. The 
system [2“) 5°], composed of two samples of 2, then 
has a coordinate system which consists of pairs of the 
same type X;“),X;° (j=1,---,). Under the conditions 


X ;Y+X ;° =const, 


X;,“)=const, X;,)=const, 


(k=1,---,j—1,j+1, +++, ) (2) 


the entropy S or the energy U of: [22°] or both 
are unique monotonic functions of X;" or of X;®. 
Supposing now that U=U“+U™ acquires its lowest 
value, the same happens simultaneously to U and 
U® and, according to the third law, S=S-+S® as 
well as S® and S® are zero. Adding U=0 and S=0 
to the conditions (2) one obviously obtains for X;“ 
and X,;® each a certain value. According to the 
definition of physical coordinates, however, X;“ i 
already determined by U“=0, S“=0 and X, 
=const (k#7) and consequently X;° by U=0, S=0, 
X,=const and X;“-+NX,;®=const regardless of the 
values of X;,°) (k#¥7). On the other hand, X;° must be 
uniquely determined by U®=0, S®=0 and X,° 
=const (k#j). From this we have to conclude that 
X;® is solely determined by U®=0 and S®=0 or 
rather by U®=0 alone since S®=0 is also a con- 
sequence of U°)=0. The same conclusions, of course, 
can be drawn for X;") as seen by changing the role 


of >® and >), 


1S 
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It is well-known that the 2-dimensional Bose gas does not condense, and that no transition occurs in its 
thermodynamic behavior. Despite this, we find that in a magnetic field a 2-dimensional gas of charged, 
ideal bosons has a nearly sharp transition temperature, below which it displays an “imperfect’’ Meissner- 
Ochsenfeld effect, practically indistinguishable from the perfect London one. This fact is relevant to the 
application of the Bose gas model of superconductivity to thin films. 

The main interest of the model is, however, that it exhibits an (essentially perfect) Meissner-Ochsenfeld 


effect without any irregularity in Cy(T). 


1. INTRODUCTION 


A‘ a certain temperature, 7, a 3-dimensional ideal 
gas of charged particles obeying Bose-Einstein 
statistics undergoes a sharp thermodynamic transition! : 
for T7<T,, a macroscopic number of particles condenses 
into the ground state of the system. It has been shown? 
that these condensed bosons then give rise to a perfect 
Meissner-Ochsenfeld (M-O) effect. [If we write the 
relation between magnetization, M, and magnetic 
induction, B, in Fourier space as 


M(q)= K (q)B(q), (1) 


then a perfect, or London,’ M-O effect is characterized 
by a 1/q? singularity in the kernel function, K (gq). | 

However, if one considers, as a mathematical model, 
the 2-dimensional Bose gas, one finds that it does not 
condense, and no transition whatsoever appears in its 
thermodynamic behavior. The specific heat is a regular 
function of temperature, proportional to T near absolute 
zero. It might thence be expected that a 2-dimensional 
charged Bose gas will not display a M-O effect. If this 
were the case, it would be a discrepancy in any Bose 
gas model of superconductivity,*® because the 2 
dimensional gas is relevant to very thin films of super- 
conducting material, which do indeed exhibit the M-O 
phenomenon. 

In this paper, we show that (contingent upon the 
fulfilment of a mathematical restriction which is valid 
for all practical applications to thin films) the 2- 
dimensional charged Bose gas in a magnetic field 
undergoes a transition which is nearly sharp. Below 
this transition point it displays an imperfect M-O 


* Also supported by the Nuclear Research Foundation within 
the University of Sydney 
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6 Schafroth, Butler, and Blatt, Helv. Phys. Acta 30, 93 (1956). 

® Bogoljubov, Tolmachov, and Shirkov, A New Method in the 
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effect which, although K (q) is regular in q, is practically 
indistinguishable from a perfect one: above the tran- 
sition temperature there is only a slight diamagnetism. 

Also the 2-dimensional gas has a critical field quite 
analgous to the 3-dimensional case. 

The noteworthy feature of the 2-dimensional model 
is that it exhibits these superconducting properties, 
while the thermodynamic functions remain analytic in 
the temperature, with no sign of any discontinuity. 

In Sec. 2, the thermodynamics of the 2-dimensional 
Bose gas are briefly set forth for subsequent use, and 
contrasted with the 3-dimensional case. By considering 
a weak, inhomogeneous magnetic field as a perturbation 
on the field-free system, the kernel function K(qg) is 
derived in Sec. 3: the consequent magnetic behavior is 
investigated in Sec. 4. The B-H curve, which gives the 
critical field, is found in Sec. 5, by calculating the 
partition function -in the presence of a homogeneous 
field. 

Finally, in Sec. 6, the mathematical abstraction of a 
2-dimensional gas is related to the case of very thin 
films. 


2. THERMODYNAMICS 


The grand canonical partition function, e~*®, for the 
ideal Bose gas (with an arbitrary number of dimensions) 
is given by 


hk? 
Q=kT > nf 1—expfa(u- ~) I (2.1) 
k 2m 


where a=1/kT, and yw is the chemical potential. The 
number of bosons, NV, is given in terms of « by 


N=—(00/dp)7 


1 
=o (2.3) 
94,9 
k expla(h?k?/2m—) ]—1 
To avoid negative occupation numbers, we require 


n=—ayu>0. (2.4) 
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(a) 3 Dimensions 


If we simply replace sums by 3-dimensional integrals 
in Eq. (2.3), we get 


with the thermal wavelength A defined by 


= 4rah?/2m. (2.6) 


The integral in Eq. (2.5) is a regular function of » [in 
the range allowed by Eq. (2.4) ], having a finite upper 
bound at n=0. Thus below some critical temperature 


Ve, 
N 2mkT .\ 3 
-=(- ~~) 1Ht2---, 
4 Arh? 


the expression (2.5) for V is inadequate, and the singular 
ground state must be considered separately. 

The consequent specific heat at constant volume, 
Cy(T), for the 3-dimensional gas is as shown in Fig. 1— 
its slope has a sharp discontinuity at 7,. 


(b) 2 Dimensions 


The 2-dimensional counterpart of Eq. (2.5) is 


n= —— In(1—e~"), (2.9) 


7 


where J is given by Eq. (2.6), and V is the 2-dimensional 
“volume.” 

The integral in this case diverges as n tends to zero: 
there is no upper bound. Thus the need to consider the 
ground state separately, and the consequent transition 
phenomena, no longer arise. 

For convenience, we introduce a “formal tempera- 


C. 
2R 








| 
| 
| 
| 
) 
1 
: T 


Fic. 1. Cy(T) for the 3-dimensional ideal Bose gas. R is the 
gas constant, 7, the transition temperature. 
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Fic. 2. Cy(T) for the 2-dimensional ideal Bose gas. 


ture,” To,’ by 


n=1 v0, (2.10) 
i.€., 


exp(—7)/T)=1-—e". (2.11) 


The specific heat is given by 


Cy(T) 2 » (1—S)! 
een > — 
R InS i=1 = 7? 


To 
s=e(- ), 
T 


R= Nk. 


(2.13) 


(2.14) 


Cy(T) is as shown in Fig. 2. As we expect, it is a 
perfectly smooth function. Below the formal tempera- 
ture, 7), quantum mechanical effects come into play 
and Cy falls from the classical value, R, going to zero 


like (x2/3)(T/To)R. : 
3. CALCULATION OF THE KERNEL K(q) 


We first find the current density induced in a 2- 
dimensional charged Bose gas by a weak, inhomo- 
geneous magnetic field, by enclosing the system in a 
square box with periodic boundary conditions, and then 
applying perturbation theory® (in the form developed 
by Schafroth®) to the distribution function. This 
perturbation theory avoids difficulties arising from 
ehergy denominators in the case of complete or near 
degeneracies. 

For a gas of noninteracting ideal particles, with 
masses m and charges e, the field-free Hamiltonian is 


Ho=>d » (p’/2m). (3.1) 


The perturbation due to an inhomogeneous magnetic 


7 We note that in 3 dimensions, the formal temperature, To, 
and the transition temperature, 7, are one and the same thing: 
this is not the case in 2 dimensions. 

8 Perturbation theory is valid for inhomogeneous fields, as 
opposed to the case of homogeneous fields where an arbitrarily 
small field produces qualitative changes in the particle wave 
functions, once the volume is sufficiently large. 

9M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951). 
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field H," with vector potential A, is given independent 
of the dimensionality of the model by the transfor- 
mation 
e 
p— z=p—-A(x). 


Cc 


(3.2) 


Before proceeding, we note the following point: from 
dimensional considerations based on the Lorentz- 
invariant transformation (3.2) and Maxwell’s equa- 
tions, one finds that the charge, e, on a particle in 
n-dimensional space has dimensions 


e~ML*T-, (3.3) 


and thence 


(3.4) 


e/mec~ L*, 


Thus the quantity e?/mc’, the “classical electron radius”’ 
in 3 dimensions, is a dimensionless parameter in our 
2-dimensional model. 

It is convenient to expand the vector potential, 
current density, and allied quantities in Fourier com- 
ponents: e.g., 

A(x)=>>, A(q)e~'*"*. 
Then, performing the perturbation calculation, the 
current density, 1(q), is given by a result derived in 
reference I: 


(3.5) 


a oo 
i,(q)=— > (Tuv+Ni,,»)A,(q), 


mc V » 


Pub» (p+2q)” (p—24q)° 
I y»(q) => | -)— taf )}. (3.7) 
p p-q 2m 2m 


F)(E) is the distribution function for the field-free Bose 
gas [see Eq. (2.3) ]. 

Making use of the fact that q is the only vector 
contained in /,,(q), we write 


(3.6) 


I yr(q) =0(¢?)quqgv t+ 5(q") qb y», (3.8) 


and, in analogy to (I), we define J) and /, in 2 dimen- 
sions by 


(3.9) 


To= X Iu.=(a+2b)a?, 
p=l 


i= % T yQugv = (at+b)q". (3.10) 


Beal 
Substituting from Eqs. (3.8), (3.9), and (3.10) into 
Eq. (3.6), and using the readily verified fact that 
h=—-@N, (3.11) 
we get 
; él 
i,(q)=— (Lo 2N)§ bye A,(q). (3.12) 


mc \ g 


In a 2-dimensional problem, the magnetic field, H, is a 
pseudoscalar quantity. It may be represented by a vector per- 
pendicular to the model, in a 3-dimensional realization thereof. 


MAY 


This expression is explicitly gauge covariant: rewriting 
in terms of the magnetic induction B (B=curlA) and 
the magnetization M (i=c curlM), one gets 


M(q)=K (q)B(q), (3.13) 


Kiem 
gqQ=- 


mcg’ V p \p-q 


(p+3q)° (p—3q)” 
4 Fi( )-rif )}. (3.14) 
2m 2m 


We proceed to simplify this expression for the kernel. 
Replacing sums by integrals, 


rr g 
K ( g=- : 
mc? q? (2m)? 


x Pr P Qn (p?—4q")d0 
xf pap Fo ) J ‘ (3.15) 
2m 0 q:(p—3q) 


0 


There is no question as to the validity of taking principal 
values in the angular integration, since the integrand 
has been obtained by rewriting the summand of Eq. 
(3.14), which is perfectly regular. Performing this 
angular integration one gets 


1 P Qn (p?—4q°)d0 
f =(), for 
2r Yo pq cosd—3q’ 


p>2q 


dp 24} 
)}. for p<}q. 


(3.16) 


Making the change in variable x=ah’p’/2m, and using 
the notation defined in Sec. 2, Eq. (3.15) becomes 


e | 0 (1—x/x») dx 
K( q) =— f ) 
mc? d7q? J 4 e7—3 


xo=N"q"?/ 160. 


(3.17) 


with 


(3.18) 


Of particular interest is the limiting case of x» — 0: 


e 1 1 
limK (g)=— _ | (1—d)'dt. (3.19) 
~~ 16rmc? e"—1 Yo 


Using Eq. (2.11), this becomes 


é T To 
K(0)=—- exp ){1-exn(- )I (3.20) 
24armc* T T 


For larger values of xo (i.e., for 26> with n<1, or 
else xo>1 with »>1), the kernel may be written as 


; en 1 
K(q)=——_ —S(q), 
mc ¢° 


(3.21) 
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where the leading term in the function $(g) depends 
on q either logarithmically or not at all. In the limit as 
qg tends to infinity, (gq) becomes unity. 


4. PENETRATION OF MAGNETIC FIELD 


We now investigate our model further, imposing the 
requirement that the dimensionless parameter 


e/12mcr<1. (4.1) 


That is, if we define a temperature 7, by 


e'/12mc?=exp(—T>/T.), (4.2) 


we require that T/T, shall be appreciably greater than 
unity. 

From now on, our attention is confined to tempera- 
tures below 7», since temperatures > 7 » are found to 
be of no interest once the above assumption is made. 
That is, ignoring terms of order exp(— 7/7) compared 
to unity, Eq. (2.10) is simplified to read 


n=exp(—T)/T). (4.3) 


Using Eqs. (4.2) and (4.3), the kernel in the limit of 
zero g, Eq. (3.20), may be written 


1 To To 
K(0)=- exp( on ) 
an Yr Fs 


The kernel for the 2-dimensional Bose gas remains 
finite as g tends to zero; however, we see that it becomes 
very large as T decreases below 7,. Above T,, the 
exponent is negative, and the kernel is small. This is 
to be compared to the 3-dimensional gas, where below 
a critical temperature [given by Eq. (2.7) ] the kernel 
diverges like 1/g? as g— 0: on the other hand, above 
this temperature, the kernel is again finite and small, 
describing the small Landau diamagnetism. 

To get a more detailed understanding of the kernel 
described by Eq. (3.17), with its limiting forms (3.21) 
and (4.4), it is helpful to consider the magnetic field 
penetration law implied by it. If we take a semiinfinite 
plane sheet (bounded by the y axis) of 2-dimensional 
magnetizable material, with behavior given by Eq. (1), 
and apply an external field, of magnitude Bo, then the 
field inside the material is given as!!:” 


* singx dq 
B(x) = sof 
T q 1—2rK(q) 


(4.4) 


(4.5) 


The London kernel gives an exponential penetration 
law, 
B(x)/Bo=e7*"4. (4.6) 
1M. R. Schafroth and J. M. Blatt, Nuovo cimento 4, 786 
(1956) [referred to as (II) ]. 
2The 3-dimensional result in (II) requires a trivial modifi 
cation: we note that in genera! B, H, and M are related by 
B=H+5S,M, where 5S, is the surface area of the n-dimensional 
unit “sphere” S,,=n7!"/['(4n+1). Thus for two dimensions, 
B=H-+27M, i.e., the customary factor 4 of the 3-dimensional 
world is replaced throughout by 27. 
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We now consider the 2-dimensional Bose gas kernel, 


Eq. (3.17). Employing the asymptotic form of Eq. (4.5). 


B(x) Ik 1 
By 1—2nK(0) 


(4.7) 


we find that the field at large distances within the gas 
becomes a finite constant : 


B (x) To To 
cages 1/|1+e0( - )} 
Bo mee 


For temperatures below 7,, such that (T9/T)(1—T/T,) 
>1, a detailed calculation gives 


B(x) « 16 T 
== ¢~/d0, <- (1- ), 
Bo dy T T. 
B(x) To i 
=1/|1+ex0 (:- )]|. 
By T T 
a 3% T 
do T T. 


where do is quite analogous to the penetration depth 
for the 3-dimensional Bose gas: 


2re*n , 
iv=| eT rd 


mc? 
rin(T T)(1-—T 6) 
x|1+4| |} (4.10) 
(T)/T)(1-—T/T.) 


(4.8) 


Above T,, the result (4.8) is adequate for all «>d), 


where 
2re-n\ To ye 
ir=( ) exp| - (:- | (4.11) 
mc ie T 


<Kd,. (4.12) 


This penetration law is now as depicted in Fig. 3. 


A qualitative understanding of these results is given by con 
sidering the “‘modified diamagnet” kernel of (II): 
1 1 


— (4.13) 
2n d*(g*+yp"), 


K, q) a 
whose behavior is similar to that of (3.17), with its limiting forms 
(3.21) and (4.4). uw! can be interpreted as the ‘correlation length”’ 
between particles. Substitution of this kernel in Eq. (4.5) readily 
gives the penetration law 

B(x) (ud)?+e°°* 
By 1+ (ud)? ’ 


o=d {1+ (ud)? }! (4.14) 

We define a temperature width, A7+A’7, such that 
as the temperature from (7.+<A’'T) to 
(T.—AT), the field at great distances within the Bose 


decreases 














Fic. 3. The law of field penetration for an inhomogeneous 
magnetic field applied to a 2-dimensional charged Bose gas: 
(a) T>T., (b) T<T,.. The broken line is the ‘‘perfect’’ London 
exponential law 


gas decreases from 99% to 1% of the external field. 


Then 
To A'T 
exp ( )I 
T.\T.+A'T 
To AT 
T.\T.—AT 


AT A‘T iy 
= =4.6 
is de To 


(4.16) 


For 7<T,.—AT, the field is almost entirely expelled 
at large distances within the gas: although it does not 
have the complete field expulsion characterizing the 
perfect M-O effect of the London superconductor, this 
result is (as we show below) experimentally indis- 
tinguishable from such a M-O effect. 

For 7>T,.+A’T, the field penetrates undiminished 
except for a slight diamagnetism. 

Thus we may interpret T, as a transition temperature, 
from a normal to a superconducting state. The width of 
this transition is given by Eq. (4.16). 


Since the actual penetration law, as such, has never been 
measured for a superconductor, it remains to calculate an experi- 
mentally measurable quantity which is determined by the nature 
of the M-O effect. Such a quantity is the “static penetration 
depth,” d,. For a circular disk, radius R, of superconducting 
material, d, is defined in terms of the total magnetic moment, 
J, induced by an applied field: 


Jt = —}Bo(R—d,)?. (4.17) 


Moreover, SIU is related to the kernel by 


_ BV * 2rK (24/R) 
M= > 


wy, 2L1—20K (24/R)] (S08) 
where 2, is the &th positive zero of the Bessel function Jo(z). 

For T>T-,, we readily find d, ~R, which is to be expected, since 
in this “normal” region there is no field expulsion, only slight 
diamagnetism. 

For T<T.- 


follows: 


AT, a good approximation to d, is obtained as 


we first notice that the penetration law for the 2-dimensional 
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gas, described by (4.9), may be approximated quite accurately 
by the expression (4.14) for the “modified diamagnet” kernel, 
K,(q), provided we identify the quantities d, » of Eq. (4.13) as 


d=d), 


(4.19) 


Tr T 
(ud)? = exp (- + 7) «1. 


For Ki(g) we find [see (II) ] 
d,=d (1 + x (ud) [1+0(ud)?+0(d/R)]. (4.20) 


Hence for our model, with R>>do (the usual experimental case), 


‘ [ z( 7 )]) 
s> ——- in —-—{1-= : 
d do (14+ 5 ex T T. 


Even for large values of the disk radius, R, we see that as T 
decreases below 7, the correlation length between bosons, 47}, 
becomes so large compared to do that the R dependence in Eq. 
(4.21) may be neglected—, i.e., the penetration depth, d,, is 
practically indistinguishable from that corresponding to the 
London kernel, with its infinite correlation length. 


(4.21) 


5. CRITICAL FIELD 


We consider a plane disk, containing a 2-dimensional 
Bose gas, in an “acting” homogeneous field H’. The 
grand canonical partition function, e~*", may be 
derived in a standard way”: 

H' V « 
> In{1—exp[—a(uoH’(2v+1)—p) J}, 


Dr v0 
(5.1) 


Q=kT- 


where V is the 2-dimensional ‘“‘volume”’ of the disk, u 
the chemical potential, and po=eh/2m the Bohr 
magneton. The limitation (2.4) on yw is now relaxed 
somewhat ; instead of «<0 we require u<poll’. 

The expression (5.1) may be rewritten in a more 
convenient form by expanding the logarithm, and 
performing the summation over », to get 


Q kT « 


gr jiopoH’ 
o= — - ; 
V ? i=! 7? sinh(tapoH’) 
N 1 w tapoH’ 
n=—=— -— — : 
V i= 7 sinh(tapoH’) 


eitH 


(5.3) 


with A defined by Eq. (2.6). 
The magnetization M is derived from 2(H’) by use 
of the thermodynamic relation 


1 /02(H’) 
— ( ) , 
V\ Oo’ 


rm 


(5.4) 


Before proceeding, it is necessary to determine the 
precise nature of the “‘acting’’ field, H’. By a slight 
modification of the argument presented in Appendix IT 
of (I), it is found that for all values of H’ which need 
be considered, the diameter of the bosons’ orbits is 


SW. Pauli, Proceedings of the Solvay Congress, 1930 (Gauthier- 
Villars, Paris, 1932). 
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much larger than the mean particle separation, pro- 
vided that 


e/me<K 1. (5.5) 


This is, however, just the condition imposed on the 
model earlier [i.e., Eq. (4.1) ]. The field produced by 
any one such large orbit is negligible compared to the 
average field, and therefore the “acting” field H’ is to 
be identified with the average microscopic field B. 
H'= B=H+2rM, (5.6) 

To derive the magnetization from Eqs. (5.2), (5.3), 
and (5.4), we first note that, for all fields of any interest, 
€= 0B kT <1, (5.7) 

where 7» is given by (2.10). We introduce «, 
x=apoB. (5.8) 


Then in calculating M, two regions of temperature are 
treated separately: (a) absolute zero, x>1 and (b) 
finite temperatures, x<1. 


(a) Absolute Zero: u,B>>kT 
Here the equations for w and are easily reduced to 


kTx 


w= 2—— In{1—exp[— (x«—auy) J}, (5.9) 
Xe 


x 1 
n=2 ‘ 
Xa er ae — 1 


(5.10) 


whence 


2u0 x 
ance! 


+Inl1—e-@ ol; (5.11) 


ea 


2T i--Ze 
M=—nu{1- nf |} 
To 2e 


In the region under consideration, 7/7T)<e, the 
second term in the brackets is a negligible correction 
term. 

By substituting (5.12) into Eq. (5.6), the B-H curve 
is seen to be the same as for the 3-dimensional Bose gas 
at absolute zero (except that 44 — 27): 


b(H)=0, H<H, 
=H-H., H>H. 


(S22) 


(5.13) 


H = 2rnypo. (5.14) 


(b) Finite Temperatures: wB<kT 


For x1, the sums (5.2) and (5.3) may, after some 
manipulation, be approximated by (convergent) inte- 
grals. Having done this, M(B) is calculated: all this is 
done in an Appendix. Purely for reasons of formal 
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convenience, we define a field, Bi, by Eq. (1.10); ice., 


2r i i Ty To 
B,=—pon exp( — ). 
6 To he 


We find, for B< B,, 


To To 3 SB 
2xM=-—B exp _ “){1- ( ) + 
L. La 40\B, 


To a good approximation, this leads to 


(5.15) 


B=«kH, 


To To . 
-[en( ~ )| : 
T° FT: 


For T>T., x is almost unity, corresponding to normal 
diamagnetism: for 7<7., x becomes very small. 

This result provides an independent check of the 
results in Sec. 4, as follows: For a strip of our Bose gas 
in the limiting case of infinite area, the ratio of the field 
at large distances inside (B,,) to the (small) external 
field (Bo) may be found in two ways. 


(a) We first observe that in this limiting case the 
inhomogeneities are negligible, and then apply the 
homogeneous theory above, to get the expression 
(5.18) for B,/Bo. 

(b) Alternatively we may start from the inhomo- 
geneous theory of Sec. 3 and 4, and then use the asymp- 
totic expression (4.8) to get B,,/Bo when the size of the 
strip becomes infinite. 


The resulting two equations are identical. 

For T>T,, the result (5.17) is valid for all fields 
which are of any interest—on the other hand, for 
T<T.—AT we must also consider the case of B>B,. 
In this region, } 


2m B InLIn(B/B,) | 
2x1M = -—— ‘in |: + o| | (5.19) 
Xe B, In(B/B,) 


We now introduce a quantity H,, which is subse- 
quently identified with the critical field for a super- 


conductor, 
20 2m 
j= In ), 
Se ON B, 


T 
i= Depun( — ) 
ra 


Then Eq. (5.19) becomes (neglecting the correction 
term in the brackets) 


In(6aB/H,) 
21M = -H4 + ), 
ad 


(5.20) 


(5.21) 











Fic. 4. B-H curve for the 2-dimensional ideal gas of charged 
bosons, below their transition temperature T-. 


To T 
= (1 = ), [>>1 by Eq (4.16) ]. 
T T. 


where 


(5.23) 


So for T<T.—AT, and B>B,, the B-H curve is 
described by 


(5.24) 


In(6aB, —| 


H-H, B| i+ 
aB/H. 


Finally we notice that as H increases above H,, the 
second term in the brackets in Eq. (5.24) becomes a 
small correction term, and 


B=H—H.. 


(5.25) 


Combining (5.17) and (5.24), the B-H curve at 
finite temperatures less that 7. looks as shown in Fig. 4. 
This is quite analogous to the 3-dimensional Bose gas, 
where 
B=0, H<H? 
=H—-H?, H>H? (5.26) 


H3=4arnpo 1—(T/T.)'). (5.27) 


To summarize, we see that for temperatures above 
T. the model exhibits only a slight diamagnetism. 
Below T., if a small homogeneous magnetic field is 
applied to the surface of the 2-dimensional Bose gas, 
only a very small fraction [given by (5.17) ] of this 
field penetrates: as the temperature decreases to zero, 
the expulsion becomes complete. (Any consideration of 
penetration effects at the surface is, of course, outside 
the scope of this section.) 

Once the applied field exceeds the value H/,, it 
penetrates the Bose gas as a homogeneous field, with 
an induction B= H—H,. Thus there is a critical field, 
H., given by Eq. (5.21), such that application of a field 
greater than H/, destroys the superconducting properties 
of the model. 


6. CONCLUSION 


The 2-dimensional model developed above has a 
3-dimensional realization in the case of a Bose gas 
enclosed in a very shallow volume, of height 6. If 6 
(which we take to be along the x co-ordinate axis) is 
smaller than the thermal wavelength, 


5<(2m/4rah?)-, (6.1) 


then the bosons will have their kz component of 
momentum in the ground state, k,=0. This system 
may be considered as a 2-dimensional Bose gas. 

Going back to Eq. (3.6), one sees that if it is inter- 
preted in this light, the ‘“2-dimensional charge,”’ e, is 
given by 


e?= (3-dimensional charge on boson)?/6; (6.2) 


or, taking the boson mass and charge to be of the order 
of the electron values, 


e?/12me? = eT! Te 2K 10-4/6(cm). (6.3) 


Thus the assumption (4.1) under which the 2- 


dimensional model was investigated is valid for any 
application to thin films of bosons. Even for 6~ 10 
cm, the M-O effect is nearly perfect: the correlation 
length between bosons, yw, although it remains finite, 
becomes very large below T, 


p= 10-§ (108)'7/7)—! cm. (6.4) 


As remarked in Sec. 4, for T sufficiently less than 7, 
the R dependence in the static penetration depth, Eq. 
(4.16), is entirely negligible. 

Moreover, there is a critical field, H., analogous to 
that for the 3-dimensional gas; application of fields 
greater than H, destroys the M-O effect. 

Thus a film of bosons, thin enough to be considered 
as 2-dimensional, exhibits the essential features of a 
superconductor: i.e., the Bose gas model is in accord 
with the experimental fact that superconductivity is 
not destroyed by going to very thin layers. 

The main interest of this 2-dimensional model lies, 
however, in the fact that it demonstrates the possibility 
of the occurrence of a (essentially perfect) M-O effect, 
without any irregularity in Cy(T). 
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APPENDIX. CALCULATION OF M(B) FOR 
FINITE TEMPERATURES 


In this Appendix, we derive the expressions (5.16) 
and (5.19) for M in the limit «<1. 
Introducing 6, 
6=u/uoB, 


(<2); (2.7) 





CHARGED 


Eq. (5.3) can be rewritten as 


eit ix oe ir(l—6) 


n= >> — —e€ “)+ > 
sinh (7x) isl 4 


i=l 1 
The expression has been put in this form for mathe- 
matical convenience—since «<1, we can replace sums 
over 7 by integrals, provided they converge at the lower 
limit. Such is the case for the first term in (1.2), while 
the second term is easily summed. 


* di ix 
n\? = eizs —— on iz 
0 1 sinh (ix) 


—inf{i—¢7*-}, 


. (1.2 


(1.3) 
Defining z, 


z=4(1—5), (1.4) 


we simplify the logarithmic term, and change the 
variable of integration, to get 


‘ 1 1 
ins f dle ( a )-incs) (7.5) 
0 1-—e* f 


Making use of the formulas (see, e.g., Whittaker and 
Watson") 


(1.6) 


gi 
f —(e—'—e—*") = Ing, 
o fl 


(1.7) 


D € t e 7! 
fhe 
0 l 1—e“ 


where y¥/(z) is the logarithmic derivative of the gamma 
function I'(z), we have 

n\?= —y(z)—In2x. (1.8) 
Finally, noting that n\?=7T)/T LEq. (2.10) ], we get 

z in terms of the field B by 
In(B/B,)=—y(s), (1.9) 
where B, is introduced for formal convenience, 
ZauoB,=exp(—T/T). (1.10) 


We now return to Eq. (5.2) for w, and reduce it ina 
similar manner: 


ne -2izz 


—aNw- > (1+7x) 


e**4 


1x 
~(- — —¢ “{1+ie]) (LLP) 
i? \sinh(ix) 
1 b.4 
lly 
e’'—1 ¢ 2 


4. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, Cambridge, 1946), Chap. XII. 


(1.12) 
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This integral is Binet’s first expression" for ®(z), the 
correction to the Stirling approximation to InI’(z): ie., 


oe 2izz 
—avw= > —(1+ix)+2x(z), 


jon} 2 


(1.13) 


&(z)=InI'(z)—[(z—4) Ins—2z+4 In2r]. (1.14) 


The magnetization, M, is given by Eq. (5.4). Bearing 
in mind that we have w(x,z) rather than w(B), we use 
the definitions of x and z, (5.8) and (1.4), to get 


x 0 1—22 0 
tibet |(—) +(- )( ) forse, (1.15) 
BL \Oa/ ; 2x Oz/ 


carrying out this operation, 
ad*B » 
M = — > xe~****-++-2(z)+ (1—22)6’(z), (1.16) 
x i=1 


where ©’(z) is the derivative of @(z). Performing the 
summation in (1.16), and simplifying the result, 


— (A?/uo)M = f(z), (1.17) 


f(z)= (1/22) — 2@(z)— (1— 22)’ (z). (1.18) 


Thus M is given as a function of z, and thence of B, 
by Eqs. (1.17) and (1.9). It remains to eliminate z 
between these equations. We do this separately for 
(i) z>1 and (ii) z<1, to get Eqs. (5.16) and (5.19), 
respectively. 


(1) z>1 
An asymptotic expansion for @(z), and thence for 
’(z) and y(z), is given in terms of the Bernoulli 
numbers by Binet’s second expression for ®(z). This 
leads to - 
1 - a 
f(z) =—{ 14+—+—+::- }, 2>1 (1.19) 


62 22 152? 


1 1 
—y(z)=—Inz+ (1+ +), z>1. (1.20) 
) 


22 62 
From (1.9) and (1.20) we see that for B< By, z>1. 


Expanding z as a power series in (B/B,), and then 
substituting into (1.19), we get 


WM 1B ie oo og 
Pik ot (:- ( Jt), (1.21) 
Ko 6 B, 40 B, 


which leads to (5.16) for B< By. 
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where C is the Euler-Mascheroni constant. This region 
of z is seen to be pertinent to B>B,, where we derive 


(1) 2<l1 


Using an expansion for InI’(z) in powers of 2, we can 
find 7M 
———=]n(B/B,) 

1 Ho 
+2 Ins+(C—1+1n2r)+0(z), s<1 (1.22) 
a ¥ dacs lings APA 


x = . 
1 | In(B/B,) 


—v¥(z)=-+C+0(z), 2<1 
. and thence Eq. (5.19). 


f(z)= 
, (1.24) 
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Conditions for Equilibrium at Negative Absolute Temperatures* 
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In the classical phenomenological thermodynamic theory of Gibbs, equilibrium is defined as the state of 
maximum entropy at constant energy, and a theorem is proved (the energy theorem) which asserts that the 
equilibrium state is the state of minimum energy at fixed entropy. This theorem is not true for systems at 
negative absolute temperatures. By examining a familiar statistical model which can exhibit negative abso 
lute temperatures we find the correct form of the energy theorem. It turns out that at negative absolute 
temperatures the state of equilibrium of a system with a given entropy is that in which the system has its 


highest energy 


INTRODUCTION 


HE nuclear spin experiments done by Purcell and 
Pound! on a pure LiF crystal which exhibited 
long spin-lattice relaxation times?* have shown that it 
is possibie to induce negative absolute temperatures in 
systems which are thermally insulated and which have 
the property that each element of the system has an 
upper limit to its energy. In a recent analysis, Ramsey*® 
has shown that the Kelvin-Planck formulation of the 
second law of thermodynamics must be revised if it is 
to be applicable to systems capable of negative absolute 
temperatures. In the present article, we shall discuss, 
in terms of a simple and now familiar statistical model, 
some consequences of the existence of negative absolute 
temperatures for the classical thermodynamic theory 
of Gibbs. 
Gibbs starts his development of phenomenological 
thermodynamics*’? with a variational definition of 


* This research was supported in part by the National Science 
Foundation under a grant to Carnegie Institute of Technology. 
‘EF. M. Purcell and R. V. Pound, Phys. Rev. 81, 279 (1951). 
2R. V. Pound, Phys. Rev. 81, 156 (1951). 
*. Ramsey and R. V. Pound, Phys. Rev. 81, 278 (1951). 
*, Ramsey, Ordnance 40, 898 (1956). 
‘, Ramsey, Phys. Rev. 103, 20 (1956). 
’. Gibbs, Trans. Conn. Acad. 3, 108-248, 343-524 (1875 
see reference 7. 
“he Collected W orks of J. Willard Gibbs (Yale University Press, 
New Haven, 1957), Vol. 1, pp. 55-372. 


equilibrium as the state of maximum entropy at fixed 
energy. This definition is used to derive general condi- 
tions which must be fulfilled by hypothetical states if 
they are to be equilibrium states.* 

Often in classical thermodynamics,’ instead of apply- 
ing the definition of stable equilibrium directly, one 
uses its main consequence, which we shall call the 
energy theorem; i.e., the theorem which asserts that the 
state of equilibrium of a system with a given entropy is 
that in which the system has its Jowes! energy. Using 
the statistical model, we shall show that this theorem 
must be modified when negative absolute temperatures 
are possible. We shall show that at negative tempera- 
tures the equilibrium state of a system with a given 
entropy is that in which the system has its highest 
energy. In order to obtain a satisfactory formulation of 
the energy theorem it will be necessary to examine 
carefully certain points which are usually tacitly taken 
for granted in texts on statistical mechanics. 


I. THE MODEL 


We consider a thermodynamic system consisting of a 
large number .V of distinguishable localized elements; 


§ Examples of the derived necessary conditions for equilibrium 
are the statements that the temperature must be uniform and the 
heat capacity must not be negative. 

® See reference 7, pp. 55-62. 
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e.g., the lattice points of a crystal in a magnetic field. 

Following Ramsey, we assume that the Hamiltonian 

) of the system can be split into two parts 
H=HotHint, 


(1.1) 


where int is the portion of arising from the inter- 
action of the elements of the system, while 


(1.2) 


N 
Ho= } 9; 
j=l 


is the sum of those portions $5; of that depend only 
on the individual elements. We assume that Dint, com- 
pared to po, makes only a negligible contribution to the 
observed total energy, so that the V elements are nearly 
independent. The portion int plays a role in inducing 
those transitions by which the different elements ex- 
change energy; but the details of this exchange are not 
considered here. It is assumed, however, that the ex- 
changes take place often enough to make the concepts 
of equilibrium and temperature physically meaningful. 

We assume that each of the ; has only a finite 
number of equally spaced eigenvalues, 


é;=te, t1=1, 2, --<m. (73) 


In particular, we assume that m<.V, and that the 
energy levels ¢; are independent of /; i.e., of the ele- 
ment. For example, the €; may correspond to the spec- 
troscopic spin energies of a system of identical nuclei 
at the lattice points of a cyrstal in a magnetic field. 
Note that, from the present point of view, a change in 
the applied field produces a new system. 

A state a of the system is defined by an m-tuple 
{11%, no", +*-im*} of integers ;* subject to the 
conditions 


m 


O<necNn, > ns=N. (1.4) 
i=1 


The integer 1;“ is the number of elements in the 7th 
energy level, €;. 

The internal energy E of the system is a function of 
the state a and is given by 


E=E(a)=)>., ne: (2-5) 
i=l 
We neglect the contribution from Sint. 

The entropy S of the system, also a function of the 
state a, is proportional to the logarithm of the number 
of ways in which the .V elements can be divided among 
the m energy levels €; such that the population of the 
ith level remains equal to n,* for i=1, 2, ---m. We have 


m 


S=S(a)=k In(N!/J] ;*!). (1.6) 
| 


iz 
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II. EQUILIBRIUM 


We are now ready for our main definition: 
A state 6 of the system is called a state of equilibrium 
if for all states a, a~b, such that 


E(a)=E(d), (2.1) 


the inequality 
S(a) <S(d) 


holds. 

In other words, a state is an equilibrium state if it 
has maximum entropy among all states with equal 
energy. 

It is clear from Eq. (1.5) that the energy E of the 
system is bounded; i.e., 


ESE <E,, 
where 


E,=Nea=Ne, E,=Nen=Nme. (2.4) 


If a value of E between £; and £, is prescribed and if 
E is a multiple of ¢, then there are finitely many states 
a such that 


E= E(a). (2.5) 


We denote the class of states which satisfy Eq. (2.5) 
by Cz. The maximum of the entropy for the states a 
in Cr, 

Max S(a)=S(£), 


Cr 


(2.6) 


exists and is- attained for some state 6 in @z, so that 
S(E)=S(0). 

We show that this maximal state 5 has the property 
that 2 ;°0 for all i=1, 2, ---m. If we had, for example, 
n,°=0, then we could construct a new state a in Cx 
by changing #,°=0 into ,*=2 and by making appro- 
priate changes in the populations of highly populated 
energy levels in such a manner that E would remain 
the same; i.e., E(a)= (6). It is clear from Eq. (1.6) 
that the change from 2,°=0 to n\*=2 would amount 
to increasing S by k log2, while the changes in the highly 
populated levels would affect S but slightly. Thus, we 
would have S(a)>.5(6) in contradiction to the assump- 
tion that 6 is the state of maximum entropy at fixed 
energy. Hence, ”;°#0 for all i. 

As is customary in statistical mechanics we now re- 
place the ,* by continuous variables and approximate 
the entropy in Eq. (1.6), with the help of Stirling’s 
formula, by 


S(a)=k{N InN—> n,* Inn;*}. 
i=1 


(2.7) 


The class Cz corresponds to those points in the space 
of m-tuples {1)%, 2%, ---%m*} which satisfy Eqs. (1.4) 
and (2.5). These points fill a portion of a hyperplane 
in the 2,;* space. S(a) attains its maximum in the 
interior of this portion (not on the boundary) because 
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n,°#0 for the maximal state b, as we have seen above. 
Hence, by a known theorem from calculus, the first 
variation of S(a), subject to the constraints V(a)=N 
and E(a)=£, must vanish for a2=b. This means that 
the derivatives 0Q2/dn,* of the function 
Q(a)=S(a)+AN (a) +uE(a) (2.8) 
must vanish for a=); i.e., for n“*=n,°. Here \ and u 
are Lagrange multipliers. The usual derivation gives 


b 


n,>=Ae®s, (2.9) 


where A =e‘ and B=yp/k. 


We now show that the numbers A and § are uniquely , 


determined by N and the prescribed energy E. Sub- 
stituting Eq. (2.9) into Eqs. (1.4) and (2.5), we obtain 


m 


N=AD. eh, (2.10) 
i=] 


and 


m m 


E=E(B)=N>D ee**'/>> eFss, 
i=l 


(2.11) 


We compute the derivative of E(8) with respect to 6 
and get 


1 dE(p) 
OG. efi)? 
N dp f= 


m m 


s(>” €,7e%*') (>> ei) — (>> €,e%*:)? 
i=1 i=1 


j=l 


(2.12) 


ALY (amejterr, 
1 


j=l 


i 


which shows that dE/d@ is always positive. Hence E(8) 
is a strictly increasing function of 8 and thus has a 
single valued, strictly increasing, inverse function: 

B=B(E). (2.13) 
Once 8 has been found from Eq. (2.13), Eq. (2.10) 
yields a unique value for A. 

We summarize: In the class of states Cx (defined by 
the condition that @ is in Cx if and only if E(a)=£) 
there is one state b for which the first variation of S(qa) 
vanishes. This state 6 must be that state for which S 
has a maximum, because we have shown that the maxi- 
mum is attained at an interior point, and hence the 
first variation does vanish at the maximum. Thus, 0 is a 
state of equilibrium. The m,° are given by Eq. (2.9) 
where 8 and A are the unique solutions of Eqs. (2.10) 
and (2.11). Each equilibrium state is characterized by 
its energy E, which can vary between the values E, and 
E, given by Eq. (2.4). Since £() is an increasing func- 
tion of 8, we can also characterize the equilibrium states 
by their corresponding values of 8. It follows from Eq. 
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(2.11) that 
im £(8)=Ne,=E,, lim E(8)=Ne=E;. (2.14) 
pow 


| 

p—++a 
Hence 6 varies between — © and + as E varies be- 
tween E, and E,. The equilibrium states form a one 
parameter family and either EZ, (E;< E<E,), or 8B, 
(—2 <@B<+), may be used as the parameter. Let 
Ey be the value of E at B=0; we note that 


(2.15) 


Eo=(N/m)>. «:. 
i=1 


We remark that it is not very hard to give a rigorous 
mathematical justification for replacing the integers m;* 
by continuous variables and for using the asymptotic 
formula of Eq. (2.7) instead of the precise entropy 
function of Eq. (1.6). Such a justification is based on 
the fact that Eq. (2.7) is not only an asymptotic ap- 
proximation for Eq. (1.6), but also the derivatives of 
Eq. (2.7) approximate the derivatives of Eq. (1.6) with 
n,*! replaced by I'(m,*+1) for nonintegral »,*. This 
follows from the known limit 


d 
lim ( In (a-+1)—Ine) =(), 
20 \ dx 


III. THE ENERGY THEOREM 


For equilibrium states, the entropy S may be re- 
garded as a function of either the energy E or the 
parameter 8. We investigate the nature of the function 
S=S(). 

Substituting Eqs. (2.9), (2.10), and (2.11) into Eq. 
(2.7) we find 


m 


S(B)=k{N In(S e8*)—BE(B)}. (3.1) 
i=1 


Differentiation of Eq. (3.1) with respect to 6 gives 


m dk(p) 
> ePti— E(g)—B 
i=1 dg 


dS(8) m 
=k{N)> ¢,e% 
dg i=l 
Hence, by Eq. (2.11) 
dS (8) di:(@) 
= — kB : (3.2) 
dg dg 

Since dE(@)/d8 is always positive, it follows that 

dS(8)/dB has the same sign as —@. Hence, we have 
dS(B)/dB>0 if —« <p<0, 
dS(8)/dB<0 if 0<p<+~, 

dS(g)/d8=0 if B=0. 


(3.5) 


An investigation of Eq. (3.1) shows 


lim $(8)= lim S$(8)=0, 
p— 


po+x x 


S(0)=So=RN Inm. 
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Fic. 1, Entropy versus energy at equilibrium. 


Since E(@) is a strictly increasing function of 8, it 
follows from Eqs. (2.14), (3.3), and (3.4) that the graph 
of S versus E, for equilibrium states, has the form in- 
dicated in Fig. 1, where E,, E,, Eo, and So are given by 
Eqs. (2.14), (2.15), and (3.5). It is clear that S has an 
absolute maximum S=S») for E=£o; i.e., B=0. The 
left branch (E<£,) of the curve corresponds to nega- 
tive values of 8, the right branch to positive values of @. 
If we define the /emperature T of an equilibrium state by 


T= —k/B, (3.6) 


we see that the left branch of the curve corresponds to 
positive temperatures, while the right branch corre- 
sponds to negative temperatures. The maximum point 


corresponds to T=+, and the endpoints correspond 
both to T=0. The states of negative temperature all 
have higher total energy than the states of positive 


temperature. 


10 Of course, this graph has the same form as that exhibited by 
Ramsey in references 4 and 5 for the case m=4. Incidentally, from 
Eq. (2.7) on, all our arguments are independent of the equal 
spacing of energy levels ¢;. 
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We can now state the energy theorem: Let a value S 
of the entropy be prescribed such that 0<.S<.S». Con- 
sider the class @s of all states a such that 


S(a)=S. (3.7) 


Then there are ‘wo equilibrium states 6; and by in Cs, and 


for all states a in Cs different from 5, and dp. 

In other words, the equilibrium states have minimum 
or maximum energy among all states with equal entropy. 

Proof.—We have already established the first part of 
the theorem, for we have proved that for equilibrium 
states the function S=S(£) has the graph shown in 
Fig. 1, and it is clear from Fig. 1 that there are precisely 
two equilibrium states 5; and b. with the prescribed 
entropy S. Now, let the energies of these two equi- 
librium states be £;= E(b,) and E.= E(b2). Consider an 
arbitrary nonequilibrium state @ in @s. Denote its 
energy by E= E(a). There is precisely one equilibrium 
state b in Cx; i.e., there is one equilibrium state for 
which £(6)= E= E(a). By the inequality (2.2), we must 
have S(b)>S(a). Hence the state 6 corresponds to a 
point on the curve of Fig. 1 which is above the line 
S=constant=S(a). It follows that the corresponding 
energy E(b)=E(a) must be between £; and £». This 
proves the inequality (3.8). 

The equilibrium states which correspond to minimum 
energy at constant entropy are on the left branch of 
the curve of Fig. 1 and hence have positive temperatures. 
The equilibrium states which correspond to maximum 
energy at constant entropy have negative temperatures. 

We observe that the points (£,S) corresponding to 
non-equilibrium states lie above or on the £ axis and 
below the curve of Fig. 1. It follows that no nonequi- 
librium states are possible for S= Sp. 
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Photoelectromagnetic and photoconductive lifetimes have been measured from 77° to 300°K in mono 
crystalline p-type indium antimonide of net acceptor concentration ranging from less than 10" cm™? to 
10'* cm™. It is concluded that at the lower temperatures, excess electrons are trapped in immobile states in 
the forbidden band and that the trap concentration is the same in all samples, regardless of net acceptor 
concentration. At intermediate temperatures, trapping becomes negligible but recombination continues to 
take place through states in the forbidden gap; there is some reason to believe that in this temperature 
region lifetimes are determined by more than one level of forbidden-band states. At still higher temperatures, 
where the samples are intrinsic, the lifetime data are consistent with the hypothesis of a direct interband 


Auger recombination process. 


1. INTRODUCTION 


N the course of measurements at this laboratory on 

single-crystal p-type InSb, it became clear that 
excess carrier lifetimes depend on net acceptor con- 
centrations and not on the particular crystal involved, 
although some of the crystals were grown years apart, 
growth rates varied from one crystal to another, and a 
few crystals were doped with zinc or cadmium while the 
remainder were not purposely doped. It seemed that a 
systematic study of how lifetime depends upon net 
acceptor concentration and temperature might possibly 
permit identification of the factors, present in all 
crystals, which govern the recombination processes 
observed in InSb; also, the measured lifetimes would 
serve as a base or reference to which the effects on life- 
time of heat treatment, doping with impurities, etc., 
could be compared. 

The steady-state photoelectromagnetic (PEM) and 
photoconductive (PC) effects were used to study 
recombination for the following reasons: the effects are 
well suited for measurements of the rather small life- 
times occurring in p-type InSb, the PEM effect itself 
indicates whether or not surface recombination is 
negligible, and a comparison of the lifetimes obtained 
from the PEM and PC effects separately shows the 
extent of excess carrier trapping in immobile states in 
the forbidden gap. 

The lifetimes reported 
characteristic of the bulk, since surface recombination 
was not noticeable and the photoresponses after each of 
several etchings of any one sample were identical. In 
contrast, reproducibility of the photosignals from n-type 


here are believed to be 


material at low temperatures after repeated etchings 
was poor, presumably due to surface effects which could 
not be controlled. As a consequence, this paper reports 
only lifetimes in p-type material. 


* This research was supported by the U. S. Air Force through 
the Office of Scientific Research of the Air Research and Develop 
ment Command. 

t Present address: 
chusetts. 

t Present address: Department of Physics, Illinois Institute of 
Technology, Chicago, Illinois 


Lincoln Laboratory, Lexington, Massa- 


2. MATERIALS AND APPARATUS 


Single crystals pulled from the melt supplied all of the 
samples, which were bridge-shaped, 1.3 cm long, 0.13 cm 
wide, and between 10-2 and 10~! cm thick. Indium was 
used as solder, and a water-diluted mixture of approxi- 
mately five parts hydrogen peroxide (‘‘Superoxol’’) to 
one part hydrofluoric acid was used as an etch. 

For experiments at 77°K, samples were immersed 
directly in liquid nitrogen in a Pyrex Dewar equipped ‘ 
with Pyrex windows; for 300°K experiments, the 
samples were placed in a brass container whose wall 
temperature was maintained by water pumped from a 
constant-temperature bath. Intermediate temperatures 
were obtained with Pyrex-windowed Dewars con- 
structed after a published design.! 

Tungsten lamps served as sources of illumination. 
Essentially monochromatic 1-u light for 77°K experi- 
ments resulted from a combination filter consisting of 
GaAs and 5 cm of water; it was simple then to compute 
the photon flux density incident on the samples from the 
measured response of a tiny calibrated barium titanate 
thermal detector placed at the position normally 
occupied by a sample. Correction factors were applied 
to account for partial reflection at sample surfaces and 
also, in the case of 77°K measurements, for the differ- 
ence between the refractive indices of air and liquid 
nitrogen, since the thermal detector was operated in air 
at room temperature while the samples were to be 
immersed in liquid nitrogen. 

The light through the 1-u filter was not sufficiently 
intense for 300°K photoresponse measurements, so a 
Nernst glower without filters was used and the photon 
flux was computed under the assumption that the 
glower approximates a black-body source. 

Ijlumination was chopped at 1600 cps and the result- 
ing photosignals were transferred by an impedance- 
matching transformer to a preamplifier and wave 
analyzer. Each sample was bridge-shaped, and the ends 
were masked so that illumination fell only on that 
section of the sample between the so-called potential 
arms of the bridge. After each measurement or set of 


1R. W. Ure, Rev. Sci. Instr. 28, 836 (1957). 
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measurements, the illumination was cut off and a 
1600-cps signal of known current was applied to the 
arms; in other words, a current generator was sub- 
stituted in place of illumination. In this way, absolute 
photocurrents could be deduced directly from wave 
analyzer readings without explicit consideration of the 
amplification factor involved. This procedure was 
particularly useful in those PEM measurements where 
considerable magnetoresistance occurred, since the 
over-all gain of the system depends on sample resistance 
and so would be different for each magnetic field. 


3. EXPERIMENTAL PROCEDURES AND RESULTS 


In the calculation of lifetimes from steady-state PC or 
PEM effect data, values for the carrier mobilities are 
required; they were measured according to procedures 
described in the following text. 


(a) Mobilities at 77°K 


At 77°K all of the samples are extrinsic p-type. Net 
acceptor concentrations were computed as (eRy)~! and 
hole mobilities as the product of Hall coefficient (at 
5000 gauss) and zero-field conductivity. 

Mobilities of the minority electrons were obtained 
from PEM data. According to Kurnick and Zitter,” the 
PEM current per unit sample width in extrinsic p-type 
material at the magnetic field B is given in mks units by 


ipem = eluBLp/(1+y°B*)', (1) 


where e is the electronic charge, 7 the photon flux 
density, u the electron mobility, and Lp the electron 
diffusion length. A data-plot of (B/iprem)? vs B* gives 
a straight line, and y is just the square root of the ratio 
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Fic. 1. Mobilities in p-type InSb at 77°K. The dashed curves, 
each of which connects the data of samples from a single grown 
crystal, show the effect of donor-acceptor compensation on 
mobility. Presumably, the solid lines represent mobilities in un- 
compensated material. In all samples the ratio of electron to hole 
mobility is 25+3. 


2S. W. Kurnick and R. N. Zitter, J. Appl. Phys. 27, 278 (1956). 
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Fic. 2. Mobilities at 300°K. The compensated samples have total 
impurity concentrations near 2X 10" cm”, 


of the line’s slope to intercept. (InSb, unlike Ge and Si, 
has «B21 at moderate magnetic fields.) The plot will 
not be a straight line if surface recombination is 
important. 

Figure 1 shows the results of 77°K mobility measure- 
ments over a wide range of net acceptor concentrations. 
Each of the dotted curves in the figure connects the 
data of samples taken from a single grown crystal. An 
obvious interpretation of these curves is that they show 
the effect on mobility of donor-acceptor compensation. 
The mobilities in uncompensated material probably are 
close to the solid lines drawn in the figure. 

It may be noted that the electron mobilities in p-type 
InSb consistently are lower by 30% to 40% than 
mobilities in #-type material at corresponding impurity 
concentrations.’ Qualitatively, this can be attributed to 
electron-hole scattering. 

An outstanding fact to be drawn from the data of 
Fig. 1 is that at 77°K the ratio of electron to hole 
mobility 6 is essentially constant in all the samples; its 
value is 

b= 2523, (2) 


total 


impurity concentration. This fact will be useful later 


regardless of net acceptor concentration or 


on in the analysis of lifetime data. 


(b) Mobilities at 300°K 


Figure 2 shows the mobilities of various samples at 
300°K. The degree of donor-acceptor compensation can 
be inferred from the samples’ mobilities at 77°K. As 
indicated in the figure, only two of the samples are 
appreciably compensated; each of these probably has 
a total impurity concentration about 2 10" cm=*. 

Mobility measurements at 300°K in InSb are com- 
plicated because of mixed conduction. Kurnick and 
Zitter’s? general expressions for PEM response, Hall 


3A. J. Strauss, J. Appl. Phys. 30, 559 (1959). 
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coefficient, and magnetoresistance are 


eluBLp(1+c)(1+1/6) 
(1+y2B?+bc(1+-y2B2/b2) ]! 


1PEM 


1 1-8 [ l—c 
Rn 1 +p? B? ) / 
C po | 1+c)? 1—b'c 
1 sn i 
1 +B*( 
1 +e 


PB 1+c/b 1—c \? 
14 uB( ) / [ +B ( ) 
Po 1+bc 1+ bc 


where c= o/o is the ratio of equilibrium carrier con- 
centrations. In the same notation, the zero-field con- 
ductivity may be written as 


oo=eupo(1+bc)/b. (6) 


The above equations simplify considerably for the 
cases of p-type extrinsic material (c0), and nearly 
intrinsic material (c1). In the extrinsic case, the 
procedure for measuring mobilities is identical to that 
used for 77°K data: The product Ryo is just the hole 
mobility, while PEM data give the electron mobility. 
On the other hand, for intrinsic material the situation is 
almost reversed in that Rygoo gives the electron mobility 
and PEM 
quantity from which the hole mobility is readily 


(or magnetoresistance) data provide a 


computed. 
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Fic. 3. PC lifetime vs reciprocal temperature for various net 
acceptor concentrations. Wertheim’s results for a sample with 
Na—Np=3.0X 10" cm™ are included. At high temperatures, the 
lifetime deduced by Landsberg and Beattie for direct interband 
Auger recombination agrees with the data, while the lifetime 
calculated for direct radiative recombination does not. 





10-/T°K 
Fic. 4. Lifetime vs reciprocal temperature for a single sample 
with 3X 10!5 cm™ net acceptors. The electron and hole lifetimes, 
r, and rp», are inferred from the measured quantities rpEM and rpc. 


The intrinsic concentration of carriers in InSb at 
300°K is 2X10'® cm-*, At this temperature, a sample 
with 10'° cm~* net acceptors is very nearly intrinsic 
while a sample with 10'* cm~ net acceptors is extrinsic. 
Therefore all the end points of the mobility curves 
shown in Fig. 2 are determined by comparatively simple 
procedures. 

The intermediate points are another matter. The 
approach used in the present work was to expand (4) 
and (3) as series in B? or 1/ B*. The data for very small 
and very large magnetic fields could then be plotted 
against the sum of the first two terms in each series in 
the manner described earlier in connection with Eq. (1), 
and the mobilities are computed from slopes and 
intercepts. 

Hilsum and Barrie‘ made Hall and magnetoresistance 
measurements on p-type InSb at 300°K and, with the 
use of Eqs. (4), (5), and (6) and extensive curve-fitting, 
analyzed the data in an elegant manner. Their results 
are indicated in Fig. 2, and the agreement between the 
two sets of data is satisfying. 

Incidentally, Hilsum and Barrie also showed that 
Kurnick and Zitter’s theoretical model, which is not 
inconsistent with the assumption of a constant relaxa- 
tion time independent of energy, fits the 300°K Hall 
and magnetoresistance data better than the usual 
models of transport phenomena where the relaxation 
time varies as some power of the energy. Kurnick and 
Zitter formed a similar conclusion from the PEM data 
of p-type InSb at 77°K. There is at present no suitable 


‘C, Hilsum and R. Barrie, Proc. Phys. Soc. (London) 71, 676 
(1958). 
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explanation for the success of the simple model men- 
tioned above. 


(c) Mobilities at Intermediate Temperatures 


Once mobilities at 77° and 300°K are determined, it is 
possible to estimate values at intermediate temperatures 
from the mobility vs temperature data of Howarth 
el al.’ and Hrostowski e/ al. Since the mobilities do not 
change by more than a factor of two over the entire 
temperature range, the error in estimating mobilities 
in this manner is much smaller than the experimental 
error involved in photocurrent measurements; in short, 
the estimated values are sufficiently accurate for the 
calculation of lifetimes. 


(d) Carrier Lifetimes 


From (3) it is clear that when PEM data are plotted 
in the form (B/ipgm)? vs B?, the result is a straight line. 
The PEM lifetime can be calculated from either the 
slope or the intercept of the line when the mobilities are 
known. 

The PC lifetime is obtained from the expression® 

ipc= (1+1 b)elpEr pc, (7) 
where ipc is the photoconductive short-circuit current 
per unit sample width, E is the component of the 
applied electric field along the sample’s length, and the 
rest of the symbols have the meanings given earlier. 

It is well known that if trapping of excess carriers 
occurs, the PEM and PC lifetimes do not necessarily 
coincide. It has been shown’ in general that the lifetimes 


¢) at 77°K 


T ( sec 
5, 


° (cm >) 
Fic. 5. PEM and PC lifetime vs hole concentration at 77°K. rpc 
varies as 1/0, while spem is independent of po. 


5 Howarth, Jones, and Putley, Proc. Phys. Soc. (London) B70, 
124 (1957). 

6 Hrostowski, Morin, Geballe, and Wheatley, Phys. Rev. 100, 
1672 (1955). 

7R.N. Zitter, Phys. Rev. 112, 852 (1958), 
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Fic. 6. PC lifetime 
vs hole concentra- 
tion at 200°K. The 
dashed curve is cal- 
culated from (19), 
with = rp,9>=8X1077 
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can be expressed as 
TrTCT p 
TPEM > 
1+ 
TatTp/b 


TPC= ' (9) 
1+1/b 


(8) 


where the electron and hole lifetimes +, and 7, are 
related in terms of the excess mobile electron and hole 
concentrations and p as follows: r,/n=7,/p. True, 
excess Carriers are created in pairs by light, but some of 
them may be trapped in discrete levels in the forbidden 
gap: p=n-+nr. Here nr is the concentration of excess 
electrons in trapped states (and is negative in the case 
that holes are trapped). If carrier trapping is negligible, 
n<<1, all of the lifetimes are the same: 
Tn=Tp=TpEM=Trc. On the other hand, if the PEM and 
PC lifetimes are not equal, then it must be that 7,47», 
and consequently a considerable portion of excess 
carriers must be in trapped states. 

The results of lifetime measurements on p-type InSb 
are given in Figs. 3 through 7. Figure 4, in particular, 
shows that rpem and rpc are identical at higher tem- 
peratures but diverge at low temperatures, indicating 
the trapping of excess carriers in the latter region. 

The PEM-PC lifetime difference the 
quenching effects described in the next section are in 
support of previously published evidence of excess 
carrier trapping in p-type InSb at low temperatures. 
Wertheim® noted the appearance of ‘‘tails’” on the 
exponential curves of photoconductive decay at tem- 


V1Z., ny 


and also 


peratures below 180°K; Laff and Fan® concluded from 
the drift and decay of injected pulses of carriers that 


Wertheim, Phys. Rev. 104, 662 (1956). 
Laff and H. Y. Fan, Bull. Am. Phys. Soc. Ser. II, 2, 347 
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Fic. 7. PEM and PC lifetime vs hole concentration at 300°K. 


the majority of excess electrons at 77°K are in trapped 
States. 


(e) Quenching Effects 


At low temperatures, if a steady light is directed at a 
sample in addition to the usual chopped light, strong 
“quenching” effects are observed. The wave analyzer 
used to measure photosignals does not respond if only 
the steady light is on, but when there is chopped light 
falling on the sample and the steady light is added, a 
marked decrease in PC response and a marked increase 
in PEM response is noted. The photoresponses of the 
purest samples at 77°K would have been quenched by 
background room-temperature radiation if the Dewar 
containing the samples had been equipped with infrared- 
transparent sapphire or rocksalt windows, instead of 
Pyrex. 

A related effect is observed if only chopped light is 
used and its intensity is varied. In this case it is found 
that there is strict proportionality of photocurrent to 
light intensity only if the photon flux density is quite 
small: less than 10'* cm~ sec~! for pure samples, an 
amount almost invisible to the eye. At higher chopped 
light intensities the PC response saturates, while the 
PEM signal varies as some power of intensity greater 
than unity. 

The magnitudes of the quenching effects become 
smaller with increasing temperature and with increasing 
impurity concentration, as does the difference between 
PEM and PC lifetimes; at sufficiently high tempera- 
tures, where tpem and rpc are identical, quenching 
effects are not observed. The strong correlation of 
quenching with the PEM-PC lifetime difference results 
because both are due to the trapping of excess carriers. 
The following section shows how the effects observed 
can be understood in terms of a particular trap model. 
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4. RECOMBINATION PROCESSES 


The minima and maxima in the PC lifetime curves of 
Fig. 3 serve to divide the data into three temperature 
regions: low, middle, and high temperatures. For 
convenience, each of these regions will be discussed 
separately. 


(a) Low Temperatures 


The low-temperature region is characterized by the 
trapping of excess carriers. From a comparison of 
electron and hole lifetimes, one can determine whether 
it is electrons or holes that are being trapped and also 
the proportion that are in traps under steady-state 
conditions. 

7, and 7, are calculable from the PEM and PC life- 
times. Figure 5 shows that at 77°K, vpem is independent 
of the equilibrium hole concentration, while rpc varies 
inversely with po. The samples are extrinsic, so po also 
represents the net acceptor concentration. When the 
data are analyzed according to (8), (9), and (2), it is 
found that the electron and hole lifetimes at 77°K are 
given by 


(10) 
(11) 


Tn=TPEM=2X10~" sec, 
7 po=257 pc=1 X 10°/ Po sec, 


where fo is expressed in cm~*. The fraction of excess 
electrons which are not in trapped states is 


n/(n+nzr)=7p/7 p= (2XK10-) po. 


As an example, a sample with 10'* cm~ holes has a hole 
lifetime of one microsecond, five thousand times larger 
than the electron lifetime, and only 2X10~* of the 
excess electrons produced by light are mobile. 

The results (10) and (11) can be understood in 
terms of a rather simple model. If the concentration of 
trapping centers is the same in every sample and if, in 
the dark, all trap states are unoccupied by electrons at 
77°K, then the recombination rate of mobile electrons 
with empty traps will be the same in all samples, as 
required by (10). However, r+, will vary as 1/po, in 
accord with (11), because the rate at which mobile 
holes are trapped is proportional to the number of 
ways a trapped electron can combine with a mobile hole, 
and there are po+p—po such holes. 

If the trap levels are not too far above the valence 
band, they will begin to be filled with thermal equilib- 
rium electrons when the temperature is raised from 
77°K. There will be fewer empty traps available for the 
capture of excess electrons and more traps occupied by 
thermal electrons available for the capture of holes; 
consequently, it is expected that 7, will be increased 
and that 7, will be decreased. According to (8) and (9), 
this means that the PEM lifetime will grow larger with 
rising temperature, while the PC lifetime will decrease 
first and then increase, since the 7, term in (9) is 
negligible at low temperatures but dominates the 
expression at higher temperature. Moreover, as the 
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traps fill with thermal electrons, trapping of excess 
electrons should diminish and the PEM and PC life- 
times should merge. 

The data of Figs. 3 and 4 show that lifetimes in the 
low and middle temperature regions actually behave in 
the way just described. The quenching effects discussed 
earlier are understandable too: Background illumination 
on a sample fills empty traps with electrons (similar to 
the effect of increased temperature), so the PEM 
current increases and the PC current decreases. 

Quantitatively, the low-temperature lifetime data 
may be interpreted satisfactorily using the Shockley- 
Read model” of a single level of traps. It will be shown, 
however, that difficulties are encountered when the 
same model is used for middle temperatures and that, 
consequently, more than one trap level may be present 
in the forbidden band. 

Several terms in the Shockley-Read equations can be 
ignored because the trap concentration Nr must be 
small compared to the net acceptor concentration in 
each sample. If .Vr were not small compared to V4—Vp, 
Hall coefficient vs temperature data near 77°K would 
show the effects of trap ionization or de-ionization, and 
this is not observed. It follows that the Shockley-Read 
equations for the electron and hole lifetimes may be 
written as 


ta= (1+6)[rno(1t+a)+7poc(1+1/a)], (12) 


TpoVr 


fa, 
po(1+c)(1+a) 


(13) 


where c is the ratio mo/po as usual, and a is defined!" in 
terms of the energy difference between trap and Fermi 
level: 

a= exp[ (Er— Er) kT |}. 


The parameters 7,9 and 7,0 have the definitions given 
by Shockley and Read. 

If the trap level is at least several times kT above the 
Fermi level in every p-type sample at 77°K, the 
equations for this temperature reduce to 


(14) 


Ta Tn, 


T p> tTrttTpNVr po. (15) 


(14) and (15) are certainly consistent with the empirical 
relations (10) and (11), provided the trap concentration 
is independent of po. Therefore 7, and 7,» at 77°K are 
given by 

(16) 


(17) 


Earlier it was concluded that the trap concentration 
must be less than the net acceptor concentration in 


Tnv= 2X10-" sec, 


T po.V r= 1X 10° sec cm~, 


1 W. Shockley and W. T. Read, Phys. Rev. 87, 825 (1952). 
1 When the valence or conduction bands are degenerate, a 
different expression for a@ must be used. 
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every sample. It follows that 
NrS10" cm", 
and consequently that at 77°K, 


T poz 10- sec. (18) 


With the values given in (16) and (17), the Shockley- 
Read equations (12) and (13), when substituted in (8) 
(9), predict to within a factor of two all the PEM and 
PC lifetime data throughout the low-temperature range 
provided that the trap energy level is set between 
0.050 and 0.055 ev from the valence band. However, in 
the next section the possibility is discussed that there 
may be more than one trap level in the forbidden band, 
in which case the value 0.050 ev should be regarded 
merely as a lower limit to the energy difference between 
the valence band and the lowest trap level. 


(b) Middle Temperatures 


In the middle-temperature region, recombination 
continues to take place through states in the forbidden 
band. This can be concluded most directly from the fact 
that within the region, lifetimes are rising strongly with 
increasing temperature. 

If there is only one level of forbidden band states, the 
Shockley-Read model discussed in the previous section 
should apply to both middle- and low-temperature data. 
Over this wide temperature range, an uncertainty is 
introduced in that one does not know what temperature 
dependence to ascribe to the trap energy level. How- 
ever, the uncertainty is avoided if only the data of 
rather pure samples at the higher temperatures within 
the middle region are considered; in this case, the Fermi 
energies are such that values of a somewhat larger 
than unity can be expected, and the expression for PC 
lifetime simplifies to one not involving Er: 


(19) 


T PCS=T n==T poe (1 +-( iP 


where c= o/ po. For samples with po> 10'* cm™, (19) is 
not quite correct, since the first term in (12) provides a 
noticeable contribution to rpc. Incidentally, (19) was 
used by Wertheim’ in the analysis of his data, some of 
which are presented in Fig. 3 and are seen to agree 
closely with the present results. 

Figure 6 shows that lifetimes at 200°K actually do 
vary with carrier concentration in the manner described 
by (19). However, the value of 7,0 that must be used 
to fit the data is 

Tr p= 8X 10-7 sec (20) 
at 200°K. 

From a comparison of (20) with the 77°K result (18), 
it must be concluded that either 70 (for a single level 
of traps) decreases by at least an order of magnitude as 
the temperature rises from 77°K to 200°K, or that over 
this range there is more than one trap level involved in 
the recombination of carriers. 

Multiple trap levels might be due to the presence of 
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several different sets of lattice defects (impurity atoms 
or dislocations) or to a lattice defect for which several 
charge conditions or ‘“‘valences” are possible. From the 
work of Okada,’ Landsberg,'* and Sah and Shockley," 
it can be shown that only two trap levels, for which the 
r»o’s do not vary strongly with temperature, are re- 
quired to explain the data of both low and middle 
temperature regions. This result is not too surprising, 
since the introduction of a second level provides more 
than enough parameters with which to fit the data. 

If only a single level is present, it is necessary to 
explain the strong temperature dependence of 70. The 
process involved would have to be one in which the 
probability of hole capture by a trap is at least ten 
times larger at 200°K than it is at 77°K. The change is 
too large to be explained by the fact that the average 
thermal velocity of free holes at 200°K is twice that at 
77°K and consequently a hole encounters twice as many 
traps per unit time at the higher temperature. 

It may be that the process by which the energy of 
capture is dissipated depends strongly on temperature. 
In this connection, it should be noted that the capture 
energy itself may change significantly with temperature, 
since Er is only about 0.05 ev at 77°K while the band 
gap itself varies by nearly 0.03 ev between 77°K and 
200°K. It is unfortunate that the value of Er at 200°K 
is not readily calculated from the available lifetime data. 

Effects which can be ruled out as responsible for the 
temperature dependence of 7,0 are screening of the 
traps due to mobile charge carriers and Auger capture of 
holes by traps such as described by Bess.'® In these 
cases, 7,9 might change considerably with temperature 
through a dependence of the capture probability on 
carrier concentration, but any such dependence, if 
assumed, will not be consistent with lifetime vs carrier 
concentration data (Figs. 5 and 6, for example). 

The authors are not aware of any theoretical treat- 
ment in the literature predicting the increase with rising 
temperature of capture probability considered here. 
The work of Lax,'® in fact, shows that the capture cross 
. section of some traps will decrease with rising tempera- 
ture, an effect opposite to the one required here. 

From lifetime measurements of nickel-doped germa- 
nium, Battey and Baum” concluded that the capture 
constants pertaining to the upper acceptor level of 
nickel have the form exp(—A/kT), where A is some 
positive constant. This would satisfy the requirements 
for rp») here; however, recent investigations!?:'® have 
shown that when the data are properly analyzed in 


2 J. Okada, J. Phys. Soc. Japan 12, 1338 (1957). 

18 P. T. Landsberg, Proc. Phys. Soc. (London) B70, 283 (1957). 

“CC. T. Sah and W. Shockley, Phys. Rev. 109, 1103 (1958). 

16 L. Bess, Phys. Rev. 105, 1469 (1957). 

16M. Lax, Bull. Am. Phys. Soc. Ser. IT, 1, 128 (1956); also, 
Proceedings of the International Conference on Semiconductors, 
Rochester, 1958 (J. Phys. Chem. Solids 8, 166 (1959) ]. 

‘7 J. F. Battey and R. M. Baum, Phys. Rev. 100, 1634 (1955) 

18S. G. Kalashnikov, Proceedings of the International Conference 
on Semiconductors, Rochester, 1958 [ J. Phys. Chem. Solids 8, 52 
(1959) ]. 
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terms of recombination through both nickel levels, 
only temperature-independent capture cross sections 
need be assumed. 

It would appear that no clear theoretical justification 
or experimental precedent can be found for the tem- 
perature dependence of 70 which is necessary if the 
model of a single level of traps is to be consistent with 
the lifetime data; consequently there may be some 
reason to believe that at least two levels of forbidden- 
band states determine recombination at middle and 
low temperatures. 


(c) High Temperatures 


The lifetime curves for different net acceptor con- 
centrations merge into one curve at high temperatures, 
as shown in Fig. 3. This is understandable because each 
sample is very nearly intrinsic in its high-temperature 
range, in which case lifetime is determined by intrinsic 
carrier concentration, not by net acceptor concentration. 

The high-temperature lifetime data are consistent 
with the hypothesis of a direct interband Auger 
recombination process, in which the energy of re- 
combination, equal to the energy gap, is taken up by a 
nearby free electron or hole. Landsberg and Beattie" 
have investigated this effect and find that the lifetime in 
intrinsic material varies with temperature as 


Eg j 
Ta ( ; exp 
kT 


where p is the ratio of electron to hole effective mass 
m,/m,, and Eg is the energy gap. The proportionality 
factor in (21) is 


1+2p Eq 


—|, (21) 
1+p kT 


3.8 1071e?(1+ 2p) (1+-p)?/F°, (22) 
where € is the dielectric constant (in cgs units) and F 
represents two overlap integrals of periodic parts of 
Bloch functions. Using a Kronig-Penney model, Lands- 
berg and Beattie estimate that F is of the order of 
one-tenth. 

Here it is found that for the value #=0.04, (21) and 
(22) agree well with the experimental results. Figure 3 
shows now closely the data are fitted. 

Strictly speaking, the above equations apply to a non- 
degenerate situation, while in fact there is some de- 
generacy of the conduction band in InSb near 300°K. 
Nevertheless, the results should not be altered signifi- 
cantly when the degeneracy effect is taken properly 
into account. 

Another process, direct radiative recombination, has 
often been considered in connection with the lifetime in 
intrinsic InSb. However, the present data show that the 
actual variation of lifetime with temperature is quite 

9 P. T. Landsberg and A. R. Beattie, Proceedings of the Inter 


national Conference on Semiconductors, Rochester, 1958 (J. Phys. 
Chem. Solids 8, 73 (1959) ]. 
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different from that computed*”? for the radiative life- 
time, as can be seen in Fig. 3. In addition, the computed 
values are too high to be consistent with the data; even 
at 300°K, the largest lifetimes measured (Fig. 7) are an 
order of magnitude smaller than the radiative lifetime 
value. Furthermore, Dumke” has presented arguments 
to show that because of the high absorption constant 
for emitted photons in InSb, the direct radiative 
recombination lifetime is not experimentally observable, 
except perhaps in extremely thin samples, and that some 
other lifetime will always be observed, regardless of 
whether it issmaller or larger than the radiative lifetime. 
A possibility that cannot be ruled out entirely is that 
recombination at high temperatures takes place through 
forbidden-band states. In this case, an equation of the 
form (19) would apply, and since each sample is nearly 
intrinsic in its high-temperature region, (19) becomes 


a) 
T= 2T pd. 


Therefore, the strong temperature dependence of life- 
time which is observed at high temperatures would have 
to be attributed entirely to the variation of t,o. As 
pointed out earlier, there is no theoretical support for 
such a temperature dependence. 

Incidentally, it should be noted that the lifetime vs 
hole concentration data at 300°K, as shown in Fig. 7, 
are representative of all three of the regions (low, 
middle, and high temperatures) which have been 
discussed. Therefore, the resulting complexity is too 
great to allow fruitful analysis of this data. 


5. CONCLUSION 


The present work been directed toward an 
understanding of carrier recombination processes in 
p-type InSb at various temperatures. From analysis of 
lifetime data, a general picture has emerged: at low 
temperatures excess electrons are trapped in states in 
the forbidden band, at middle temperatures trapping 
becomes negligible but recombination continued to 
take place through forbidden-band states, while for 
high temperatures there is the distinct possibility that 
recombination is predominantly a direct interband 
Auger effect. Some of the details necessary to complete 


has 


201. M. Mackintosh and J. W. Allen, Proc. Phys. Soc. (London) 
B68, 985 (1955); D. W. Goodwin and T. P. McLean, Proc. Phys. 
Soc. (London) B69, 689 (1956). 

21W. P. Dumke, Phys. Rev. 105, 139 (1957). 
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this general picture have also been deduced, particularly 
concerning the states in the forbidden band which 
determine carrier lifetimes at low temperatures. Thus, it 
is known that these states are present in the samples 
studied at an essentially constant concentration not 
exceeding 10'* cm~™ and that they have an energy of 
0.05-0.06 ev above the valence band at 77°K. Further- 
more, since electrons are captured many times more 
readily than holes, there is probably a strong positive 
charge on the trap centers at low temperatures. 

The present results show also that there may be in 
fact more than one level of states in the forbidden band 
through which recombination takes place. It is quite 
possible that a single type of “‘multivalent’’ lattice 
defect is present, with a charge of perhaps +2 or +3 at 
77°K but becoming less positive as the temperature 
(and Fermi level) rises; in other words, these defects 
introduce into the forbidden band a series of states with 
progressively smaller electron capture constants and 
progressively larger hole capture constants. Alter- 
natively, there may be several sets of lattice defects 
present which introduce entirely independent levels. 

Perhaps the foremost question remaining to be 
answered concerns the identity of the lattice defects in 
InSb. The fact that concentration of the 
temperature traps is the same in all the samples studied 
suggests that the traps may be with a 
fundamental structural property of the InSb lattice 
for example, some type of lattice disorder phenomenon. 
On the other hand, the introduction of traps may be 
simply a characteristic property of the method of 
preparation of InSb crystals by pulling from the melt. 
In any event, it is significant that the trap concentra- 
tions are the same in crystals grown over a period of 
several years with varying extraction and rotation 
rates, some doped with cadmium or zinc and others not 
intentionally doped; furthermore, the InSb used was 
zone refined in various ways and was prepared from 
indium and antimony purified by various procedures. 

A final point to be noted in this connection is the 
close agreement of the results with 
reported by Wertheim*—a fact which is significant 
because the InSbused by Wertheim was not prepared at 


the low- 


associated 


present those 


this laboratory. The agreement of the two sets of data 
implies that the same forbidden-band states are present 
in both sets of samples to approximately the same 
concentration, 
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Phase Diagram of Rubidium to 150 000 kg/cm’ and 400°C 
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A room temperature transition was found in rubidium at 107 000 kg/cm. It is characterized by an 
abrupt increase in electrical resistance of about 12 to 15%. The melting temperature increased with pressure 
in a normal manner up to about 25 000 kg/cm’; then the rate of rise diminished rapidly until a maximum 
melting point of about 280°C was reached at 50 000 kg/cm?. Beyond this the melting point decreased with 
increasing pressure. A triple point at 112 000 kg/cm?, 200°C occurred at the junction of the solid I-II line 
and the melting line. Only electrical resistance type measurements were made. Other transitions might be 


shown by volume measurements. 


I. INTRODUCTION 


HE alkali metals, having one hydrogen-like va- 

lence electron per atom, might be expected to 
form relatively simple solid states, the properties of 
which could be predicted. Although progress has been 
made in the application of modern solid-state theory to 
these metals the results are only approximate, especially 
in the behavior at very high pressures. 

The work on rubidium presented here was stimulated 
by a suggestion by Brooks! that a cesium-like resistance 
cusp transition might be expected in rubidium at a 
pressure of about 130000 kg/cm?. The suggestion was 
based on some theoretical work on the solid state of 
alkali metals done at Harvard University. 

To provide a background of comparison, the be- 
havior of cesium will first be presented. Figure 1 shows 
the volume transitions in cesium at room temperature, 
as reported by Bridgman.? The first transition occurs 
at 22500 kg/cm? and the second at about 44000 
kg/cm*. Both are polymorphic transitions. Figure 2 
shows the electric resistance behavior with pressure, 
at room temperature, again as found by Bridgman.* 
A slight change of resistance appears at 22 500 kg/cm’, 
but nothing shows at 44.000 kg/cm? where the large 
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Fic. 1. Fractional volumetric compression of cesium 
vs pressure (Bridgman). 


! Harvey Brooks (private communication). 

2P. W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, London, 1952). 

3 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 81, 190 (1952). 


polymorphic transition occurs. The remarkable “‘resist- 
ance-cusp” electronic transition referred to above takes 
place at 55 000 kg/cm?. This is the type of transition 
that was suggested might occur in rubidium at roughly 
130 000 kg/cm’. 


II. EXPERIMENTAL 


A high-pressure apparatus similar to that of Hall* 
was used. The test cells were similar to those used in 
the author’s studies of bismuth.’ Most of the experi- 
ments were carried out with the simple cell shown in 
Fig. 3. The rubidium was enclosed in a very thin-walled 
glass capillary tube for convenience in handling and 
loading into the cell. The silver chloride sleeve around 
the rubidium core served as an approximate hydrostatic 
medium so that the rubidium sample would be subject 
to moderately uniform pressure. The stone cylinder 
around the silver chloride provided additional thermal 
insulation between the sample and the cold walls of 
the pressure vessel. The rubidium was heated directly 
by passage of electric current through it. The tempera- 
ture was maximum at midspan because of extra heat 
losses through the electrical connections at the ends of 
the cell. The temperature was calibrated in terms of 
heating power by observing the heating power required 
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1G. 2. Relative resistance of cesium vs pressure (Bridgman). 


. T. Hall (unpublished). 
*, P. Bundy, Phys. Rev. 110, 314 (1958). 
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to melt the rubidium at a number of “low” pressures 
for which Bridgman? had already given data. Resistance 
and heating power were obtained from readings of the 
applied voltage and current. 

The rubidium used was triply vacuum distilled and 
had a sharp melting point. It was stored in sealed glass 
capsules. Prior to a series of experiments a capsule was 
cracked under cool white mineral oil, then heated to 
slightly above the melting point and the rubidium 
sucked up into the thin-walled capillary tubes and 
solidified. 

The test cells were loaded under mineral oil by passing 
the tube of rubidium into the hole in the cell, pinching 
it off at the ends and inserting nickel pin heads to seal it. 
Additional sealing and improved electrical contact was 
provided by 0.002-in. soft gold caps which were pressed 
into place as the cell was removed from the mineral oil. 

For more refined work, done after the phase diagram 
had been “‘roughed-out” with use of the simple cell, the 
indirectly-heated, thermocouple-equipped, cell shown 
in Fig. 4 was used. In this cell heat was provided by the 
carbon heater sleeve which surrounded the rubidium 
assembly. The resistance of the rubidium sample was 
monitored through electrical connections coming out 
through the sides of the cell and through special pressure 
seals in the pressure vessel. Temperatures were meas- 
ured by a chromel-alumel thermocouple lying near the 
midspan of the sample inside the carbon heater sleeve. 
The thermocouple wires were run directly through 
pressure seals in the pressure vessel so that no stray 
thermal emf’s due to dissimilar materials were in- 
volved. 

Only resistance measurements were made. No at- 
tempt was made to observe volume changes of the 
rubidium. Thus any polymorphic transitions not accom- 
panied by electrical resistance changes would have 
escaped notice. 

III. RESULTS 

The results of the experiments are summarized in 
Fig. 5. At room temperature a new, reproducible, 
reversible transition was discovered at 107 000 kg/cm’. 
This transition is characterized by a 12 to 15% rise of 
resistance and is quite independent of temperature. 
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Fic. 4. Indirectly heated cell with thermocouple. 


As the temperature is increased the resistance change at 
this transition gets smaller, and almost vanishes at the 
triple point at about 200°C, 112 000 kg/cm’. 

The melting line starts out with a rapid rise, in close 
agreement with Bridgman’s data to 4000 kg/cm’, then 
gradually levels out, and finally descends with in- 
creasing pressure. The resistance rise associated with 
melting gets progressively larger as the pressure is 
increased. When the rubidium was heated much above 
its melting point the pressure gradients in the cell walls 
tended to pinch it off, causing the resistance to rise, 
and in some cases causing open circuit. The behavior 
of the samples in this regard was about the same at 
10000 kg/cm?, 250°C; 50000 kg/cm*, 300°C; or 
130000 kg/cm?, 220°C. At all temperature-pressure 
positions in the solid phase areas the sample was very 
stable mechanically and electrically. In Fig. 5 the 
circles mark melting points determined in the indirectly 
heated cells with thermocouples, while the area bounded 
by dashed lines shows area of scatter of the results from 
the simple directly heated cells. 

When the first results indicating a descending melting 
line were obtained, it was considered that the phe- 
nomenon might be caused by such other things as 
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Fic. 5. Phase diagram of rubidium deduced from 
resistance measurements. 
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Fic. 6. Melting line vs pressure for rubidium in stone sleeve cell. 
chemical reaction of the rubidium with the silver 
chloride sleeve, or with the glass capillary, or that the 
silver chloride was undergoing a phase transition. 
Examination of the glass after test runs showed it to 
be cracked into platelets but intact chemically. Also a 
small series of test runs was made in which the silver 
chloride was omitted. The results of these tests are 
shown in Fig. 6 as the heating power at which the 
transitions occurred plotted against the press load and 
approximate cell pressure. The shape of the transition 
curve is essentially the same as for the cells with silver 
chloride. Furthermore, the observed transitions were 
reversible with pressure or temperature. Reversibility 
almost certainly would not be true of a chemical 
reaction. 

Figure 7 shows the resistance behavior of a sample at 
room temperature. The minimum in the resistance at 
about 30 000 kg/cm? is in agreement with Bridgman’s 
observations. The abrupt increase at 107 000 kg/cm? is 
the newly discovered transition. 

A typical melting transition at 14000 kg/cm? is 
presented in Fig. 8. Melting starts at 206°C at the mid- 
span of the cell and continues until the thermocouple 
reads 220°C. This shows a temperature spread of about 
14°C from the center to the ends of the rubidium sample 
in the cell used. After melting is completed the resistance 
line takes on a steeper slope which would indicate a 
higher temperature coefficient of resistance for the 
liquid. However, the cooling line shows that while the 
sample was in the liquid state it deformed enough to 
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Fic. 7. Resistance vs pressure for rubidium sample 
at room temperature. 
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take on a permanently higher resistance. When this 
effect is taken into account the temperature coefficient 
of resistance of the liquid comes ont about the same as 
for the solid at this pressure. 

Figure 9 shows a melting cycle at 60000 kg/cm’. 
The resistance change at this pressure is considerably 
greater than at 14000 kg/cm*. There is the same 
permanent increase of resistance of the sample due to 
deformation during the period it was in the liquid 
phase. 

The apparatus was calibrated for cell pressure in 
terms of applied press force by substituting bismuth, 
cesium, or barium for the rubidium in the cell and 
observing the known pressure-induced transitions in 
these elements, as determined by Bridgman. Figure 10 
shows the resistance of a bismuth sample plotted 
against press load. Also plotted against press load is 
the cell pressure (right-hand ordinate scale). The 
bismuth transitions at 25 000 and 125 000 kg/cm? occur 
at press loads of 70 and 303, respectively. The cesium 
points shown are those at 22 500 and 55 000 kg/cm? 
which were presented in Fig. 2. The barium transition 
takes place at 80 000 kg/cm?. Points for the very low- 
pressure part of the curve were established by ob- 
serving the melting point of bismuth as a function of 
the press load, then deducing the cell pressure from the 
melting points as determined in hydrostatic apparatus 
by Bridgman,® and by Butuzov ef al.’ The absolute 
accuracy of the barium and high bismuth points is 
only about +3 or 4% as discussed in reference 5 and 
hence the accuracy of the high part of the calibration 
curve can be no better. 


IV. CONCLUSIONS 


The tests reported here do not show a resistance- 
cusp transition in rubidium. The solid I— IT transition 
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Fic. 8. Resistance vs temperature for rubidium sample 
at 14.000 kg/cm?. 


®P. W. Bridgman, American Institute of Physics Handbook 
(McGraw-Hill Book Company, New York, 1957). 

7 Butuzov, Gonikberg, and Smirnov, Dolady Akad. Nauk. 
S.S.S.R. 89, 651 (1953) (translation: National Science Foundation 
tr-/0). 
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found at 107 000 kg/cm? shows more resemblance to 
the cesium transition at 22500 kg/cm’. If these are 
truly analogous, one would look for a cusp transition 
in rubidium at about 2.4 times the first transition, v7z., 
at about 250000 kg/cm*. However, this state might 
never be reached if the melting line continues the rate 
of decrease shown in Fig. 5, as melting would occur at 
room temperature at about 200 000 kg/cm’. 

Bridgman’s data on the melting point of rubidium to 
4000 kg/cm? can be fitted by a Simon-type*® fusion 
equation, v72., 


(P+a)/a=(T/T»o)*, 


where T is the melting temperature at pressure P, a is 
an “internal pressure,” 7) is the melting temperature 
at P=0, and c is a constant. The best fit to Bridgman’s 
data is obtained by a=3500 kg/cm? and c=4.20. This 
line is shown in Fig. 5. The present results are fitted 
better from 0 to 20 000 kg/cm? by a= 2720 kg/cm? and 
c= 4.43. 

The present experiments do not prove for certain 
that the transition line extending from 280°C, 40 000 
kg/cm? to 140°C, 140000 kg/cm? is a melting line. 
It is definite that the phase on the high-temperature 
side of this line is liquid-like in its mechanical properties. 
Several test runs were made into the P,7 region, above 
300°C, suggested by the Simon formula for the melting 
line. In this region the sample always increased in 
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Fic. 9. Resistance vs temperature for rubidium sample 
at 60 000 kg/cm?. 


8 F. Simon, Z. Elektrochem. 35, 618 (1929 
Soc. 33, 65 (1937). 
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rubidium experiments. Bismuth resistance dubbed in to show 
location of the two bismuth calibration transitions. 


resistance with time and eventually increased cata- 
strophically to open circuit, or very high resistance. 
Examination afterward showed the sample to have 
necked down and pinched off. 

In 1952, MacDonald’ reported a transition in ru- 
bidium at about —93°C and atmospheric pressure. It 
was manifested by increase of slope of resistance with 
temperature, and was reversible. This was investigated 
further as a function of pressure and temperature by 
Dugdale and Hulbert.’° The transition at —93°C at 
low pressure was verified. However at 2500 kg/cm? it 
was rather spread out in temperature and showed some 
hysteresis upon change of direction of temperature, 
but occurred at roughly the same temperature. The 
character of the resistance change, and its slope on the 
T,P diagram make it seem unrelated to the 107 000 
kg/cm transition found in the present work. 

Experimental measurements of the volume changes 
with pressure of rubidium are needed to complete the 
phase diagram in the pressure-temperature area re- 
ported here. At room temperature Bridgman found no 
discontinuities in the volume up to 100 000 kg/cm’. 
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Fusion Curves of Four Group VIII Metals to 100 000 Atmospheres 
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The fusion curves of Ni, Pt, Rh, and Fe have been experimentally determined to 100 000 atmospheres. 
At this pressure, the melting points of the pure metals were: Ni, 1670+10°C; Pt, 2070+15°; Rh, 2400 
+15°; Fe, 1740+10°. The Pt and Rh values were extrapolated by Simon’s fusion equation which fitted 
all of the data quite well and enabled the volume changes at the mp to be computed. AV/V, for the four 
metals were: Ni, 0.06+0.01; Rh, 0.12+0.03; Fe, 0.03+0.005. The constants of Simon’s equation differed 
considerably from their theoretical values but a functional relationship appears evident between Simon’s 


exponent c and the Griineisen constant y. 


INTRODUCTION 


HE full development of the theory of solids must 
include an interpretation of the fusion curves of 
these solids. A number of attempts have been made in 
this direction for metals (see reference 16, 20-23) but 
these were hampered by total lack of data on the high- 
melting-point metals. As the result of recent advances 
in high-pressure techniques! it has become possible to 
measure very high melting points at pressures up to 
approximately 100 000 atmospheres. As a contribution 
to the problems in the theory of solids there are pre- 
sented here data on the melting points of four group 
VIII metals: Ni, Pt, Rh, and Fe. The detailed data on 
Fe are presented elsewhere but are summarized in 
this paper. 
It will be seen from the nature of these results that 
certain revisions will be required in existing theories of 
fusion. 


EXPERIMENTAL METHODS 


Under very high pressures, the melting point (mp) of 
metals can be determined by observing the tempera- 
tures at which one or more of the following occurs: 
(1) a sharp change in electrical resistance; (2) a maxi- 
mum reading followed by erratic response in a thermo- 
couple formed between the specimen and one of its 
higher-melting alloys; (3) a temperature step in a 
rising temperature-time curve due to absorption of the 
latent heat of fusion. All three of these means of detec- 
tion were used in this work, variously adapted to the 
needs of the particular metal. 


(a) Nickel 


The methods used in determining the melting point 
of Niare illustrated in Figs. 1 and 5. In the arrangement 
shown in Fig. 1(a), a rod of spectroscopic grade Ni 
(99.999%, Ni)® was surrounded by a pure magnesium 
oxide sleeve. Into its center were inserted Pt-Pt+10% 
Rh (P-PR) and Ni-Ni+20% Co or (in a few tests) 


1 “Man-made Diamonds,” General Electric Company Research 
Information Services, Schenectady, 1955 (unpublished). 

? Bundy, Hall, Strong, and Wentorf, Jr., Nature 176, 51 (1955). 

3 A few tests were also made on 99.85°7, Ni. 


Ni-Fe thermocouples. The Ni wire was drawn from 
spectroscopic grade Ni, which was also used with 
electrolytic cobalt to form the Ni-Co alloy. According 
to metallurgical charts,‘ all Ni-Co alloys have higher 
melting points than Ni, and Fe-Ni alloys melt higher 
than Ni up to about 40% Ni. This was also found to 
be true at all elevated pressures. The P-PR thermo- 
couple was used to calibrate the Ni-NiCo or Ni-Fe 
thermocouples to within 10° or 20° of the mp. From 
this temperature on towards the mp, the P-PR voltage 
output began to drop, probably due to diffusion of Ni 
into the Pt. Hence the final mp temperature was 
measured by the extrapolated calibration of the aux- 
iliary thermocouple. 

The rod was heated by passing an electric current 
through it. The heating current, voltage across the 
specimen, P-PR voltage output, and Ni-NiCo voltage 
output were all recorded. At the mp the voltage in- 
creased, current decreased sharply, and both thermo- 
couples showed a maximum reading. This behavior is 
illustrated in Fig. 2 for an experiment run at 60000 
atmos. A plot of Ni-NiCo voltage vs P-PR temperatures 
at different pressures is illustrated in Fig. 3. 
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FUSION CURVES OF 

The presence of a Pt wire in the Ni rod had little or 
no effect on the observed mp. Massive melting of the 
rod occurred before there was opportunity for Pt to 
alloy with the Ni. Further, mp’s obtained as described 
below when Pt was not in contact with the Ni gave 
identical results. And finally, metallurgical charts* show 
that Ni-Pt alloys have mp’s equal to or higher than Ni. 
In this case, fully alloyed Ni would contain <0.8% Pt 
and <0.04% Rh. 

In the arrangement shown in Fig. 1(b), spectroscopic 
grade Ni was entirely inclosed in pure alumina and 
heating was done by a graphite sleeve surrounding the 
specimen. A thermocouple in an alumina tube was 
located in the center of the Ni to record the rising tem- 
perature and the location of the temperature step 
when melting occurred. As soon as the Ni melted, a 
little of the molten Ni invariably found its way into 
the graphite heater sleeve causing a sharp increase in 
heating current and temperature. Upon cooling a tem- 
perature step also occurred at the solidification point. 
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Fic. 2. Thermocouple, voltage, and current recordings at the 
mp for Fig. 1(a) sample at 60 000 atmos. 


The freezing point usually occurred at a slightly lower 
temperature than the melting point, due either to 
supercooling or to solution of some carbon in the nickel. 
A thermocouple recording from the vicinity of the mp 
is illustrated in Fig. 4 along with heater current and 
voltage recordings for an experiment run at 45 000 
atmos. 

A third method was to heat a Ni-NiCo thermocouple 
by passing an ac heating current through it while 
simultaneously observing the thermal emf generated at 
the junction. Filter circuits were used to isolate the ac 
heating power from the dc thermocouple circuit. The 
sample structure and electrical circuits are illustrated 
in Fig. 5. The Ni-NiCo temperature calibration was 
taken from Fig. 3. At the mp, an abrupt maximum in 
thermocouple output and increase in electrical re- 
sistance were recorded. Due to a certain amount of 
scatter in the calibration, this method for Ni melting 
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Fic. 3. Ni-NiCo and P-PR thermocouple voltage outputs 
compared at different pressures. 


points was not so accurate as one that included a P-PR 
thermocouple. However it was adequate for extending 
the mp’s to 100.000 atmos. 


(b) Platinum 


In melting platinum, the specimen itself was used as 
one branch of a P-PR thermocouple and the ac heating 
power was passed directly through the thermoelectric 
junction. According to metallographic charts,‘ PtRh 
melts at least as high as Pt. Two types of sample con- 
structions were used and these are illustrated in Fig. 6. 
Sample (a) was handled in the same way as described 
for the Ni-NiCo junction (Fig. 5). Because Pt has a 
lower resistivity than PtRh, the Pt wire was tapered 
near the junction to raise its resistance and insure 
sufficient heat generation in the Pt to melt it ahead of 
the PtRh. 

In the second type of Pt sample, shown in Fig. 6(b), 
a Pt rod was used as the heating element and a Rh wire 
was placed tangent to the rod at mid-span forming a 
thermocouple junction at the point of melting. No dc 
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Fic. 4. Thermocouple, 
current, and voltage record 
at mp for sample as in 
Fig. 1(b) in experiment run 
at 45 000 atmos. 
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Fic. 5. Sample structure, thermocouple, and heating circuits 
for observing the mp of a directly heated Ni-NiCo thermo 
couple 


blocking was required in the ac heating circuit since 
there was no ac connection to the cold PtRh side of the 
thermocouple. However, an ac rejecting filter was 
necessary in the thermal emf recording circuit since 
half the ac heating voltage was impressed on the thermo- 
couple circuit. Heating voltage and current were re- 
corded to aid in locating the exact time of melting on 
the thermal emf record. 

The method of Fig. 6(a) gave the more consistent 
results. 


(c) Rhodium 


Technically the mp of rhodium was the most difficult 
to obtain because there was no calibrated thermo- 
electric material available having a still higher mp. It 
was necessary to read the temperature on a Pt-Rh 
thermocouple as far as possible. Then a plot of tem- 
perature in terms of power input to the heated rhodium 
wire was used to extrapolate the sample temperature 
up to the mp. The mp was identified by a sudden sharp 
increase in voltage and decrease of the heating current 
through the specimen. The current and voltage were 
continuously recorded so that the mp could be accu- 
rately located. 

The calibration of the Rh-Pt thermocouple was taken 
from the American Institute of Physics Handbook, 
1957. As this calibration extended only to 1500°C it 
was extrapolated beyond this. The Pt part of the 
thermocouple has the lower melting point, limiting the 
temperature range of indication. The mp of Pt rises 
with pressure so that at pressures of the order of 100 000 
atmos, temperatures to 2000°C could be read with fair 
reliability. Beyond this, the heating power was used to 
estimate the temperature. 
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The sample arrangement for melting rhodium, while 
similar in principle to that for melting platinum 
[ Fig. 6(b)], had to be modified somewhat due to a 
peculiar behavior of rhodium at temperatures in the 
neighborhood of 1000 to 1400°C. When using rhodium 
end disks to contact the rhodium rod specimen, the 
rod invariably separated from the end disk in this 
temperature range. It was strongly indicated that a 
volume shrinkage had occurred. To overcome this 
difficulty it was necessary to use Pt end disks in place of 
the Rh disks; then the Pt followed the Rh in its volume 
shrinkage and maintained electrical contact. Both 
thermoelectric contacts were then made directly on 
the Rh rod as illustrated in Fig. 7(a). It was necessary 
to both wrap and spot-weld the thermocouple wires to 
the Rh rod to prevent loss of contact here also. 

If there was a phase transition in Rh under high 
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Fic. 6. Two arrangements for observing the mp of Pt. Sample (a) 


required the circuit illustrated in Fig. 5. 


pressure and temperatures, it was observed only by 
the apparent volume decrease. The electrical resistance 
followed a fairly smooth curve all the way to the mp. 
Metallurgical handbooks give no indication of a high- 
temperature phase change in Rh at atmospheric 
pressure. 

In addition to the mp’s for Pt and Rh detected by a 
thermocouple as described above, several passes over 
the fusion curves of both metals were made without 
thermocouples by observing the heating power at which 
an abrupt increase in electrical resistance occurred indi- 
cating that the metal had melted. The temperature of 
the cell was previously found to be consistently repro- 
ducible and linearly proportional to the heating power 
in the experiments with thermocouples. The mp’s 
interpreted from power input were accurately in agree- 
ment with thermocouple mp data and helped to show 
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that alloying of specimen with its thermocouple wire 
in previous experiments did not occur in such a manner 
as to bias the result. 

The platinum and rhodium specimens used in this 
work were of thermocouple or cp grade. 

The high-pressure apparatus of Hall’s® general design 
was used in most of this work with the exception of 
some Ni mp’s which were obtained in a modified 
apparatus.® 


PRESSURE CALIBRATION 


Bismuth, thallium, cesium, and barium undergo 
sharp electrical resistance transitions under high pres- 
sure and have so far been the only means for calibrating 
high-pressure apparatus. Bridgman’ discovered these 
transitions and established the pressures at which they 
occur by containing them in silver chloride and squeez- 
ing them between flat-faced anvils, using force divided 
by area to compute the pressure. The bismuth transition 
at 24 800 atmos was also obtained in a pressure cell in 
which a true fluid was used for pressure transmission 
and so is known very accurately (+150 atmos). The 


Method for observing the mp of Rh: (a) Sample before 
melting; (b) sample after melting. 


Fic. 7. 


thallium (43 400 atmos), cesium (53 500), and barium 
(77 400) transitions were obtained between flat-faced 
anvils only and the accuracy at the highest pressure 
was estimated to be +5%. 

The pressure apparatus used in this work has a linear 
chamber pressure vs press load characteristic over the 
range from 24800 to 77400 and possibly beyond.® 
Bundy? has recently used this characteristic to locate a 
120 000 


atmos. Because the chamber pressure proved to be 


second room-temperature Bi transition at 
linear with press load, only the Bi and Ba transitions 
were generally used to establish the pressure calibration. 
Considerably below 24 800 atmos, the pressure in terms 
of press load was not always linear. In this region, the 
mp of Bi has been used as a means of pressure calibra- 
tion since the mp of Bi as a function of pressure has 


5H. T. Hall (to be published). 

®H. M. Strong (to be published) 

7P. W. Bridgman, Am. Acad. Arts Sci. 81, 165 (1952) 
8H. T. Hall, J. Phys. Chem. 59, 1144 (1955). 

KF. P. Bundy, Phys. Rev. 110, 314 (1958). 
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been accurately measured under hydrostatic conditions 
by Bridgman” and Butuzov et al." 

To calibrate the chamber pressure it was necessary 
to substitute Bi and Ba wires, surrounded by silver 
chloride sleeves, for the mp specimen. The press load 
for which the characteristic resistance transition oc- 
curred was the press load used to establish the same 
pressure in a mp test. It is known that different cell 
geometries, the introduction of materials having differ- 
ing compressibilities, and plastic yield characteristics 
all have some influence on the pressure calibration at 
room temperature. Further, the central core of the 
chamber was heated to temperatures exceeding 2000°C 
and the influence of thermal expansion of the core upon 
pressure has not been completely evaluated. However, 
certain experimental results have been helpful. The 
mp’s of metals measured in a variety of cell geometries 
with the volume of the heated zone ranging between 
1/6 and 1/200 of the total cell volume were the same 
within the experimental error of temperature measure- 
ment. Possibly because the central core is surrounded 
by a large cushion of a rather compressible material 
and because the very high temperature of the central 
core renders it relatively soft, pressure differences due 
to the factors mentioned tend to disappear. It is be- 
lieved that the pressures quoted in this work are within 
+10% of their true absolute values, with the positive 
error favored on account of the high temperatures that 
prevail. 


TEMPERATURE MEASUREMENT 


Platinum, platinum-10°) rhodium (P-PR) thermo- 
couples were the primary means of temperature meas- 
urement in this work. The question was, what is the 
effect of pressure on the handbook values of the 
voltage-temperature calibration of a P-PR_ thermo- 
couple. Tests on the influence of pressure on thermal 
emf have been made by Bridgman” and Birch.’ The 
pressure effect was practically negligible for some 
thermocouple pairs, vz., chromel-alumel, but quite 
large for certain other metals. Both positive and nega- 
tive thermal emf-pressure effects were observed. We 
are not aware of a theoretical approach to this problem. 

In order to place some limits of reliability on the 
P-PR thermocouple at high pressure, the following 
experiments were performed. A P-PR thermocouple 
was subjected to pressures up to 100000 atmos while 
comparing its voltage reading with an external ice 
junction. No variation in thermal emf due to pressure 
was observed to within +0.005 mv. The thermocouple 
pairs P-PR, P-Ni have been simultaneously compared 
to temperatures of 1300°C and pressures of 55 000 


10 P, W. Bridgman, Phys. Rev. 57, 235 (1940). 

" Butuzov, Gonikberg, and Smirnov, Doklady Akad. Nauk. 
S.S.S.R. 89, 651 (1953); (translation: National Science Founda 
tion NSF-tr-76, Sept. 1953). 

2 P. W. Bridgman, Physics of High Pressure (G. Bell and Sons, 
London, 1952), Chap. 10. 

18 F, Birch, Rev. Sci. Instr. 10, 137 (1939). 
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FIG. 1 (0) P-PR, Fe-Ni; 99.999% Ni 
FIG. 1 (0) P-PR, Ni-NiCo; 9.999% Ni 
FIG. 1(b) P-PR, —— 99.999% Ni 
FIG. 5 —— WNi-NiCo;99.999% Ni 
FIG. 1(0) —~ Wi-NiCo, 99.999% Ni 
FIG. 1 (0) P-PR; Fe-Ni, 99.65% Fe 
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Fic. 8. Fusion curve of nickel. 


atmos without any significant deviations appearing 
when P-PR emf’s were plotted against P-Ni emf’s at 
different pressure levels. However in the same experi- 
ments, Fe-Ni emf’s did deviate about 100° from P-PR 
at 55000 atmos and 1300°C. P-PR and Ni-Ni20Co 
thermocouples have been compared to 76000 atmos 
and 1600°C. ‘Maximum deviations observed were 
+ 20°C but were not entirely systematic with pressure. 
P-PR, Ni-Ni20Co and chromel-alumel (C-A) thermo- 
couples were compared to 1000°C and 50000 atmos in 
an experiment especially designed to eliminate tem- 
perature gradients. The greatest deviations found were 
10° between the P-PR and C-A junctions and 20° 
between the P-PR and Ni-Ni20Co junctions. 


CURVE FOR PURE Pt BASED ON 
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Fic. 9. Fusion curve of platinum. Lower curve: experimental 
data; upper curve: Simon’s equation for pure Pt using constants 
from lower curve, 
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Because the thermal emf’s of most of these different 
thermocouples differed not more than 20° from one 
another it was concluded that P-PR thermocouples 
used for measuring mp’s were accurate to +20° at 
least and probably to + 10°. 


RESULTS 


All four of the metals tested expand upon melting; 
hence their mp’s increase with pressure. The melting 
temperatures measured at various pressures are plotted 
in Figs. 8, 9, and 10. Estimated errors in individual 
temperature readings are indicated in the charts but 
the indicated errors do not take into account possible 
errors due to the influence of pressure on P-PR tem- 
perature calibration. 

The mp’s were sensitive to small amounts of im- 
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Fic. 10. Fusion curve of rhodium. Lower curve: experimental 
data; upper curve: Simon’s equation for pure Rh using constants 
from lower curve. 


purities. For example, 0.15% impurity in Ni reduced 
its mp about 15°. Both Pt and Rh, although of thermo- 
couple (or cp) grade, melted 60° and 170° respectively 
below their handbook quoted values. This was probably 
due to contamination picked up from the sample 
holders. The mp of Pt increased 30° to 1740°C at one 
atmosphere when the Pt wire was surrounded by a 


pure alumina sleeve. 

Simon’s fusion equation™ could be fitted to all of 
the experimental melting point data. Simon’s equa- 
tion is 

(P+a)/a=(T/T»)’, (1) 
in which a is closely related to the “internal pressure,” 
Ty is the mp at the origin of the fusion curve, in this 

4 Sir Francis Simon, Z. Elektrochem. 35, 618 (1929); Trans. 


Faraday Soc. 33, 65 (1937); Sir Francis Simon and G. Glatzel, 
Z, anorg. u. allgem, Chem, 178, 309 (1929), 
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case one atmos, and 7 the mp at pressure P. a and c 
are constants to be determined from experimental data. 
Differentiation of Eq. (1) gives the slope of the fusion 
curve at any point. At the origin, the slope so obtained 
can be equated to the Clausius-Clapeyron expression 
and this enables one to calculate the volume change 
associated with melting at the origin of the fusion curve. 
Thus, from Eq. (1) and the Clausius-Clapeyron equa- 
tion, 


dP ca 
dT To TAV AV 


L AS 
= (2) 


in which L, AS, and AV are the latent heat, entropy 
change, and volume increase of melting, respectively. 
The experimental values of c and a, along with their 
estimated errors due to pressure and temperature 
measurement and the computed values of AV/Vs, are 
listed in Table I. 

There are no direct measurements on the volume 
changes due to melting for any of the metals listed 
except Fe and in this case the agreement between the 


TABLE I. Constants of Simon’s equation and volume change 
at the melting point. 


(dP/dT) Vs* 
To (atmos at 
(°K) deg) mp AS AV/Vs 


ment a (atmos) 


Ni 40700+5000 
Pt 22 500+3000 
Rh 72 200+7000 
Fee 75 000+5000 


44 0.06 +0.01 
0.077 +0.01 

» 0.12 +0.03 
0.032 +0.005 


1726 236 1 
2046 138 7 
2253 160 5.4 
1805 332 7 


® Vs =atomic volume of solid at its mp. 

b There are no data on AS for Rh available in the handbooks. The value 
2.5 was assumed on the basis that other similar metals have about this 
value. 

¢ See also H. M. Strong, J. Geophys. Research 64, 653 


1959). 
value in Table I and the directly measured value, 
3.140.5%,"* is very close. 

Using the values for a and ¢ given in the table, the 
fusion curves for Pt and Rh were drawn in Figs. 9 and 
10 starting at the mp’s for the pure metals. The experi- 
mental data for Ni seemed to fit in with the one- 
atmosphere mp. 

The indicated volume changes occurring at the mp for 
Pt, Ni, and Rh were surprisingly large. Except for the 
fact that the AV obtained for iron agreed closely with 
the directly measured value, one would suspect that 
the actual pressures existing at the instant of melting 
were substantially larger than those indicated by the 
normal calibration procedure. At the present time no 
fully satisfactory method has been found for making 
an absolute pressure calibration. 

Rhodium stands out in Table I as an unusual case. 
While difficulties were encountered in obtaining its 
mp, it does not seem possible that, allowing for experi- 
mental errors, its volume change could be brought into 


16 V. H. Stott and J. H. Rendall, J. Iron Steel Inst. (London) 
175, 374 (1953). 
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Fic. 11. Fusion curves for pure Fe, Ni, Pt, and Rh. Pt and Rh 
curves from Simon’s equation for pure metal. 


line with the other metals. Perhaps the apparent volume 
shrinkage at the lower temperature is recovered at the 
mp and to this is added the normal volume increase of 
melting. 

A summary of the experimental fusion curves of the 
four metals is presented in Fig. 11 for comparison. 


DISCUSSION 


Simon’s fusion equation has now endured a con- 
siderable amount of experimental and theoretical exami- 
nation. Because it applies in so many cases, e.g., the 
fusion curve for solidified argon and helium,!*'® the 
alkali metals,'® and now the group VIII metals,” it 


TABLE II. The constants a and c of Simon’s equation 
for group VIII metals. 


¥ ri a (atmos) 
Element reference 24 Eq. (4) exptl. Kq. (3) a exptl. 
40 700 
22 500 
72 200 
75 000 


Ni ‘ “ 130 000 
Pt »- F a 140 000 
Rh 2 125 000 
Fe 60 110 000 


«This value is not listed in reference 24. It was calculated from 
+ =(a/x)(V/Cv) using P. W. Bridgman’s [Am. Acad. Arts Sci. 77, 187 
(1949), AV/Vo =0.00180 at 5000 atmos, } data on compressibility, «. y was 
also interpolated from data in Griineisen's tables* for Fe, Co, Ni, Pt, and 
Pd. In both cases, 2.2 was obtained. 

b Gilvarry used y =0.92 at the mp, for which c =1.9 


16 Francis Simon, Nature 172, 746 (1953) 

17 Simon, Ruhemann, and Edwards, Z. physik. Chem. B6, 62 
(1929). 

18 Holland, Huggill, Jones, and Simon, Nature 165, 147 (1950). 

19 See also H. M. Strong, J. Geophys. Research 64, 653 (1959). 
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Fic. 12. Simon’s exponent c in terms of the Griineisen constant. 


must contain fundamentally correct concepts concerning 
some of the properties of matter. 

A large amount of theoretical effort?-* has already 
been applied in attempts to justify the form of the 


equation and to give meaning to the constants a and c. 


Simon"'® and Salter” interpreted a as being closely 
related to the internal pressure and attempted to 
approximate the value of a from the thermodynamic 
relation” 


a= (du/0V)7r=yCvTo/V, (3) 


at the mp for 1 atmosphere pressure. Salter” and 
Gilvarry® obtained an expression for c in terms of the 


*” C, Domb, Phil. Mag. 42, 1316 (1951). 

21 J. DeBoer, Proc. Roy. Soc. (London) A215, 4 (1952). 

|. Salter, Phil. Mag. 45, 369 (1954). 

3 J. Gilvarry, Phys. Rev. 102, 308 (1956). 

* I. Griineisen, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1926), Vol. 10, p. 1-59. See also J. K. Roberts and A. R. 
Miller, Heat and Thermodynamics (Interscience Publishers, Inc., 
New York, 1951). 
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Griineisen constant™ y: 
c= (6y+1)/(6y—2). (4) 


As y for metals is usually in the range 1 to 3, c assumes 
values from 1 to 2. Just how well these interpretations 
of the constants fit the experimental data can be seen 
by reference to Table II for the group VIII metals and 
references 16 and 22 for the alkali metals and argon. 
These data show that a from Eq. (3) was too low for 
the alkali metals and too high for the group VIII 
metals. The exponent c from Eq. (4) was much too 
low in all cases except argon where the calculated value 
was 1.12 and experimental values 1.16, 1.228, and 1.478 
were obtained (see collected data in reference 22). 

While the functional relationship between c and y 
expressed by Eq. (4) seems to give the correct ¢ in 
isolated cases, it does not apply to the alkali metals or 
the group VIII metals for which experimental data 
have been obtained. That a functional relationship 
between c and y may exist is suggested by a plot of c 
and y in Fig. 12. All except Rh fit fairly well on a 
smooth curve. Since rhodium has already demonstrated 
its unusual properties in its volume shrinkage at 
~ 1000°C and a large AV at the mp, its nonconformity 
on the c-y plot is perhaps not surprising. 

Apparently, the accuracy of an extrapolation of 
mp’s to much higher pressures by Simon’s equation 
will depend to some extent on the constancy of vy along 
the fusion curve. As suggested by Gilvarry,” it is 
reasonable to expect some variation of y and this would 
lead to a slow drifting apart of the extrapolated and 
true fusion curves. 
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Physical models of the paramagnetic relaxation process are briefly reviewed, and a description is given of 
the pulsed microwave method of investigation. This method has been applied to the study at low tempera 
tures of zinc/nickel fluosilicate at various magnetic dilutions, and an additional relaxation process has been 
observed which is associated with the sharing of energy among the spins. 

The results depend only on the temperature and magnetic concentration, and are independent of all other 
experimental conditions provided that excessive power levels are avoided. The lack of size dependence 
indicates that the relaxation rate is not controlled by spatial diffusion of phonons. The temperature depend 


ence which has been observed is too acute to fit the 1/7 law of the simple 


direct process’’ model, and suggests 


that the relaxation rate is controlled either by phonon combination probabilities or by a Raman type of 


interaction between phonons and spins. 


I. INTRODUCTION 


4 XPERIMENTAL methods used in the study of 
paramagnetic relaxation may conveniently be 
classified under three headings. The ‘nonresonant”’ 
method, as described by Gorter,! and in several review 
articles?* has been used for many years and has con- 
tributed the greater part of the available data. Micro- 
wave resonance absorption provided a second method, 
and early experiments of this type are described by 
Eschenfelder and Weidner.‘ In such experiments the 
degree of absorption is measured in a steady-state which 
results from a balance between power input from the 
microwave field and relaxation rate to the surroundings. 
More recently the resonance absorption technique has 
been extended to the study of transient conditions which 
are obtained when microwave power is applied in pulses. 
Experiments of this third type have been reported by 
Giordmaine e/ al. and by Davis ef al.,° and are the 
subject of the work described here. 

Attempts to account theoretically for the results of 
“nonresonant” experiments culminated in the papers of 
Van Vleck.’’ The first paper is devoted to a calculation 
of the relaxation times of titanium and chrome alum, the 
model being that acoustic waves in the thermal spec- 
trum modulate the crystal field, that this distorts the 
orbital wave function and, through spin orbit coupling, 
the disturbance is then transmitted to the spin. Two 
types of interaction with the thermal spectrum are con- 
sidered. In the ‘“‘direct process,” lattice modes having a 
frequency the same as the spin resonance frequency ex- 


1C, J. Gorter, Paramagnetic Relaxation (Elsevier Publishing 
Company, Amsterdam, 1947). 

2A. H. Cooke, Reports on Progress in Physics (The Physical 
Society, London, 1950), Vol. 13, p. 276. 

3C, J. Gorter, Progress in Low-Temperature Physics (North- 
Holland Publishing Company, Amsterdam, 1957), Vol. 2, 
Chap. IX. 

4A. H. Eschenfelder and R. T. Weidner, Phys. Rev. 92, 869 
(1953). 

5 Giordmaine, Alsop, Nash, and Townes, Phys. Rev. 109, 302 
(1958). 

5 Davis, Strandberg, and Kyhl, Phys. Rev. 111, 1268 (1958). 

7J. H. Van Vleck, Phys. Rev. 57, 426 (1940). 

5 J. H. Van Vleck, Phys. Rev. 59, 724, 730 (1941). 


change quanta of energy with individual spins. The 
spins relax by emitting acoustic quanta, or “phonons,” 
over a narrow band of frequencies into these modes. In 
the “Raman process” a spin interacts simultaneously 
with two lattice modes whose difference frequency is the 
spin-resonance frequency. This is a second order process 
and is less probable for any selected pair of frequencies, 
but the number of possible combinations is large and the 
probability increases rapidly with temperature. Direct 
processes should vary as 7, and in the low-temperature 
range Raman processes should vary as 77(Cr**) or 
T®(Ti*+). Theoretical estimates of the relative magni- 
tudes of these two types of interaction indicate that 
direct processes will predominate in the liquid helium 
range, and will be superseded by Raman processes only 
at higher temperatures. 

In the liquid helium range Van Vleck finds rough 
agreement with experiment for chrome alum, although 
not for titanium alum. However, even for chrome alum 
the dependence on temperature and on the magnitude 
of the mean dc field disagree with experiments. In dis- 
cussing this, Van Vleck reviews certain assumptions in 
the theory. He points out that acoustic modulation of 
the crystal field is computed by assuming a normal 
thermal distribution of phonons in a simple lattice com- 
posed of similar atoms, whereas “‘conceivably the oscil- 
lations most active in modulating the cluster Cr-6H2O 
are not typical of the crystal as a whole and have a 
different distribution law.” 

A more fundamental difficulty is discussed in the 
second and third papers. He emphasizes that the low- 
frequency lattice oscillators have been “treated as a 
thermostat as far as interchange of energy with the 
spins is concerned,” but that “it is impossible for the 
lattice oscillators to preserve a constant temperature in 
the face of frequent energy transfers with the spin.” 
Van Vleck considers direct transfer of energy to the 
surroundings by the low-frequency oscillators them- 
selves, and also combination of the low frequencies with 
other frequencies in the thermal spectrum, but con- 
cludes that there exists no adequate mechanism for 
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Fic. 1. Relaxation block schematic for a two level system. Spins 
have been divided into groups A and B to allow for cross pumping 
within the resonance line. 


removing low-frequency phonons as fast as they are 
created by relaxation of the spins. Thus a significant 
piling up of energy in the low-frequency modes is to be 
expected. 

This idea has been followed up in detail by Giordmaine 
ef al.* in a recent paper. They suggest that relaxation by 
direct processes rapidly brings about a state of equilib- 
rium between spins and a band of lattice modes at the 
low-frequency end of the spectrum. The characteristic 
time for this (10 microseconds) is much shorter than the 
observed relaxation time, which is really controlled by 
the rate at which the low-frequency modes can transfer 
energy to the boundaries of the crystal. Because each of 
these modes is very often interrupted by interaction 
with a spin, they are broadened and constitute a band 
several hundred megacycles wide. A second group of 
spins, not directly disturbed but lying within this 
interval, will be brought into equilibrium with these 
lattice modes and thus, indirectly, with the first group 
of spins. Observations by microwave resonance of this 
“cross pumping” provide the chief experimental support 
for the model. 

Other researchers have 
possibility that the whole crystal may rise in tempera- 
ture above its surroundings’ or that a temperature 
gradient may be set up within the crystal itself.'° 

If these possibilities are taken into account, relaxation 
must be represented as a multistage process involving 
more than one characteristic time." This will be true 
even for “nonresonant” experiments in which a similar 
kind of initial disturbance is given to all spins, although 
in microwave absorption experiments, where the dis- 
turbance is selectively applied to a fraction of the spins, 
an even more complex relaxation pattern may result. 
Figure 1 shows a schematic diagram for a two-level case 
such as we have investigated. The spins are divided into 
two groups, those resonating with the microwave field, 
and those too remote in frequency to be directly affected. 
This is to take account of the inhomogeneous broadening 
of the resonance line in nickel fluosilicate (i.e., the line 


been concerned with the 


® Gorter, Van der Marel, and Bolger, Physica 2], 103 (1955); 
Van der Marel, Van den Broek, and Gorter, Physica 23, 361 
(1957). 

0 J. Eisenstein, Phys. Rev. 84, 548 (1951). 

"'L.. C. Van der Marel, thesis, Leiden, 1958 (unpublished). 
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consists of groups of spins whose characteristic fre- 
quencies are too near to permit actual experimental 
resolution but too far apart to allow resonant spin 
coupling throughout the system). Transfer of energy 
between these spin groups has been observed in some of 
our experiments (Secs. V and VI). 

The flexibility and directness of the pulsed microwave 
method offer great advantages when studying such a 
complex decay process. Power may be applied at an 
arbitrary level and for any required time to a chosen 
group of spins; the display then shows at once the 
relaxation history of these, or of any other spin group. 
Some of the ways in which these possibilities may be 
exploited are described in references 5 or 6, and in this 
paper. 


II. CRYSTALLOGRAPHY AND PARAMAGNETIC 
RESONANCE SPECTRUM 


ZnSik’s-6H2O and NiSiF-6H20 are both isomorphous 
with NiSnCls-6H,O, whose crystal structure has been 
determined by Pauling.” From this one deduces that the 
(H2O). octahedra (with Zn or Ni at the center) and the 
F, octahedra (with Si at the center) are arranged in a 
CsCl-like structure,'i.e., like a body-centered cube. 
Each (H.2O). octahedron has a small trigonal distortion 

the space group is R3, with one molecule in the 
rhombohedral unit cell. 

There is no difficulty in diluting NiSiFs-6H:O with 
the diamagnetic ZnSiFs-6H.O. It would, however, be 
dangerous to infer from this that the crystal is not 
strained when Ni atoms are substituted for some of the 
Zn atoms, since the ionic radius of Ni** is considerably 
less than that of Zn?+. This is borne out by the fact that 
the unit cell of the Ni salt is about 3% smaller in volume 
than that of the Zn salt. 

The observed paramagnetic resonance spectrum is in 
accord with the crystal structure described above; there 
is only one paramagnetic complex in the unit cell, and its 
resonance spectrum has axial symmetry about the 
crystal’s trigonal axis. The resonance results are in- 
terpreted in terms of the spin Hamiltonian, 


= g8H-S+D(S2—3), with S=1, and g~2.3. 
Figure 2 shows the behavior of the energy levels when a 
magnetic field H is applied parallel to the axis. Most of 
our experiments were performed in zero field, where 
there is just a single resonance transition with frequency 
D/h. D is a measure of the small trigonal distortion in 
the (HO). octahedra, and its magnitude is thus quite 
sensitive to temperature’ and pressure," and also de- 
pends slightly (~10%) on dilution; at 4.2°K, with no 
applied stress, D/hc=0.13 cm for heavily diluted ma- 
terials, and 0.12 cm~ for the undiluted salt. 


"21. Pauling, Z. Krist. 72, 482 (1930). 

R. P. Penrose and K. W. H. Stevens, Proc. Phys. Soc. 
(London) A63, 29 (1950). : 

1/W. M. Walsh and N. Bloembergen, Phys. Rev. 107, 904 
(1957); W. M. Walsh, Bull. Am. Phys. Soc. Ser. IT, 3, 178 (1958). 
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IIIa. THE PUMPING PARAMETER “v” 


In these experiments we are concerned with measuring 
changes in the populations of two spin quantum states, 
that is, in the degree of microwave ‘“‘pumping” of a spin 
system. It will be convenient to define a pumping 
parameter, 

o= (Na—N,)/N, (1) 


where V4 and Vz are the populations of upper and 
lower states, and V is the total number of spins. For the 
sake of clarity, we consider first of all the simple case of 
two nondegenerate levels, and extend this later to apply 
to a scheme in which the lower level has a twofold 
degeneracy, corresponding to the case we have actually 
been studying. 
In terms of the spin temperature T,, 


v=tanh(hv/2kT,)~hv/2kT, when hv/2kT,<1. 
When microwave power is applied at the resonance fre- 
quency v, the populations will tend to equalize and »v 
will decrease; when power is removed, v will rise to a 
value v which corresponds to the temperature of the 
surrounding cryostat. Such processes are commonly 
discussed in terms of the spin temperature, and it will be 
natural to speak of a buildup and a decay as the spin 
temperature rises and falls, although the parameter v is 
itself moving in the inverse sense. 

The decay or rise of v is characterized by a proba- 


bility Wz, which is the reciprocal of the relaxation time 
T,. In fact there are two probabilities, one Wax that a 
spin in level A makes a downward transition, and the 
other Wg. that a spin in level B moves up, but in a two- 
level system they can be combined as follows. In terms 
of Wan and Wg, the populations obey the equations 


dNa, dt= = WapNatW paNa, 
aNp di= —W paNetWapsNa. 


Substitution in terms of 7 
Na=4N(1-2), Ne=3N(1+2) 
gives 


dv/dt=W 43(1—v)—W pa(1+2). 


In equilibrium with the cryostat, dv/dt=0 and v=. 
Therefore 
W 4B W pa= (1+79) (1—1), 


and we can express (2) in terms of v and of a single 
probability Wi.=W4as+W sa in the form 


dv/dt=W 1(v—?). (3) 
If Wz is independent of v this may be integrated to give 
(vp—v) = (vo— 0, )e7¥ 44, (4) 

where 1; is the initial value of v. 


Next let us examine the interaction of the microwave 
field with the spins. The probability Wy that a particular 
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spin undergoes a transition M <> M—1 is given by” 
Wu=rePl(S+M)(S—M+1)]H2/4iAv, (5) 


where H, cos(2zvt) is the rf field acting on the spins, and 
Av is the line width. By an argument similar to that used 
in deriving (2), we find that in an rf field alone, 


dv/dt= —2W yr. (6) 


When the spins are simultaneously absorbing power 
from the rf field and relaxing to their surroundings, we 
must combine (3) and (6) to give 


dv/dt= —2W yv+W 1(v9—2). (7) 


If power is applied at a time ‘=0 to a spin system 
initially in equilibrium with the cryostat, 


(v—v,,)/(vo— 05) = EW Et (8) 
where 1,, is the final value of v. This will lead to a steady- 
state in which 


V~/Vo= (1+2Wa/W1)". (9) 


The decay after removal of power has already been 
given in (4). 

It may be remarked here that if one end of a leaky 
condenser of time constant 1/W, is connected to a 
terminal at potential vp, and the other end is inter- 
mittently grounded through a resistance proportional to 
Wu, the voltage vy—v across the condenser can be 
obtained from Eqs. (4), (8), and (9). Circuit analogs of 
this type can be of some help in visualizing more 
complicated situations, such as those described in Sec. V 
and VI. 

Experimental observations and the parameter v are 
closely related to the magnetic ‘quality factor” Qn. 
From the definition of Q,, it follows immediately that 

1/Om=4P n/vHYV ., (10) 


where P,, is the power absorbed by the magnetic ma- 
terial, and the effective volume V, of the cavity is 


18 See, for example. Bloembergen, Purcell, and Pound, Phys. 
Rev. 73, 679 (1948). 
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f wav-nev, 


c 


defined by 


In unit time Wy(Ng—Na«) quanta are absorbed from 
the microwave field; hence 


Pr=WulNa- Na)hv 
= W nhvNo, 


and combining (5), (10), and (11), we see that 


1/Om& v. (12) 


In the case of nickel fluosilicate in zero field this 
analysis must be modified to take account of the twofold 
degeneracy of the ground state (see Fig. 2). Writing 2N 2 
in place of Nz for the population of the ground state and 
2W az for the downward transition probability, we have 
N=N4+2Nn, v defined as in Eq. (1), and Wp=2Wapz 
+W sa. Minor numerical differences occur during the 
derivation, but leave Eqs. (3) and (4) unchanged. In 
the microwave field the transition probabilities are W 1 
upward and 2Wy downward. This leads to the appear- 
ance of 3Wy in place of 2Wy in Eqs. (6), (7), (8), and 
(9). The absorbed power becomes 


Pn=2Wy(Ne—Nadhv 
=2W nhvNo; 


and the relation between v and ‘iP 


v~hv/3kT, 


becomes 


In our detection system, which is described in Sec. 
IIIb, the display is approximately linear in 1/Q,,, and 
hence in v. Decay measurements thus give Wz directly, 
for if we match the observed display with a set of 
standard exponential curves, the fit gives a value for 
[1/(v9—v) ](dv/dt) which, by Eq. (3), is just Wz. On the 
other hand, Eq. (9) he that measurements on the 
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Fic. 3. Block schematic of apparatus used in single frequency 
relaxation experiments; in two frequency experiments a separate 
klystron drives the traveling wave tube. 
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steady-state would only give W, in terms of Wy, and 
so the evaluation of W, would demand a knowledge of 
the terms on the right-hand side of Eq. (5). This re- 
quires a measurement of power in the cavity, to obtain 
H,’, and some assumption (often of dubious validity) 
must be made regarding Av. 


IIIb. APPARATUS AND EXPERIMENTAL 
PROCEDURE 


The pulsed microwave apparatus is shown in block 
schematic form in Fig. 3. A 2K56 reflex klystron 
oscillator operating between 3.8 and 4.4 kMc/sec drives 
a PA7 Huggins traveling wave tube which is switched 
by a square wave form applied to its control grid. It 
delivers pulses of microwave power 1 watt in intensity 
with a duration adjustable between 1 microsecond and 1 
millisecond and at a recurrence rate which can be varied 
between 2X 10* per second and one in 20 seconds. The 
on-off power ratio at the output of the tube is > 70 db. 
A low-power cw signal is taken directly from the 
klystron and added to this signal through a directional 
coupler, and the combined power is fed to the cavity. 
The pulsed signal, which we term the “heater pulse,” 
serves to pump or “heat” the spins, and the cw signal 
monitors their return to thermal equilibrium. The in- 
tensities of both signals can be separately varied by 
microwave attenuators, typical values at the cavity 
input coupling being 0.2 watt for the heater and 1 
microwatt for the monitor. The monitor, essentially a 
spin thermometer, is set at a power level too low to 
produce any significant disturbance in the spins. 

The cavity is rectangular in shape and operates in the 
T Eo. mode. It is tuned by inserting a ceramic plunger 
(dielectric constant ~9), and power is fed in through a 
coaxial line ending in a loop. Coupling is controlled by 
rotation of the loop. The second weakly coupled loop 
shown in Fig. 3 is provided as a convenience for tuning 
the cavity, and is not connected with the main detection 
system. Power reflected at the main coupling is partly 
balanced by a microwave bridge, and the residual 
voltage is detected by means of a heterodyne oscillator 
and 60-Mc/sec i.f. system. The isolator shown in Fig. 3 
is included to reduce the risk of local oscillator power 
feeding back into the cavity. Overloading of the later 
stages of the detection system during the heater pulse is 
prevented by modifying a stage of the i.f. amplifier so 
that it may be paralyzed by a wave form from the pulse 
generator. 

The frequency of the reflex klystron oscillator is 
stabilized using the harmonics of a 20-Mc/sec quartz 
crystal frequency standard. An FM receiver is tuned 
between 60 and 70 Mc/sec to pick up the beat between 
the klystron’s frequency and one of the 20-Mc/sec 
harmonics, and the voltage output from the discrimi- 
nator of the receiver provides the correction signal. This 
correction signal is amplified and fed to the reflector of 
the klystron, the necessary: voltage insulation being 
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obtained by using an amplifier with a 500-kc/sec carrier, 
and placing a high-voltage capacitor before the crystal 
diode demodulator. 

Since we aim to measure spin population differences, 
it is essential that all observations should show ” 
changes only, in spite of small accompanying x’ changes 
which may occur during relaxation. The cavity should 
thus be on resonance whenever a measurement is made. 
To realize this condition we operate the klystron with a 
frequency sweep whose excursion is just sufficient to 
cover the resonance position 10 or 20 times in each 
relaxation half-life. The klystron stabilizing system has 
time constants longer than 1 millisecond; at the 
sweeping frequencies of 10 kc/sec to 100 kc/sec and at 
the amplitudes needed there is no appreciable dis- 
turbance of the stabilizer itself, which continues to hold 
the average microwave frequency at the required value. 
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Fic. 4. Typical decay curves. In (a) the klystron is frequency 
modulated at 10 kc/sec to show the detuning effects of x’ changes. 
Minima correspond to on-tune settings and give x” values which 
are independent of x’ changes. When the x’ effect is small, it is 
possible to dispense with frequency modulation and superpose a 
number of traces as in (b). 


The effects of this sweeping technique may be seen in 
Fig. 4(a). At the beginning of the relaxation period the 
cavity is tuned slightly off the average microwave fre- 
quency; the resonance position thus occurs near one 
extreme of the sweep. As relaxation proceeds, x’ changes, 
and the cavity resonance shifts until it is approximately 
in the middle. Measurements are made from the low 
points in the trace, which correspond to the on-tune 
position. 

The rectified signal from the i.f. amplifier is smoothed 
by a RC network whose time constant may be chosen 
between 0.5 and 8 microseconds, and is then applied to a 
Tektronix 545 oscilloscope. At the end of the heater 
pulse, or at any selected time after this, a trigger from 
the pulse generator initiates the trace which displays 
spin relaxation. A second trigger, occurring before the 
next heater pulse at a time when no further relaxation 
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CRO is triggered once to show the decay trace, and once to provide 
a base line. Triggers may be delayed to show decay after one or 
more half-lives. 
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effects are visible, starts the base line trace. If relaxation 
is genuinely complete, this base line will not move when 
the heater pulse is turned off altogether. In this way we 
are able to test whether the recurrence rate is slow 
enough to allow full relaxation to the bath temperature 
to occur before the next cycle of events begins. The 
timing sequence is shown in Fig. 5. 

The size of the sample is chosen so that the paramag- 
netic losses do not change by more than 10% of the 
cavity losses during any observation. This we will now 
show gives a display which to the first order is linear in 
the pumping parameter v. 

When a cavity is on resonance, the voltage reflection 
coefficient!® E,/E;=(1—a)/(1+a), where a=Qext/Qa. 
Qext defines losses due to coupling alone; Q. defines 
losses due to intrinsic cavity absorption and to absorp- 
tion by the paramagnetic sample, so that 


1, Oa = 1 Q, + 1 Um. 


As relaxation progresses, Q,, tends towards Q,,0, and 
a and E, tend towards the values ap and /,9 which they 
assume when relaxation is complete. In terms of the 
difference 


a-ayj=— 


QOmo Os 
E,— E40 1—a 1—ao 
Ex 1+a@ 1+a% 


Vex | On, 0 
——~1 


a" ae a—-ao 
-2-—_—_ 1+ 
(1+ a9)? 1+ao 


Expanding the latter as a series in a—qap and taking 


the first term, we have 


KE, ~ I ,9 a—-ag 20 10° ( —) 
~~ — 2— —{ 1-— }, 
E; (1+ a»)? QextOmo On 


16 This is derived from Eq. (3.4) of John C. Slater, Microwave 
Electronics, Bell Telephone Laboratories Series (D. Van Nostrand 
Company, New York, 1950). 
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where 1/Qro=1/Qext+1/Q0-+1/Qmo. The terms of the 


series decrease in powers of (a—ay)/(1+ ao), that is, 


in powers of 
eae 
—i1. 
Omo On 


If Oro/Qmo<0.1, the greatest error in taking only the 
first term will occur at the beginning of the relaxation 
cycle, and will not exceed 10% even if 1/0, — 0. 
By Eq. (12), 1/0,, «2, and therefore 
20 10" Vo—t 


E,- Eo 
~ : (13) 
EK; QextOmo vo 


The difference in field vectors is not changed by adding 
a constant signal from the bridge arm in phase with E, 
and E,o, and it is detected by the superhet system as a 
difference between voltages proportional to Z. Although 
tests showed that the output signal was linear in Kover 
a wide range, we did not in practice allow the signal 
level to change by more than 50° during any relaxation 
cycle. 

Oscilloscope traces were photographed and matched 
against a set of exponential curves produced on trans- 
parent film. In certain cases (Sec. V), where relaxation 
consisted of periods differing by an order of magnitude, 
we subtracted the longer period before measuring the 
shorter one. In the more typical case (Fig. 4) the traces 
appeared to be approximately exponential. Comparison 
with the transparencies did often show pronounced 
deviations, but in many such cases an analysis into 
two or more components would have been a largely 
arbitrary procedure, and we preferred simply to 
measure the fractional decay rate as a function of the 
time after the end of the heater pulse. This is easily 
done by making a tangential fit between the trans- 
parency and the photograph, and observing the time 
after the end of the heater pulse where this fit occurs. 

The accuracy of measurement depends on the noise 
level, the magnitude of the right-hand term in Eq. (13), 
and on the degree of nonexponentiality in the trace. 
Although in exceptionally favorable cases [e.g., Fig. 
4(b)] this may be as good as +5%, the limits are 
generally + 10%. Certain results specifically mentioned 
later on may have larger errors. 


IV. INDEPENDENCE OF EXPERIMENTAL 
CONDITIONS 


We have worked with crystals having magnetic 
dilutions of 0, 4, 7, 11, 55, 200, 500 zinc atoms per 
nickel atom (alluded to here in as DO, D4, ---), and 
we have made a number of tests to find out which 
factors control relaxation behavior. Only temperature, 
concentration, and heater pulse duration appeared to be 
significant, and the remaining changes, discussed below, 
had small effects, or, to within the accuracy of our 
measurements, no effect at all. 
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(i) Repeated Heating and Cooling of a Crystal 


In a sequence of experiments, at a particular dilution, 
we have used the same crystal several times, allowing 
it to warm up to room temperature between each 
run. Although this led to the formation of small cracks 
within the crystal and a deterioration of the surface, 
it did not affect the relaxation properties. 


(ii) Environment 


The crystals were grown in the form of plates and 
mounted by the edges in a light frame of polyfoam. 
They had no contact with any dense object, and more 
than 3 of their surface was exposed to the cryostatic 
environment. Experiments were made first with 
gaseous helium at different pressures in contact with 
the crystal, and then with liquid helium in contact. 
Such comparisons could be made during a single 
experimental run by admitting liquid helium through a 
valve mounted in the top of the cavity. No changes 
were seen except in those cases where the power level 
was high enough to cause crystal heating [see (iv) 
below ]. 

(117) Monitor Power Level 


Monitor power entering the cavity was normally 
about 1 microwatt. We have never observed any 
difference when increasing this by 6 db. 


(iv) Average Heater Power Level 


We have seen changes associated with a high average 
heater power level. They first appear as a small shift 
in the base line, but at higher power the decay trace 
becomes shallower (corresponding to less change in 
x’) and its decay time shorter. When the power level 
is reduced (e.g., by reducing the recurrence rate) it 
sometimes takes seconds for the display to return to 
normal. Small base line shifts corresponding to spin 
temperature rises of 5% have been seen at average 
powers as low as 400 microwatts, (this with a D7 crystal 
at 2.2°K and helium gas at 20-mm pressure in contact), 
but considerably higher powers were needed before 
changes in the relaxation time became measurable. We 
believe this effect is due to an over-all heating of the 
crystal. It has seldom amounted to a serious experi- 
mental problem, and we have nearly always been able 
to work with the heater power at a safe level. For the 
two most concentrated crystals, DO and D4, the heating 
which arose from the relaxation of a single pulse 
became significant, and showed up as a long tail at the 
end of the decay trace. This is not surprising since, in 
such concentrated crystals, a large part of the heat 
capacity resides in the spins themselves, and the 
lattice does not provide an adequate heat reservoir. 
The thermostatic role devolves on materials in contact 
with the surface; some observations made with gas 
contact suggest that a surface layer of helium atoms 
may be playing an important part. 
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(v) Crystal Size and Form 


Relaxation times were measured for D7, D55, and 
D200 crystals in the form of flat plates 4 mm thick. 
The plates were then thinned down by more than 2:1, 
and the measurements repeated. Measurements between 
1.8 and 4.2°K showed that the results were the same. 
before and after this change in the shortest dimension. 
Eventually the D200 crystal was crushed so that the 
largest particles passed through a 1-mm sieve. This 
gave times which were 30% faster over the temperature 
range 1.8°K to 4.2°K. The change barely lay outside 
experimental error, and may have been connected with 
the fact that the crushed grains were irregularly 
oriented. The longest time constant associated with 
the cooling of a flat plate of thickness / is given by 
7= ([?/*)(c,/K). Independence of / in the above tests 
indicates that this time 7 must be considerably shorter 
than the shortest observed relaxation time, and that no 
appreciable temperature gradient can exist within the 
crystal. 


(vi) Initial Spin Temperature When Relaxation Begins 


We reduced the power in the heater pulse, (whilst 
ensuring that it was long enough to produce steady-state 
conditions) so that we could observe relaxation from 
lower initial spin temperatures. This was done with 
D7, D11, and D55 crystals at various temperatures, 
halving and in some cases quartering the initial value 
of v—v. Lower initial spin temperatures consistently 
gave slightly longer relaxation times, although the 
changes were almost within the experimental error 
and in no case exceeded 20%. The decay curves obtained 
with the D1i1 crystal and one of our D55 crystals 
deviated considerably from exponential form, and we 
compared several starting from different initial states 
to see if the relaxation rate depended on the instan- 
taneous spin temperature, irrespective of how it was 
reached. It appeared, however, that the relaxation rate 
depended more on the time elapsed since the end of 
the heater than on any other factor. D200 and D500 
crystals showed changes in the characteristics of a 
fast decay component when the intensity of the heater 
pulse was varied. This is discussed in Sec. V. 


(vt) Duration of the Heater Pulse 


In crystals of medium concentration, and over a wide 
range of durations in the very dilute ones, this made no 
difference. For the most concentrated crystals no effect 
was noticed which could not be ascribed to heating as 
discussed in (iv) above. For D200 and D500 crystals 
new forms of relaxation appeared when the heater 
pulse was short, as discussed in Sec. V. 


(viii) Changes in the Experimental Frequency 


Because of the large width of the resonance line it 
was possible to select frequencies over a range of 


RELAXATION 


IN Ni FLUOSILICATE 





HEATER DURATION 
200 USEC 



















































































A 
0.6 0.8 





J 
1.0 MSEC 


Fic. 6. Relaxation with two decay periods in a D200 crystal. 
The short period is associated with the sharing of energy through 
out the line, the long period with lattice relaxation. (a) If the 
heater pulse is long, a considerable amount of sharing occurs before 
observation begins. (b) If the heater pulse is short, most of the 
sharing takes place after the pulse has ended. 


several hundred megacycles, some corresponding to 
positions near the center of the line and others corre- 
sponding to positions in the wings up to 400 Mc/sec 
away. In no case did this yield any difference in 
relaxation rate outside experimental error, and nothing 
was seen which, when compared with results on concen- 
tration dependence, would suggest a lower effective 
concentration of spins in the wings of the line. On the 
contrary, the results strongly indicated that the whole 
“inhomogeneous” line relaxed as a unit. This is con- 
sistent with the observations on energy sharing discus- 
sed in Secs. V and VI. 


V. FORM OF DECAY CURVE; SHARING TIME 


The decay traces did not follow the exact exponential 
law of Eq. (4). Some appeared exponential at first sight 
but revealed discrepancies when examined more closely, 
while others obviously contained components differing 
by orders of magnitude. Very slow periods associated 
with heating could be eliminated for all but DO and D4 
crystals (Sec. IV. iv). D11 and one D55 specimen showed 
a continuous fall in decay rate over a 3:1 range during 
relaxation. D7 and a different D55 specimen changed by 
less than 30%, and would have been accounted perfect 
exponentials in the absence of a definite experimental 
base line. In D200 and D500 crystals a new fast relaxa- 
tion phenomenon was observed. 

Figure 6 shows relaxation traces obtained with a 
D200 crystal. Figure 6(a) was taken with a heater pulse 
1000 usec long, and Fig. 6(b) with a heater pulse 50 usec 
long. The decay rates in Fig. 6(a) range between 1 and 
2 msec; in Fig. 6(b) similar decay rates are found in 
the long tail, but they are preceded by components an 
order of magnitude faster. The faster ones, which are 
found after subtracting the slow component, have a 
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Fic. 7. Two component relaxation at various heater power 
levels, and with a heater pulse duration of 20 microsec. At high 
powers more of the line is directly pumped, and a higher over-all 
spin temperature remains after sharing out. 


range of values between 100 and 10 msec with an 
average of about 20 msec~'. Figure 7 shows the way in 
which the fast relaxation phenomenon depends on the 
heater power level. Power was decreased in steps of 
3 db in going from top to bottom of the picture; the 
heater pulse duration was 100 usec. Apart from a change 
in the distribution of fast components, the most 
notable feature in Fig. 7 is the increase in relative 
importance of the slow component at high power levels. 
The initial spin temperature only increased by a factor 
of 1.8:1 over the whole 12 db range. 

We examined this fast relaxation phenomenon by 
changing the experimental conditions in the following 
ways. 


(i) The environment was changed from gas to 
liquid; also the crystal was thinned down from 4 mm 
to 1.5 mm, and finally crushed so that the largest 
grains passed through a 1-mm sieve. None of these 
measures had any effect. 

(ii) The dilution factor was changed from 200 to 
500: 1. This had only a slight effect on the slow compo- 
nent (see Sec. VII) but slowed down the average fast 


component to 5 msec~!. We have seen slight indication 
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of the fast fall phenomenon with D55 but have not been 
able to observe it at all with more concentrated crystals. 

(iii) The temperature was reduced from 4.2 to 2.0°K. 
This changed the slow component by a factor of 10:1. 
The mean fast component was slowed down by a factor 
of approximately 2:1. 

(iv) The operating frequency was changed from 3.9 
kMc/sec, in the center of the inhomogeneous line, to a 
value of 4.1 kMc/sec nearer the wings. This had no 
appreciable effect on the slow component (Sec. IV. viiz), 
but there was a perceptible lengthening of the fast 
component. 

(v) A small dc magnetic field of ~ 60 oe was applied 
along the crystal axis. This caused a small reduction in 
x”, as might be expected to result from increased 
broadening of the line, but it did not have any measur- 
able effect on the slow decay component. The fast 
component was slowed down by ~3:1 in both the 
D200 and the D500 crystal. A small magnetic field thus 
produced effects similar to those resulting from an 
increase in dilution. 


It should be remembered that the observed spectrum 
of fast components depends to some extent on heater 
pulse conditions, and that the above average values are 
only approximate. A slowing down in all components 
will tend to emphasize those which were shortest, and 
may thus distort the average in such a way as to lead 
to an underestimate of the actual change. 

We have named this fast decay time the “sharing 
time’’ because we believe that it shows the sharing of 
energy between those spins being directly pumped and 
others in more remote parts of the “inhomogeneous” 
line. If the heater pulse is short and ends while sharing 
is still incomplete, then the sharing process will continue 
after the heater pulse is cut off. A long heater pulse 
allows time for the establishment of a dynamic equilib- 
rium between microwave pumping, energy sharing, 
and lattice relaxation, such that the whole line is more or 
less evenly pumped and only a slight redistribution 
occurs when the heater is cut off. This slight redistribu- 
tion does, however, show up, and is more pronounced 
in the D500 than in the D200 crystal. The dependence 
on heater power level suggests that spins in the near 
neighborhood of the microwave frequency, although 
contributing little to the observed x’, are being more 
effectively pumped at the higher power levels, and are 
therefore able to give more in the ultimate sharing out. 
The small 60 oe field might be expected to raise the 
degeneracy of the lower energy level, and to sort out 
spins in the crystal into two groups. The way in which 
this field hinders communication of energy throughout 
the line strongly suggests the presence of resonant spin 
transfers at some stage in the sharing out mechanism. 


““ 


VI. TWO FREQUENCY EXPERIMENTS 


In order to obtain a clearer indication of the sharing 
process, we performed experiments in which the heater 
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frequency and the monitor frequency were separated by 
an interval of 200 Mc/sec. The heater frequency was 
set at ~3.9kMc/sec in the middle of the resonance line, 
and the monitor frequency was set at ~4.1 kMc/sec. 
A D200 crystal was mounted in the tunable two mode 
cavity shown in Fig. 8. Figure 9(a) shows the results 
obtained at 4.2°K with a 50-usec heater pulse; 9(b) 
and 9(c) show the results obtained with a small 60-0e 
field and a 100-usec heater pulse at 4.2°K and 2.0°K, 
respectively. All three traces show evidence of the 
competition which occurs after the heater pulse is cut 
off between the buildup due to energy sharing and the 
normal spin lattice decay. In cases 9(b) and 9(c) an 
actual rise in the spin temperature is clearly visible, 
since here the sharing out process has been slowed down 
by the external field. In experiments with a 60-Mc/sec 
interval between heater and monitor frequencies we 
have not been able to observe this build up effect. 
This may be because the energy transfer time is too 
short across the narrower frequency interval, or because 
the gain from one group of spins is outweighed by the 
loss to others in remoter parts of the line. 

The heater power and duration necessary for these 
observations may be guessed from the results of the 
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Fic. 8. Two mode cavity showing tuning and coupling arrange- 
ments. In single frequency experiments a simplified version of this 
was used. For experiments above 4.2°K a second cylindrical cover 
was added, and the intermediate space was evacuated to provide 
thermal insulation. 
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Fic. 9. Build up at frequencies 200 Mc/sec away due to the 
sharing out of energy. Heater pulse ends where the upper trace 
begins. (a) D200 crystal at 4.2°K with 50 microsec heater pulse. 
(b) D200 crystal at 4.2°K with 100-microsec heater pulse and a 
60-oe external field to hinder communication between spins. (c) 
D200 crystal at 2.0°K with 500-microsec heater pulse and a 60-0e 
external field. 


experiments on the fast initial decay described in Sec. V. 
At settings favorable for a demonstration of the sharing 
phenomenon, the resulting pumping level throughout 
the line is comparatively low, and therefore a compara- 
tively poor signal-to-noise ratio is to be expected in the 
two frequency experiments. The large amplitude 
frequency sweep visible in Fig. 9 was needed to ensure 
that the observed effects represented genuine changes of 
spin populations at the monitor frequency, and that 
they did not merely stem from x’ changes due to 
pumping at the heater frequency nearby. 


VII. TEMPERATURE AND CONCENTRATION 
DEPENDENCE 


We have measured relaxation rates at temperatures 
between 1.8°K and 4.2°K. Dependences ranged from 
T!6 to T? between 2°K and 3°K, and from 7?? to T4 
between 3°K and 4°K, with a general tendency for 
more concentrated crystals to follow lower power laws. 
Relaxation rates of the D200 crystal were measured up 
to 9°K. The cavity and its contents were connected to 
an electrical heating coil, and isolated from the cryostat 
by an evacuated space; temperatures were measured by 
a calibrated carbon resistance thermometer.” In this 


170, V. Lounasmaa, Phil. Mag. 30, 652 (1958). 
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Fic. 10. Relaxation rate and temperature for a D200 crystal. 
Relaxation rates vary according to how soon after the heater pulse 
they are measured, but the choice of a measurement point does not 
greatly affect the resulting temperature dependence. 


case, relaxation varied as T*-> over most of the range, 
as shown in Fig. 10. 

Figure 11 shows relaxation rates at 4.2°K and 2.2°K 
as a function of dilution factor. In plotting these curves, 
we have used Zn/Ni ratios determined by chemical 
analysis of the crystals. The result at D4 is joined by a 
broken line, since it is possible that this was affected by 
crystal heating (Sec. IV. iv). Measurements were made 
at the half decay point except for D500, which was 
measured at three quarters decay to eliminate the last 
traces of energy sharing effects; (the difference in W; 
between half and three quarters decay is usually small). 


VIII. DISCUSSION OF RESULTS 


Although the resonance line is inhomogeneously 
broadened, and may conceal a small splitting of the 
ground level, the experiments on energy sharing, and 
the identity of results at different frequencies in the 
line, show that we are observing relaxation rates 
characteristic of a two level system. These rates do not 
depend on particular experimental conditions, and in 
our work are not being modified by heating, either of the 
inside of the crystal with respect to the outside or of the 
whole crystal with respect to the cryostat. 

Of the experiments aimed at revealing any effects due 
to energy transport to the crystal boundaries, all have 
produced negative results. Changes in gas pressure, 
changes from gas to liquid environment, and gradual 
deterioration of the crystal surface have not altered 
relaxation times, nor has the formation of small cracks 
within the crystal, nor deliberate reductions in size. 
We conclude that energy transport to the boundary is 
not a limiting factor. In view of the difficulty of carrying 
the whole energy of relaxation in a band of low- 
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Fic. 11. Relaxation rate at the half decay point and magnetic 
dilution factor. The measurement for D4 at 4.2°K may have been 
disturbed by crystal heating and is shown joined with a broken 
line. 


frequency modes, it seems likely that frequency conver- 
sion of low-frequency phonons occurs with a relatively 
high probability throughout the crystal, or that spin 
relaxation itself takes place through a Raman type of 
process. 

Although the energy sharing observations are in 
general agreement with those reported by Giordmaine 
et al.,® their original model could not be applied in this 
case without some modifications to allow for lack of 
dependence on size and on the surface contact medium. 
The effect of small magnetic fields in slowing down 
energy sharing would be particularly difficult to fit 
into their picture, and suggests rather that spin-spin 
interactions are involved ; that these cannot be neglected 
has already been pointed out by Bloembergen et al.'8 
and Anderson.!® 

Even where energy sharing effects seemed absent, 
there were cases in which the decay deviated consider- 
ably from the exponential form. In looking for a possible 
significance in this, we tried to fit decay curves of D200 
and D11 crystals with a simple model, in which a 
phonon band loses energy by Newton’s law of cooling, 
and is at all times in temperature equilibrium with the 
spins. This did not lead to encouraging results, and we 
did not proceed with more sophisticated variations on 
the theme since two general properties of the decay 
curves were unfavorable to this kind of interpretation. 
The form was only slightly changed by going to a lower 
initial spin temperature, and the degree of exponential- 
ity varied from one crystal to another, even being 
different for two D55 specimens. As the decay rate 
varies with concentration, it seemed likely that these 
deviations indicated no more than the existence of 
local irregularities in the spin density. (The energy 

18 Bloembergen, Shapiro, Pershan, and Artman, Phys. Rev. 114, 
445 (1959). 

‘9 P. W. Anderson, Phys. Rev. 114, 1002 (1959). 
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sharing results do not necessarily prove that there is 
enough spatial spin diffusion to average out such 
irregularities.) 

Temperature dependences lie between 7'-* and T*. If 
relaxation were limited by the rate at which low- 
frequency phonons could combine with others in the 
thermal spectrum, this would be a plausible result, 
although the lowest power laws might require some 
additional explanation. (Herring” has calculated low- 
frequency phonon combination probabilities and ob- 
tained power laws of this type.) Leaving aside the 
question of “bottlenecks,” our results do not agree 
with direct process theory, and yet the highest tempera- 
ture dependence is not as great as that predicted by 
Van Vleck for the Raman process. This could mean that 
the experiments were made in a range where direct 
processes are being superseded by Raman processes, 
although the steady 7** law found for the D200 
crystal between 3°K and 8°K makes such an explanation 
unlikely in that case. Interpretation might prove easier 
if there were a larger body of theoretical literature 
relating to the Raman process: since Van Vleck’s 
calculation there have been many studies of phonon 
properties which might prove relevant, such as those 
of the mode spectrum of crystals, and of the restrictions 
imposed by the need to conserve both energy and 
momentum. 

In common with many other experimenters we find 
an increase in the relaxation rate at higher concentra- 
tions. This does not follow from the model of direct or 
Raman processes alone, although “bottlenecks” in the 
relaxation could introduce a concentration dependence. 
However, models based on a bottleneck in low-frequency 
phonons tend to predict a slower rate for higher 
concentrations. Heating of the crystal could on some 
assumptions lead to an acceleration, but we believe we 
have excluded this possibility in our experiments. The 


© C. Herring, Phys. Rev. 95, 954 (1954). 
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deviations from exponentiality suggest another line of 
thought. These point to the possibility of there being 
different relaxation rates in different regions of the 
crystal. It is only one step further to postulate the 
existence of a fraction of fast relaxing centers, such as 
might be found in paramagnetic clusters or situated 
near flaws in the crystal. Some degree of communication 
exists between spins, and this might at high enough 
concentrations be sufficient to transfer energy to a fast 
relaxing sink. 


IX. CONCLUDING REMARKS 


Our results do not agree with the predictions of any 
current theory. A possible way of explaining them is to 
assume that the relaxation rate is controlled by a 
Raman type of process. Alternatively, if one wishes to 
explain them on the basis of a “direct”? process, one 
needs to postulate that any excess of low-frequency 
phonons is rapidly eliminated by phonon combination. 
We have found no evidence for a pile up of low-frequency 
phonons in a part of the thermal spectrum, although 
we cannot entirely exclude the possibility. At first 
sight, the sharing phenomenon might be thought to 
support a “pile up” model, but in fact the dependence 
on small magnetic fields rather suggests that mecha- 
nisms involving spin-spin interaction are responsible. In 
concluding, it should be emphasized that the results 
reported here for one particular substance represent no 
more than a partial contribution towards solving the 
problem, and cannot be generalized into laws of 
paramagnetic relaxation. 
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Calculation of the Specific Heat of Some Alkali Halides 
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The specific heats of LiF, KCl, and KI have been calculated using Houston's approximation to find the 
frequency spectrum. These calculations are compared to measurements of specific heat, to a calculation using 
Debye’s theory, and to a calculation by Briscoe and Squire. The specific heat curves are plotted by Bijl’s 


method. 


Hh few graphs shown here present the results of 
several calculations of the specific heat of some 
alkali halides as a function of temperature. For each of 
the substances two graphs are shown. Figures 1, 2, and 3 
give the frequency spectrum as calculated by three 
different methods; Figs. 4, 5, and 6 give the specific heat 
curve calculated from each of these frequency spectra 
along with the experimental specific heat curve. 

Instead of actually plotting specific heat as a function 
of temperature, a method proposed by Bijl' has been 
used. Along the abscissa (a logarithmic scale) 7/@ is 
plotted ; along the ordinate, the ratio of the specific heat 
to that which is calculated from the Debye theory at the 
same temperature is plotted. To obtain each of these 
values it is necessary to assume a value of 6. In each 
case, @ has been obtained from the low-temperature 
measurements of specific heat. 

The short dashed line in all the graphs represents 
calculations based on the Debye theory using a @ de- 
termined from the elastic constants of the substance. 
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Fic. 1, Frequency spectrum of lithium fluoride. 


1D. Bijl, in Progress in Low-Tem perature Physics edited by J. C. 


Gorter (North-Holland Publishing Company, Amsterdam, 1957), 


Vol. 2, p. 395. 


The long dashed line represents calculations using a 
method recently suggested by Briscoe and Squire.” It is 
assumed that half the normal modes of the crystal are 
distributed in a Debye-type spectrum with 6 determined 
from the elastic constants, and that the other half all 
have the same frequency, which is determined from 
infrared absorption data. The solid line in each graph 
presents the results of calculating the frequency spec- 
trum using Houston’s approximation.* This method 
makes use of the fact that the frequency spectrum can 
be calculated in several directions in reciprocal space. 
The coefficients of the first few terms of a series of Kubic 
Harmonics‘ may then be determined and these terms 
integrated over all directions in reciprocal space to give 
the specific heat. The crosses on the graphs represent 
experimental measurements of the specific heat as a 
function of temperature. 

It is obvious from these curves that the three methods 
do not provide successively better approximations to the 
observations, and that better approximations are to be 








, 
‘ 
/ 
/ 


ae 








a 


a“ 











° 





000 0.05 aio Os 02! 


acid Sec") 
Fic. 2. Frequency spectrum of potassium iodide. 
>. V. Briscoe and C. F. Squire, Phys. Rev. 106, 1175 (1957). 


<.. 
3 W. V. Houston, Revs. Modern Phys. 20, 161 (1948). 
4 F.C. von der Lage and H. A. Bethe, Phys. Rev. 71, 612 (1947). 
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Fic. 3. Frequency spectrum of potassium chloride. 














Fic. 4. Specific heat of lithium fluoride. 


desired. This calculation has considered only short- 
range elastic forces between the atoms, but since the 
substances considered are ionic crystals, it is probably 
necessary to take into account the long-range electric 
forces between particles. Furthermore, a better ap- 
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Fic. 5. Specific heat of potassium iodide. 
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Itc. 6. Specific heat of potassium chloride. 


proximation might be obtained by using the topological 
considerations proposed by Van Hove and others‘ to 
calculate the frequency spectrum. 

The curves do show that Bijl’s method of plotting the 
specific heat gives a very sensitive indication of the 
behavior in the intermediate region. 

5. Van Hove, Phys. Rev. 89, 1189 (1953); H. B. Rosenstock, 


Phys. Rev. 97, 290 (1955); J. C. Phillips, Phys. Rev. 104, 1263 
(1956) 
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An expression for the nonequilibrium density matrix is derived in terms of dynamical fluxes, which leads 
to a rigorous formulation of the correlation functien method for transport phenomena with nonuniform 


thermodynamic quantities 


1. INTRODUCTION 


i a previous paper,! it was emphasized that there are 
two coupled relaxation processes in transport phe- 
nomena; one is the macroscopic process of attaining 
spatial uniformity, whereas the other is the microscopic 
process of attaining internal thermal equilibrium in small 
volume elements. The relaxation times for the two 
processes are, in order of magnitude, quite different 
from each other. It is the purpose of the present paper 
to derive on this basis a rigorous expression for the 
density matrix of nonequilibrium systems. This leads to 
a rationalization for the convenient procedure of setting 
up local equilibrium distributions before each of a long 
succession of short time intervals to obtain expressions 
for transport coefficients.” 

In Sec. 2 we consider a nonequilibrium system in 
contact with external bodies which maintain the 
system in a steady state; this situation, with the ad- 
vantage that the density matrix of the system is con- 
stant in time, permits elucidation of the physical signifi- 
cance of our formulation. In Sec. 3 the treatment is 
which transient irreversible 


extended to systems in 


phenomena occur. 


2. STEADY STATES 


As a simple illustration we first consider a steady state 
of the lattice thermal conduction in nonmetallic solids. 

If we cut off the interactions between small volume 
elements of macroscopic size, then each volume element 
attains internal thermal equilibrium in a short time 7», 
being specified by the local temperature T(x). The 
frozen state thus obtained can be described by the local 
equilibrium distribution 


pi=Z exp] ~f H (x)/kT (x)dx ; (1) 


where H(x) is the Hamiltonian density and yields, by 
integration, the total Hamiltonian of the system 


n= Had (2) 


* This work was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research Development Command. 

t On leave of absence from Kyushu University, Fukuoka, Japan. 

1H. Mori, Phys. Rev. 112, 1829 (1958). 

2H. Mori, J. Phys. Soc. Japan 11, 1029 (1956). 


The density matrix of the system, p, deviates from p;: 
‘ 


p=pitp’. (3) 


The deviation p’ represents the contributions from the 
microscopic processes taking place in volume elements, 
and satisfies, as the requirement for the logical deter- 
mination of the local temperature from the density 
matrix p, the condition 


Tr H(x)p'=0. (4) 


We now consider a nonsteady system which has the 
identical structure and boundary condition as the 
system but which has started from the frozen state p; at 
a time s=0. The density matrix of this auxiliary system 
is denoted by p,(s) ; 


[p.(s) |.—0= pr. (5) 


The auxiliary system is assumed to attain the steady 
state p ina finite time as a result of the excitation of the 
microscopic processes due to the interactions between 
volume elements. Then the steady-state density matrix 
p can be determined rigorously from p;(s) with the aid 


of the equation 
1 T 
p=lin f pi(s)ds, (6) 
i Te; 


which can be transformed into 


: s\ 0 
p=pitlim f as(1- ) pi(s). (7) 
i tlds 


In fact (6) may be considered to be always valid no 
matter what is chosen as the initial distribution of p;(s). 

The reason for the particular choice (5) is that, since 
p, and p express the same macroscopic state, the 
difference between them is removed due to the infernal 
interactions in the system in a time of the order of 7». 
The interactions with the surroundings, necessary to 
keep the steady state, become important in the ap- 
proach from a different macroscopic state, and can be 
treated as a boundary condition for the macroscopic 
state variables. Thus we may write p;(s) as 


p(s) =e7 HA py eisH ih (8) 


where the Hamiltonian H does not include the inter- 
actions with the surroundings. Equation (8), however, 
expresses the temporal development of an isolated 
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system, and therefore departs from the steady state 
after a lapse of a time 7, much larger than 7» to approach 
a complete equilibrium. We see, however, that the 
relaxation time 7, increases with an increase in size of 
the system, whereas the microscopic relaxation time 70 
is a constant.' Since the physical quantities of our 
interest are the local densities at points very remote 
from the boundary, we may extend the system to be of 
infinite size so that rt, becomes infinity. Thus we can 
employ (8) in the evaluation of (6). 

Use of (8) leads to’ 

fe) 


B 
- piis)=einnin f dy e~MH+R) eM H+R) peisH/h, (9) 
Os 0 


where we have defined R and R by the equations 
pi=Z" exp{—B(H+R)}, 
R=([R,H ih. 


(10) 
(11) 


The quantity R expresses the deviation of the local 
equilibrium distribution from the equilibrium ensemble 


po=Zy ' exp{—BH}. (12) 
For linear dissipative systems, therefore, (9) becomes 


0 


8 
pis)= f dd R(—s+ihr) po, (13) 


Os 0 


where we have introduced the notation 


(14) 


G(t) — gitH "Ge itH/h 


Use of the energy conservation law, H(x)= —V-ju(x), 
yields 
R = Ju . Xz, 


where 


Ju= f in(x)dx, X;= —VT/ aT: 


Thus insertion of (13) into (7) leads to 


t i) B 
p’=lim f is(1- yf dX X7-Ju(—st+ihr)po, (17) 
— T 0 


0 


which provides us with an explicit expression for the 
density matrix of the steady state. 

We next consider the thermoelectric phenomena with 
a constant electric field E. The local equilibrium dis- 
tribution p; in the present case is obtained by cutting off 
not only the interactions between volume elements but 
also the electric field. Since the Hamiltonian of the 
system can be written, apart from the interaction part 
with the surroundings, as 


c=H—A-E, A=eT; x, (18) 


3Note the identity [H,e44]=— ff dd d/drX(e4He4)e FA, 
= ff dd e4(A,H Je4eF4, 
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x; being the position vector of the ith electron and e 
its charge, we have, in place of (8), 


pi(s) =exp(—is3C/h) p, exp(is3C/h), (19) 
8 8 ce 
~ert f as’ f dd{ E-A(—s’+ihy) 


+R(—s'+ihd)} po, (20) 


where we have retained the first order in E and R alone. 
The E term arises from % in (19), and R is the deviation 
of p,; from the corresponding equilibrium ensemble.” 
Thus we obtain 


; s B ar i 
p=tim f is(1- yf an} (B-- v=) 
— : 0 é ‘9 


0 


1 
-J(—s+ihyr)— —s+ihy) oe, (21) 


where J=A is the electric current, » the local chemical 
potential, and Jn the total heat flow of the electron and 
lattice system. 


3. HYDRODYNAMICAL STAGES 


The essential point in the derivation of (17) and (21) 
is the existence of such time intervals 7 that 


TWK TK Ty, (22) 


where 7, denotes the smaller one of the macroscopic 
relaxation times for the system and for the thermally 
isolated auxiliary system. Therefore the above method 
can be extended to treat the hydrodynamical stages of 
fluids where the macroscopic state can be defined with 
the local thermodynamic quantities, such as local mass 
density, local velocity, and local temperature. In this 
stage, the microscopic processes in mass elements form 
a quasisteady state. 

We denote the local equilibrium distribution by p:, 
where ¢ indicates the time dependence of the macro- 
scopic state parameters,! and divide the density matrix 
p(t) of the fluid into two parts as 

p(t)=pitp’ (Lt). (23) 


As an extension of (6), the density matrix is then 
determined by 


1 T 
p(t)= f p(t+s)ds, 


T #9 


1 TO 
= j plsdds+0| (oo), 
' 0 T - 


»isHth 
? 


(24) 


where 


isH/h 


pr(s) = pre 
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H being the Hamiltonian of the fluid excluding the 
interactions with the surroundings. Equation (24) 
expresses that the density matrix does not change 
appreciably in short time intervals r subject to (22). 
The second term of (25) is of the order of (70/7) and 
can be neglected.! Thus, in parallel to the preceding 
section, we arrive at 


Tr 5 B : 
p= f as(1-*) f d\ R(—s+ihrd)po. (27) 
0 T 0 


The quantity & has in general the form!” 
R= ar X(t)Sn. 


Equation (15) is a simple example. X,(/) are the 
thermodynamic forces in the thermodynamics of irre- 
versible processes, and J, are dynamical quantities 
whose averages formed with p’(t) become the conjugate 
thermodynamic fluxes. The change in time of the 
thermodynamic forces X,(t) is determined from the 
hydrodynamical equations, which are obtained from the 
conservation laws for the densities of particles, momen- 


(28) 


tum, and energy: 
O(F (x))/dt= —V-(Jr(x)), (29) 
where the angular brackets mean the averages with p(t) : 


(Jr(x))=Tr Jp(x)p(0). (30) 


The flows usually consist of two parts,’ 
J (x) =Q(x)+1(x), 


such that Q(x) is a linear function of the densities of 
particles, momentum, and energy, and I(x) is a flow 
associated with the microscopic processes in mass 
elements, satisfying‘ 


Tr Qo’ (t)=Tr Ip.=0. 


The conservation equation (29) then leads to the hydro- 
dynamical equations with the aid of the equations 


(31) 


(32) 


(33) 
(34) 


(F(x))=Tr F(x) pi, 
(Jv(x))=Tr Q(x)p,4+ Tr I(x) p’ (0). 


in reference 1, can be written, with the aid of (27), as 


The second term of (34), which was denoted by [I(x) ] 


Te 
(W=Tr Ip’ ()=> xno f P(1J,;s)ds, (35) 
h 0 
«When charged particles move in a magnetic field, the second 
equation of (32) is not always satisfied due to the existence of the 
diamagnetization currents. 
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where we have assumed that the functions 


4 
&(1J;; s) -f dd Tr L,(—s+ihr) po (36) 
0 


vanish in a time interval, 7., much shorter than 7.! 


Equation (35) is fundamental for the derivation of 
molecular expressions for the transport coefficients of 
linear dissipative systems. 

We compare the above formulation with that de- 
veloped in reference 1, which will be referred to as (A). 
With the aid of (24), the time-averaged density matrix 
p(t) defined in (A) turns out to equal p(t) itself, so that 
p’(t) in (A) is identical with p’(t) itself. Thus, Eqs. (29), 
(31), and (35) replace Eqs. (2.24), (2.26), and (2.37) in 
(A), and lead to the hydrodynamical equations (5.11), 
(5.13), (5.14), (5.16), and (5.24) with 0/d¢ in place of 
6/dt, and the linear relations (4.12). Namely, the 
present formulation yields the same results as that 
of (A). 

Instead of starting with (25) and (6), we can also 
choose 


(37) 


p=lim p;(r). 


TOD 


p(t)=p.(7), 


Then, the factor (1—s/r), in Eqs. (27) and (7), dis- 
appears. This factor, however, is trivial, and we obtain 
the same equation as (35), Equations (25) and (6) have 
been chosen because of the appearance of results 
similar to (27) in other theories.! 

Our method can be applied also to different kinds of 
processes, such as energy transfer between two systems, 
momentum relaxation phenomena, and chemical re- 
actions, for which we can obtain similar relations 
to (22).? 

Kirkwood introduces the notion of time average of 
nonequilibrium distributions to obtain the secular 
variation by smoothing out microscopic fluctuations in 
molecular distributions.® From our point of view, 
however, the density matrix does not fluctuate. The 
time averages (6) and (25) have been introduced here 
to express the density matrix in terms of the local 
equilibrium distributions. 
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The magnetic susceptibility of close-packed hexagonal gold-indium alloys has been measured at 300°K, 
77°K, 4.2°K, and 1.2°K. The susceptibility data show a striking similarity to the c-axis spacing, exhibiting 
a maximum at about 19 at. % In, consistent with a model assuming that the Fermi surfaces touch the 


Brillouin zone face (0002) at this concentration. 


INTRODUCTION 


CCURATE lattice spacings measurements in the 

close-packed hexagonal intermediate phases based 
upon copper, silver, and gold have shown that a close 
relationship exists between the lattice spacings and the 
electronic structure.!~* In particular, the variation with 
composition of the individual parameters a and c, and 
of the axial ratio c/a, in such phases has been inter- 
preted in terms of the changes in the electron concen- 
tration and associated with it interactions between the 
Fermi surface and the Brillouin zone.® 

The changes of lattice spacings with composition and 
temperature in the close-packed hexagonal gold-indium 
alloys have been recently determined‘ and are shown 
in Fig. 1. It can be seen that a maximum occurs in the 
¢ spacing at an electron concentration of about 1.36 if 
gold is assumed to be monovalent and indium trivalent. 
Correspondingly, above this value of the electron con- 
centration the @ spacing, and the ¢ spacing show an 
accelerated increase and decrease, respectively. 

The observed trend in the lattice spacings has been 
interpreted’ in terms of a model proposed by Good- 
enough® who suggested that an interaction should occur 
between the expanding Fermi surface and the Brillouin 
zone face (0002) at values of the electron concentration 
immediately below 1.36; above this value the (0002) 
zone face should be touched provided that one assumes 
a free-electron behavior and a nearly spherical Fermi 
surface. If this interpretation is correct, one should 
expect an increase and a decrease in the density of 
states V(£) curve on passing through this critical value 
of the electron concentration. 

The connections between the density of states N(E) 
and the magnetic susceptibility have been recently 
discussed by Klee and Witte’? who studied the magnetic 
behavior of certain Laves phases. It was shown that 
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when the diamagnetic contribution of the ions in each 
alloy is subtracted from the total measured value, the 
remaining susceptibility may be expressed by the 
formula 

As Sub? (Emax), (1) 


where up denotes the Bohr magneton, and is therefore 
proportional to the changes of the density of states at 
the Fermi distribution. In a simple free-electron model 
such magnetic susceptibility should therefore increase 
before a Brillouin zone face is touched and decrease 
subsequently. Klee and Witte? have observed such a 
behavior in a number of ternary Laves phases and a 
similar behavior is reported in this paper for the case 
of close-packed hexagonal gold-indium alloys. 
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Fic. 1. Variation of lattice spacing of Au-In close-packed hexagonal 
alloys as a function of temperature, composition, and e/a. 
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Fic. 2. Variation of the magnetic susceptibility of the free 
electron gas with temperature, composition, and e/a in the close 
packed hexagonal alloys of the Au-In system. 


The more detailed treatments by Adams and Zitter,* 
and Cohen and Heine,’ do not change the qualitative 
features of the results obtained by Klee and Witte 
with which we are mainly concerned here. 


EXPERIMENTAL RESULTS AND DISCUSSION 


The molar susceptibility x,, of three critical alloys 
(corresponding to Al, A6 and A9 in Fig. 1) was deter- 
mined by the Gouy method in an apparatus described 
in detail in an earlier paper.’ The collected experi- 
mental data are shown in Table I. 

Following Klee and Witte’ the diamagnetic contri- 
bution of the ions in the alloy system may be assumed 
to vary linearly between the values for the respective 
ions of gold and indium. Using values x,;(Au'+)=—40 
X10-* and x,;(Zn*+)=—19X10~*," the corresponding 
ionic contributions for the three alloys studied are 
—36.7X10-*, —36.0X10~*, and —35.6X 10-6, respec- 
tively. On subtracting these values from the experi- 
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mental data, plots shown in Fig. 2 were obtained, 
representing the susceptibility of the free-electron gas 
as a function of the electron concentration and com- 
position. It can be seen that there is a striking simi- 
larity between the trend in the c lattice spacing shown 
in Fig. 1 and the magnetic susceptibility, and that a 
maximum, representing the touching of the Brillouin 
zone face (0002), is reached in both cases at approxi- 
mately the same value of the electron concentration. 
Thus the conclusions already reached based upon the 
study of the lattice spacings are also supported by the 
variation of the magnetic susceptibility. 

Attention may be also drawn to the temperature 
dependence of the magnetic susceptibility. Alloys A1 
and A9 were cast with somewhat less pure indium 
than the zone-refined indium used in alloy A6. Never- 


TABLE I. Molal magnetic susceptibility (— x. 10~*) 
of Au-In alloys. 


Atomic composition 
% Au % In 


84.2 
81.0 
78.85 


15.8 
19.0 
21.15 


theless, the change in susceptibility with temperature 
in alloy A6 follows so nearly a 1/T dependence that 


there must be a trace of paramagnetic impurity in it. 
Alloy Al becomes more diamagnetic at low temperatures 
similarly to the behavior observed in Ag-Zn alloys," but 
this trend is eventually reversed by the contribution 
from the paramagnetic impurity as is shown by a quite 
definite minimum in the x-7 curve. 
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The attenuation of ultrasonic waves in bismuth has been measured at frequencies between 12 and 84 
Mc/sec for various orientations. The magnetic field dependence of the attenuation at low temperatures 
exhibits three distinct oscillatory components and a saturation regign at fields between 5 and 1600 oersteds. 
A simple interpretation of the salient features of the observations is presented. In particular, the effective 
mass parameters of the electrons have been determined from the periods of the geometric resonance and 
de Haas-van Alphen oscillations. A method of measuring the maximum Fermi velocity in a given direction 
is described, and the results of such a measurement are used to determine an independent value of the Fermi 
energy. Some data on the temperature and frequency dependence of the zero-field attenuation are included. 


I. INTRODUCTION 


HE investigation reported here of the attenuation 

of sound waves in bismuth was originally under- 
taken to establish the validity of Blount’s! two-defor- 
mation-potential model. According to this point of 
view, the impossibility of simultaneously screening the 
deformation potentials of both holes and electrons 
should give rise to a substantial electronic contribution 
to the sound attenuation at low temperatures despite 
a carrier density of only 10~° per atom. 

Initial experiments indicated the probable existence 
of such an electronic component in the attenuation 
measured in the liquid-helium temperature range. A 
study of the effect of a magnetic field Ho on the attenu- 
ation was then undertaken in an effort to unravel this 
component from a complicated background attenuation 
arising from thermal agitation, impurities, dislocations 
and other extraneous scattering centers. The attenua- 
tion was found to depend periodically on 1/Ho,? ¢ 
phenomenon previously found by Bommel® and by 
Morse et al. 

It has been suggested by Pippard® that the periods 
of these oscillations are controlled by details of the 
band structure only qualitatively understood in most 
substances. It was apparent that a study of these com- 
plicated phenomena in bismuth, whose band structure 
has been quantitatively studied,*" would provide an 
excellent opportunity to relate the oscillatory behavior 
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to the band structure. Hopefully, a better understand- 
ing of the attenuation as a function of field would 
establish it as a useful tool in the investigation of the 
band structure of other materials. Accordingly, the 
emphasis of the experiment was shifted to a study of the 
magnetic-field-dependent part of the attenuation as a 
function of various experimental parameters. 

It should be noted that most of the experimental 
work was carried out before an adequate theoretical 
model for the field dependence was available. During the 
course of the investigation, however, considerable 
theoretical progress has been made.'*~!* In the interest 
of clarity, we shall, therefore, not present our results in 
the historical order in which they were obtained, but 
present first, in Sec. II, a simple outline of our current 
theoretical understanding. In Sec. III, we describe the 
experimental technique with particular emphasis on the 
production of pure, unstrained crystals with electronic 
mean free paths and relaxation times sufficiently long 
to permit the observation of oscillatory phenomena. We 
also discuss the reasons for shifting from the pulse echo 
technique used in our initial studies of the total attenu- 
ation to a more sensitive but less direct continuous- 
wave technique. Data are presented in Sec. IV on 
three characteristically different sets of oscillations and 
the striking nature of their anisotropic dependence on 
crystal orientation. Finally, in Sec. V, these data are 
quantitatively related to band structure parameters 
with the aid of theory discussed in Sec. IT. 


II. THEORY 


Bismuth has rhombohedral symmetry. We designate 
the three-fold axis by 2, one of the three positive two- 
fold axes by x, and the corresponding bisectrix by y. 
The Fermi surface for electrons in bismuth consist of 
three sets of two ellipsoids each.’ The three sets are 
interrelated by 120° rotations around z. The doubling 
of each set arises from inversion symmetry. One of the 
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principal axes of each ellipsoid is parallel to a two-fold 
axis, which restricts the positions of the centers of the 
ellipsoids either to the two-fold axes or the reflection 
planes normal to these. The particular set of two ellip- 
soids with this principal axis along our x axis is given by 


anpstanp)t+ass:p2+ 2arspyp.= 2moE., (1) 


where p=k and k is measured relative to the center 
of the ellipse. Further, E, is the Fermi energy of the 
electrons and the a;; are the components of the reciprocal 
mass tensor in units of 1/mpo. 

In addition to the electrons in the conduction band, 
there is an equal concentration of holes in the valence 
band. The Fermi surface of these holes consists of two 
ellipsoids of revolution centered on the z axis and 
described by 


By l (ps + py ) + Bs sp. = 2moE,, 


where E, is the Fermi energy of the holes, the 8;; are 
the components of the reciprocal mass tensor, and 
p= hk with k now measured from the center of the hole 
ellipsoid. 

We first discuss th: 
ation upon H» when Ho is transverse to the direction of 
propagation. There are five regions of field for which 
the dependence of the attenuation a on Ho is charac- 
teristically different. We designate these regions as (1) 
the magnetoresistance, (2) the cyclotron resonance, 
(3) the geometric resonance, (4) the saturation, and 
(5) the de Haas-van Alpen regions, in order of increasing 
field. We now discuss each of these regions in turn, 
describing the characteristic behavior, its physical 
origin, the range of field, and the criteria for observa- 
bility. 

In the magnetoresistance region, a changes smoothly 
with Ho as the latter increases from zero just as does 
the low-frequency electrical resistance. The region is 
limited to fields such that w,.<w, where w, is the cyclo- 
tron resonance frequency discussed in more detail 
below and w the circular frequency of the sound wave. 
For the frequencies used in our experiments on Bi, the 
magnetoresistance range occurred well below the 
smallest value of Ho employed. In any event, the 
criterion for significant change of a@ in this region, 
wr>>1, where 7 is a typical relaxation time of the 
carriers, is not satisfied in these experiments. We 
therefore did not concern ourselves with this phe- 
nomenon. 

The cyclotron resonance absorption, familiar in the 
case of electromagnetic waves,'” can in principle occur 
also for ultrasonic waves.'® The usual Bohr frequency 
condition, 


(2) 


general dependence of the attenu- 


w= Nw, (3) 
fixes the values of Ho for possible resonance, where 
wO.>= eH m*c. 
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(4) 
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In Eq. (4), m* is an appropriate effective mass which 
depends in general upon the orientation of Ho. Accord- 
ing to Eq. (3) and Eq. (4), the absorption is periodic 
in 1/Ho with a period given by 


(5) 


and the fundamental value of H» is equal to the recipro- 
cal of the period. 

The position of the fundamental was estimated from 
Aubrey’s” values of the effective masses for the elec- 
trons. For the frequencies used here, the cyclotron 
resonance for the electrons occurs for fields in the 
range 0.1 to 1 oersteds, which are lower than our 
experimental range. The criterion for observation, 
wr>>1, is not satisfied. Preliminary values for the mass 
parameters of holes obtained in this laboratory from 
anomalous skin effect measurements” indicate that the 
fundamental occurs in the range 4 to 12 oersteds. 
Estimates of 7 for the holes indicate that their cyclotron 
resonance might just barely be observable. 

Pippard” has suggested that a geometric resonance 
(previously called magnetoacoustic resonance”) should 
occur when the diameter d of the carrier orbits is an 
“odd multiple of half-wavelengths” and has proposed 
this as an explanation of the effects first observed by 
Bommel.’ 

The detailed theory in the form developed by Cohen, 
Harrison, and Harrison'® confirms this suggestion of 
Pippard but indicates the resonance condition is 
actually 


A(1 /H) =¢€e ‘wm*c, 


d = 2 pyc eHy=n, (6) 


where d is the orbital diameter of an electron at the 
Fermi surface and p, the Fermi momentum. The 
periods in 1/H» thus scale with \ rather than 1/w as is 
the case for cyclotron resonance. The physical origin 
of the attenuation lies in the dissipation through col- 
lisions of the kinetic energy associated with displace- 
ment and distortion of the orbit by the sound wave. 
It is the amplitude of this displacement which becomes 
a maximum at geometric resonance. When the dis- 
placement amplitude is a maximum, the electrons 
follow the motion of the lattice most effectively and the 
attenuation is a minimum. Thus Eq. (6) gives approxi- 
mately for small » and more accurately for large n the 
values of Ho for minimum attenuation. The condition 
expressed in Eq. (6) implies that mw,= (2;/v,)w, where 
vy is the Fermi velocity and », the velocity of sound. 
The fields at which geometric resonances occur are 
therefore of order v/v, greater than those for cyclotron 
resonance and fall within the experimental range for 
bismuth. The condition for large amplitude of oscil- 
lation is that w.r>>1. From Eq. (6) this requirement is 
equivalent to g/>1. Because gl= (v;/v,)wr, the purity 
required for geometric resonance is far more readily 
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attained than that required for cyclotron resonance at 
a given frequency. 

The detailed theory has only been developed for the 
electron gas. For small ellipsoidal Fermi surfaces, the 
dynamical aspects of the theory are unchanged except 
for the introduction of anisotropy. The determination 
of the electromagnetic field associated with the sound 
wave and hence of a from the dynamics is completely 
altered by the presence of several ellipsoids of electrons 
and holes. Nevertheless, it is only the dynamical aspect 
which need be invoked to establish the existence of 
cyclotron resonance and geometric resonance. 

If we now redefine d to be the maximum extension of 
the now ellipsoidal orbit in the direction of propagation, 
the condition for geometric resonance expressed by Eq. 
(6) can be taken over unaltered. Onsager”! has pointed 
out that the orbit in coordinate space is the same as the 
orbit in momentum space except for a rotation of 90° 
about Ho and a scale factor of c/eH. This fact enables 
one to obtain simply the connection between the ob- 
served periods and the extension of the Fermi surface in 
p space. We now specialize to bismuth and consider the 
case q along x, Ho at an angle @ from the z axis in the 
y,z plane. The two ellipsoids described by Eq. (1) 
gives one set of periods, and the two remaining pairs of 
ellipsoids give a second set of coincident periods. The 
values of the momenta to be substituted for p; in Eq. 
(6) are 

2(mol:,)? 


pr —_ 


[ (a22+a33) + (a22—a33) COS20— 2a; sin26 }} 
for the first pair of ellipsoids and 


p237= 2[ mE. (aii+3a22) | 
X[ (4a 1Q199-+ 33011 + 3a220133 a 3a23") 
+ (4411029 — 33011 — 3a22033+ 3a23”) COS20 
+4assa1, sin26}-? (8) 


for the two remaining pairs. The corresponding ex- 
pression for holes is 


2(mol)# 
pn = ; ae (9) 
[BiutBss+ (811—B33) cos26 r 


Values of p’ for the various carriers have been computed 
from the values of a;;, 6:;, E., and E,, listed with their 
sources in Table VI. In particular for Ho along y and z, 
the values of Ho for geometric resonance obtained from 
this calculation are indicated schematically in Tig. 
1(a) and (b), respectively. 

The requirement that / be greater than X is well 
satisfied for electrons at 60 Mc/sec but is marginal even 
in the best samples at 12 Mc/sec. The condition is 
barely satisfied for holes even at 60 Mc/sec. 

As the field increases further, the orbital diameter 
becomes smaller than A, d=2pje/cH<X. The force 
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resonance; the step indicates saturation, and dHvA refers to 
de Haas-van Alphen. The oscillations are indicated only schemati 
cally. Electron ellipsoid 1 as given in Eq. (1); electron ellipsoids 
2 and 3 are Eq. (1) rotated +120° about the z axis. 


exerted by the sound wave becomes independent of the 
position of the electron in its orbit, and no further field 
dependence associated with purely classical effects can 
occur. The existing theory is insufficient to establish 
the saturation value of a for bismuth. The saturation 
region is also indicated schematically in Fig. 1(a) and 
Fig. 1(b). When 7 is less than A, however, saturation 
occurs when d<l. 

Thus far all our considerations have been classical. 
When the energy separation between adjacent Landau 
levels Hw, becomes comparable to KT where K is the 
Boltzmann constant, this semiclassical approximation 
breaks down. De Haas-van Alphen oscillations set in 
just as in the magnetic susceptibility and a wide variety 
of transport properties.”?:* One period in 1/Ho for the 
electrons of Eq. (1) for the particular case in which Ho 
is in the x,y plane at an angle ¢ from x is given by 


eh 
A [ay1a334 (22133 
H mock, 


410 a3") COS*y }. (10) 


Two other periods, corresponding to the choice of ¢ 
differing by +120° in Eq. (10), simultaneously occur, 
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corresponding to the fact that a plane perpendicular to 
H can cut the three sets of ellipsoids at different angles. 

The hole periods are independent of ¢ and are given 
by 


Al H=eh(B11833)! moCE),. (11) 


These oscillations should in principle be observed at all 
fields up to a maximum field which is given by the 
reciprocal of the period. However, the amplitude of the 
oscillations is damped by a factor exp{— (27rKc/eh) 
X (Tm*/H)} and consequently the oscillations are only 
observed at very low temperatures and at the values of 
Hy near [A(1/Ho) |’. 

Using preliminary data for one situation, this ex- 
ponential factor may be used to estimate the minimum 
fields at which these oscillations might be observed 
under a variety of conditions, and these values are 
shown schematically in Fig. 1(a) and Fig. 1(b). For 
H = 1600 oersteds, the maximum field employed in this 
work, the oscillations due to the electrons should be 
observable for all field directions except those within a 
cone around the z axis of half angle 45°. The period and 
amplitude considerations indicate that the oscillations 
associated with the holes would only be visible for 
H,)> 10° oersteds. 

Thus far we have supposed Hy-q=0 so that there is 
a slow advance of planes of constant phase past the 
electrons spiralling along Ho. When the field is tipped 
towards the direction of propagation, the average drift 
velocity of a carrier along Ho, vw has a component 
along q. The phase velocity relative to the carrier is 
reduced from 2, to 1,—vy sinv, where 7/2—y is the 
angle between q and Hp. If the condition 


V,=Vy Sinv (12) 


is satisfied, the carrier experiences a steady acceleration 
because the orbital average of the force exerted on the 
carrier remains constant in phase. The contribution to 
the attenuation of the carriers for which (12) is satisfied 
can therefore become very large. Consider now the 
saturation region where dA. As »v increases from zero, 
vy siny is initially smaller than v, even for carriers 
having the maximum vy. At a certain critical angle »,, 


sinvy,=25/UH max; (13) 


the carriers at the Fermi surface having the maximum 
vw Can just satisfy (12). The attenuation should then 
increase as v increases beyond y,. Because collisions 
destroy the phase relation between carrier and sound 
wave, wr>>1 is the criterion for an abrupt increase in 
a with y setting in at y=yv,. For electrons in bismuth 
with q along x, Hy in the x-y plane, and y the angle 
between Hy and y, the dependence of (2/7) max on v is 


2a33k, , 
(Q)1 sin’?y+ass cos*v ¥. 


(14) 


¢ ~ 
(Uy )max— 


Mo (a920133 — 23”) 


for the set of ellipsoids [Eq. (1)] having smallest 


H 
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(v7) max. The maximum velocity of sound in bismuth 
is 2.6 10° cm/sec for longitudinal waves along x. For 
this value of v,, a value of E,=0.017; ev, and Aubrey’s 
values for a;j;, Eqs. (13) and (14) yield 1° for »,. For 
other directions of propagation or other modes, v, can 
be much smaller than 1° and the effect would probably 
be unobservable. 


III. EXPERIMENTAL TECHNIQUE 


The condition for the observation of the geometric 
resonance at the minimum frequency of 12 megacycles 
for all orientations and modes requires that the mean 
free path 7 exceed the maximum wavelength of the 
sound waves so that / should be >0.25 mm. Due to 
phonon scattering, this condition will be satisfied only at 
very low temperatures. If the impurity scattering cross 
section is taken to be of the order of 107!® cm?, this 
condition implies that the impurity concentration must 
be less than 10° atoms/cc. 

To obtain suitable samples the 99.999% pure bismuth 
commercially available was zone refined™ using 12 to 
15 zone passes in a graphite boat lined with candle soot. 
In this manner ingots ? in. ? in.X20 in. containing 
single-crystal regions a few inches long were obtained. 
Crystals in the middle of the ingot were oriented by the 
Laue back-reflection x-ray diffraction technique, and 
sections about 1 cm long were cut with a high-speed 
abrasive wheel operated under water. The resultant 
cold-worked layers were removed with 20% nitric acid 
and the ends lapped flat and parallel to 10’ with a 
600 mesh SiC abrasive. Etching experiments reveal that 
under optimum conditions a layer of polycrystalline 
material about 10~' mm thick is produced by the lapping 
operation, 

Zone-refining concentrates Pb, Cu, Ag, Ni, and Fe in 
the discarded ends of the ingot. Semiquantitative spec- 
trographic analysis of the samples themselves reveal 
only Cu and Ag in concentrations less than 0.3 ppm by 
weight, as judged by comparison with standard samples. 
Gas analysis indicates that total weight concentration 
of volatile impurities is less than 107’. 

The least pure sample (as judged from the amplitude 
of the observed geometric oscillatory effects) used in 
these experiments had a residual resistance at 1.2°K 
equal to 1/220 of its resistance at 300°K. Microwave 
measurements of surface impedance in the extreme 
anomalous region kindly made by Mr. George Smith 
on this sample, combined with dec resistivity data, 
yield a value for the mean free path of the electrons in 
a plane perpendicular to the trigonal axis of 0.14 mm. 
Similar data on other samples indicate that the mean 
free path is somewhat larger. In any case, this criterion 
on mean free path for the observance of geometric 
resonance for electrons is not met for all of the experi- 
mental situations which were tried. Furthermore, evi- 


*W. P. Pfann, Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 4, p. 424. 
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dence from surface impedance experiments coupled 
with de data indicate that the mean free path for holes 
is probably significantly less than for electrons. It is 
not surprising therefore that certain experiments 
yielded negative results. A quartz transducer of 12 
Mc/sec fundamental frequency was attached to each 
end of the sample using a water soluble stopcock grease 
as adhesive. The transducers were X-cut or Y-cut so 
that either longitudinal or transverse waves could be 
generated in the sample, in pulsed or continuous 
operation at frequencies up to the seventh harmonic. 
The quartz crystals were } in. in diameter with gold 
electrodes evaporated in such a way that the equivalent 
active diameter was 3 in. The electrodes were arranged 
in the manner described by Huntington” to facilitate 
electrical connections on one side. 

The sample was suspended directly in liquid He at 
the end of two monel coaxial lines in a standard cryo- 
genic arrangement schematically shown in Fig. 2. The 
temperature up to the boiling point of the liquid He 
was controlled by pumping and measured with a vapor 
pressure thermometer. Data at higher temperatures 
were obtained by surrounding the sample with a copper 
can containing 80 g of charcoal and allowing the whole 
unit to warm up at a rate which was 0.2% per minute 
at 6°K. Temperatures between 20°K and room tem- 
perature were measured with a calibrated copper- 
constantan thermocouple. Between 4.2°K and 20°K, 
the temperature was interpolated with the aid of a 
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Fic. 2. Cryogenic arrangement. (A) Sample; (B) tranducers; 
(C) carbon resistance thermometer; (D) thermocouple; (£) char 
coal; (F) coaxial lines; (G) Pyrex helium Dewar; (//) nitrogen 
Dewar; (7) copper can. 


** H. B. Huntington, Phys. Rev. 72, 321 (1957). 
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Fic. 3. Block diagram of pulse echo technique. The comparison 
oscillator is a Hewlett-Packard model 608C. It includes a con- 
tinuously variable attenuator. The pulse voltmeter arrangement is 
also shown. 


carbon resistance thermometer. The field Hy was 
generated by passing a current from an electronically 
regulated generator through a pair of Helmholtz coils. 
The field was homogeneous to 1% over the region 
occupied by the sample and was measured by a bismuth 
magnetoresistance probe calibrated by means of a 
proton magnetic resonance detector. 

The technique used to measure the attenuation of 
pulses, shown schematically in Fig. 3, is an adaptation 
of that used by Truell.** To avoid errors arising from 
variations in receiver gain, a continuously variable rf 
comparison pulse from a stable oscillator was placed 
adjacent in time to any desired echo pulse and adjusted 
to the same height as the latter on the display oscil- 
lograph. The calibrated attenuation required to bring 
the pulse heights in coincidence was used as a measure 
of the attenuation suffered by the echo pulse. To 
facilitate the measurement of the attenuation as a 
function of magnetic field, a peak reading voltmeter 
capable of selecting a given echo was used to drive a 
recording potentiometer. The magnetic field was 
caused to increase approximately linearly with time so 
that this recording gave a direct plot of pulse height 
versus field. 

We anticipate the data presented in the next section 
to remark that the oscillatory field dependence of the 
attenuation reported here usually has a maximum 
amplitude of a few percent of the total attenuation. For 
this reason, we used a continuous wave technique, 
similar to that used in nuclear magnetic resonance 
studies.’ In this technique, illustrated schematically in 
Fig. 4, a small sinusoidal variation H, sinw/ is super- 
imposed on the steady magnetic field Ho, where H,;<H, 
and could be varied from 3 to 50 oersteds. The 


eR. LL. Appl. Phys. 23, 267 


(1952). 

27 E, R. Andrew, Nuclear Magnetic Resonance (Cambridge 
University Press, Cambridge, 1955), Chap. III. We are grateful 
to Dr. Frederick Reif for suggesting the use of this technique. 


Roderick and Rohn Truell, J 
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Fic. 4. Block diagram of the continuous wave method. The 
receiver was a standard superheterodyne type. A Hewlett- 
Packard 608C oscillator was used to generate the continuous wave. 


signal from the detecting transducer is thus modulated 
at a frequency of 40 cps. This amplitude modulated 
radio wave is amplified with a superheterodyne receiver 
and the 40-cps modulation signal rectified with a phase 
sensitive detector. The resultant dc signal is propor- 
tional to the rate of change of transmitted amplitude 
A with field, that is (1/Ao)(dA/dH). The negative of 
this quantity is automatically recorded as a function 
of time. During these measurements the copper can 
surrounding the sample was removed to minimize eddy 
current shielding. 

The amplitude is given exactly by A = Aye~©*, where 
L is the length of the sample and C converts db/cm to 
the proper units. To a satisfactory approximation 
under our experimental conditions the exponential can 
be expanded so that the measured quantity is nearly 
proportional to da/dH. In the free-electron theory of 
Cohen, Harrison, and Harrison,'® maxima occur in 
da/dH for orbital diameters given approximately by 


d= (n+4)v. (15) 
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Fic. 5. Field dependent part of the attenuation and derivative 
of transmitted amplitude plotted versus field in three field ranges, 
Ho||y. 60 Mc/sec longitudinal mode along x axis. The peaks at 
low fields are Type I. The peak at 180 oersteds is of Type IT. 
The oscillations above 700 oersteds are Type III. The field scale 
is not quite linear. The absolute value of the derivatives is 
accurate to +50%. 
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The period of oscillations is essentially the same for 


both a and da/dH. 


IV. EXPERIMENTAL RESULTS 


In the interests of clarity, we present the data in the 
order of emphasis. First we discuss the full magnetic 
field dependence of the attenuation of 60-Mc/sec longi- 
tudinal waves propagated along the x axis in the crystal 
for Hy along y and z. We then discuss how the phe- 
nomena observed in these two simple cases vary as the 
magnetic field direction is changed, both in the y-z plane 
and the x-y planes. Finally, we discuss the variation of 
the attenuation with temperature and with frequency 
in certain cases and point out that the sparser data 
obtained for the attenuation of shear waves supports 
the general picture inferred from the study of longi- 
tudinal waves. 
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Fic. 6. Field dependent part of the attenuation and derivative 
of transmitted amplitude plotted versus field. H||z, 60 Mc/sec 
longitudinal mode along x axis. All peaks are Type I, Type HI 
peaks for this orientation would occur at a few kilo-oersted, beyond 
our range of measurement. The absolute value of the derivative 
is accurate to +50%. 


A panoramic view of the field dependence of a for the 
case of 60-Mc/sec sound waves propagated along the 
x axis at 1.2°K is shown in Fig. 5 for the field along the 
y axis and in Fig. 6 for the field along the z axis. In both 
figures the upper curve is the difference between a in 
a magnetic field and a in zero field as measured by the 
pulse method. The lower curve in each case shows 
—dA/dH obtained with the continuous wave method. 
The principal features of these curves are (a) a general 
increasing trend of a as the magnetic field is increased 
which saturates at fields below 1000 oersteds, (6) the 
existence of a set of oscillations (called Type I) at fields 
of order 100 erosteds, (c) the appearance of a weaker 
set of oscillation (Type II) in the intermediate field 
range of a few hundred oersteds, and (d) the existence 
of a set of oscillations (Type III) in the saturation field 
range starting at 700 to 1000 oersteds. 

The various sets of oscillations, all of which appear 
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upon analysis to be either periodic in 1/H or super- 
positions of oscillations of different period in 1/H, 
depend in characteristically different ways upon the 
experimental parameters. As may be seen from Fig. 7 
the fields at which the peaks of the low fields oscillations 
(Type I) occur are proportional to the frequency. 
However, comparison between experiments with shear 
waves and longitudinal waves of the same frequency 
indicates that the Type I oscillations actually scale 
with \ rather than frequency. The Type III oscillations 
on the other hand are independent of frequency and 
mode of propagation. As we shall show in detail later, 
the orientation dependences of the Type I and Type ITI 
oscillations are quite different. For Type I oscillations, 
the highest field peak in —dA/dH occurs at a value of 
1/Ho approximately equal to half the period in 1/Ho. 
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Fic. 7. Magnetic field values at which ‘Type I peaks occur 
versus frequency. H||Z; 60 Mc/sec longitudinal mode along « axis. 
Symbols refer to repeated measurements. 


The apparent period of the Type II oscillations, how- 
ever, does not satisfy this relation. This fact is the 
principal reason for distinguishing the Type IT oscilla- 
tions as a separate set. The data on the Type II oscilla- 
tions is not as complete as for the Type I and Type ITI 
oscillations, but those which are available indicate that 
the frequency and mode dependences are qualitatively 
similar to those observed with the pulse echo technique 
which yielded only barely discernible traces of the 
Type I oscillations. Both sets of oscillations are seen 
with the continuous wave apparatus, the Type I ap- 
pearing larger than the Type II partly because the 
sensitivity of the continuous wave technique decreases 
as 1/H? for a constant modulating field. 

It should be emphasized that the effect of the mag- 
netic field on the attenuation is observable only at 
temperatures of order of 10°K. The saturation value of 
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Fic, 8. Frequency and temperature dependence of the saturation 
value of a(H)—a(0); (—84 Mc/sec longitudinal mode along 
z axis H||y, 287 oe; O—36 Mc/sec shear mode along z axis H||x, 
459 oe; X—12 Mc/sec longitudinal mode along z axis Hix, 
459 oe; A-—-12 Mc/sec longitudinal mode along z axis H\ly, 
287 oe. 


a varied with temperature and frequency in the manner 
shown in Fig. 8. Qualitatively, the amplitude of the 
oscillations varies in the same manner with temperature 
as the saturation value. 

We now turn to a description of the orientation 
effects. In Fig. 9, the saturation value of the attenu- 
ation of a 60-megacycle longitudinal wave propagated 
along the x axis is shown as a function of the angle of 
rotation of Ho in the y-« plane (curve D). Curves B 
and C show the saturation attenuation of the two 12 
Mc/sec shear modes propagating along the « axis as a 
function of the direction of Ho in the y-z plane. All the 
curves should have 180° rotation symmetry. It is 
important to note how narrow the lobes associated with 
the polar plot in the x-y plane are compared with those 
of the y-z plane. The x-y plane plots for the shear modes 
are not shown but they consisted of a single lobe less 
than 4° wide at half height. As a consequence of this, 











Fic. 9. a(H)—a(O) versus field direction. g||x. For the curves 
with ©, A, O the field was rotated in a plane normal to q. For 
the curve with X points the field was rotated in the x-y plane. 
The boxed labels on the axes refer to this curve. (A) A longi- 
tudinal mode 60 Mc/sec, 230 oe, 4.2°K; (B) O Fast shear mode 
12 Mc/sec, 138 oe, 1.2°K (divide attenuation scale by three) ; 
(C) © Slow shear mode 12 Mc/sec, 103 oe, 1.2°K; (D) x longi 
tudinal mode 60 Mc/sec, 230 oe, 4.2°K, 
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Fic. 10. One lobe of the fork effect curve for 60 Mc/sec longi 
tudinal mode along the x axis, H at an angle of » from the y axis 
in the x-y plane. H=276 oe, T=1.2°K, showing how » was 
measured. 


small alignment errors may result in relatively large 
departures from 180° rotational symmetry. The fields 
at which some of the polar plots in Fig. 9 were made not 
large enough to produce saturation when the field was 
near the z axis. Nevertheless, other data not shown 
indicate that the saturation value is indeed smaller 
when # is near the z axis so that Fig. 9 does represent 
the general anisotropy of the saturation attenuation. 
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Fic. 11. The calculated curves of peak position of —1/A9dA/dH 
are calculated for ay=179, ax2=1, a33=84.5, a23=+7.2 and 
Shoenberg’s value of E.=2.83X10~" erg (0.017; ev). The first 
peak position is plotted at a value of 1/H equal to half the period 
in 1/H. This choice gives good agreement with the data for the 
fields near the y axis but for the fields near the z axis the agreement 
is not so good as it would be if the first peak were plotted at 
about (6/7) of the period. The periods calculated at both direc 
tions are in reasonable agreement with the data, since in fact 
the a;; used were derived from these periods. 
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A second important feature of the orientation de- 
pendence is the sharp minimum in the attenuation 
curve D of Fig. 9 which occurs when Hp is perpendicular 
to the direction of propagation of the longitudinal wave. 
The lobes are sharper at lower temperatures (see Fig. 
10) or higher frequencies, but the separation angle is 
independent of frequency and temperature. An ex- 
planation of this phenomenon, which we call the fork 
effect, is implied in the previous section and made 
explicit in the next section. 

The most significant data are obtained by measuring 
the attenuation as a function of field for various angles 
in a plane perpendicular to the propagation direction 
such as at points P, Q, R, S, etc., on Fig. 9. This has 
been done for the conditions noted in Table I. The 
periods A(1/Ho) of both Type I and Type III oscil- 
lations may then be determined as a function of field 
direction. A plot of peak positions versus angle for the 


TABLE I. Observation of Type I effects.* 


; Temper- 
Field ature 
direction °K 


Frequency 


Propagation 
(Mc/sec) 


axis 


Mc »de 
longitudinal 
shear 
slow shear 


y-z plane 12, 36, 60, 84 
x-y plane 12 L; 
y-z plane 12 a 


4.2, 1.2 


*A different sample was used for each of the three experiments. The 
data from the longitudinal mode, which are analyzed in detail, are superior 
to those from the shear modes. 


TABLE II. Observation of Type III oscillations. 


Propagation 
axis Mode 


Field direction 


near y-axis and 45° in y-z plane 
various directions in x-y plane 

x-y plane 

x-y plane 

within about 45° of y-axis, y-s plane 
y-axis 


slow shear 
slow shear 
longitudinal 
shear 
longitudinal 
slow shear 


Type I oscillations is shown in Fig. 11. Figure 12 shows 
more extensive data on the Type III oscillations. A 
plot of the period versus angle for the Type III oscilla- 
tions is shown in Fig. 13. This figure shows clearly that 
the period of the Type III oscillations determined from 
the experiments with shear waves is the same as that 
determined using longitudinal waves which is not the 
case for the Type I oscillations. Other observations of 
Type III oscillations are listed in Table IT. In the course 
of these experiments, Type II oscillations were observed 
under a variety of circumstances noted in Table ITI. 
Two of the best examples of Type II behavior are 
shown in Fig. 14. 

At all temperatures studied the magnitude of the 
attenuation depended approximately linearly on fre- 
quency. This data is summarized in Table IV. The 
uncertainties in these results are large, being 10% at 
any given temperature for a given run with a scatter 
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as big as 20% between various runs. The attenuation 
measured on two different samples under nominally 
the same conditions reproduced to a factor of two or 
better. 

Typical examples of the observed temperature de- 
pendence of a are shown in Fig. 15. The situation 
appears to be complicated and much more experi- 
mentation is needed before a clear picture can be drawn. 

To interpret the results it was necessary to know the 
velocity of sound in bismuth for the various modes and 
directions investigated. These values are given in 
Table V. For completeness, the measurements were 


TABLE III. Observation of Type II oscillations. 


Temper- , ' 
ature Frequency Prop. direct. Field direct. 
°K Mc/sec Mode 6 ¢ 0 ¢ 


1/Ho 
oersted 


0.036 

0.0032 
0.0023 
0.0018 
0.0024 
0.0165 
0.0027 


fast shear 

slow shear 

longitudinal ‘ 
longitudinal x 90 
longitudinal x 90° 
longitudinal 39° 199° 56° 
longitudinal 39° 199° 56 


a 
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TABLE IV. Zero-field attenuation. The shear mode attenuation 
at 300°K was not measured since the attenuation in the trans 
ducer bond was large at this temperature. At some temperatures 
the attenuation at the higher frequencies was too large to measure 
so only the attenuation at 12 Mc/sec is reported. 


Propagation 


: Attenuation +20 
direction 


Temperature 
°K a(f) db/cm (f in Mc/sec) 


Mode 
x axis a(f)=0.5+0.07 f 
a(f) =0.1+0.087 / 
a(fj= 0.0+0.34 f 
a(12)=2.0 
a(f)=6.2+0.4f 
a(12)=5.6 
a(f) =— 1.5+0.16/ 
a(f)=0.0+-0.092 f 
a(f) 0,1 +0.073 f 
a(f)=3.0+0.31f 
a(12)=8.02 
a( f) =0.0+0.034 f 
a(f) =0.184+0.058 f 
a (12) =0.665 


longitudinal 


Xx axis fast shear 


x axis slow shear 


= axis longitudinal 


> axis shear 


6=90, ¢=199 longitudinal 


extended so that all six elastic constants could be 
determined at 4.2°K, 78°K, and 300°K. In the interest 
of brevity, the resulting data will be reported elsewhere. 


V. DISCUSSION 


In this section we first demonstrate that the theo- 
retical discussion of Sec. II can account for most of our 
observations if we use previously determined values of 
the band structure parameters. Having established the 
validity of the theoretical picture, we then assess the 
efficacy of ultrasonic attenuation as a tool for the inde- 
pendent determination of these parameters by calcu- 
lating them directly from our observations. 
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Fic. 12. de Haas-van Alphen oscillations; shear mode along 
z axis. Upper curve for H||y showing two periods superimposed. 
Lower curve for H in x-y plane, ¢=60°. 


We turn first to the Type I oscillations. Because the 
periods of these oscillations scale with A and the first 
peak of —dA/dH vs 1/Ho occurs at half the period, we 
identify the Type I oscillations as geometric resonances 
on the basis of Eq. (15). The magnitudes and anisot- 
ropies of the periods are very close to those computed 
for electrons from Eqs. (6)-(8) (using parameters 
derived from the present experiments, which do not 
differ significantly from Aubrey’s mass parameters,'® 
and Shoenberg’s Fermi energy) as shown in Fig. 10 and 
discussed below. 

Because the periods of Type III oscillations are 
independent of the frequency and mode of the sound 
wave, we identify them as de Haas-van Alphen oscil- 
lations. The magnitudes and anisotropies of the periods 
indicate that these too are associated with electrons. 
The three curves drawn in Fig. 12 are the periods cal- 
culated as a function of field direction in the x-y plane 
for each of the three sets of ellipsoids. The calculations 
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Fic. 13. de Haas-van Alphen periods versus field direction. The 
dotted curve is calculated from electron ellipsoid 1 using mass 
parameters adjusted to give the best fit. Dashed and solid curves 
are from rotated ellipsoids. 
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Fic. 14. a(H)—a(O) versus reciprocal field. 0 1.2°K, @ 4.2°K, 
12 Mc/sec, H|\y, slow shear along x axis. Typical Type IT oscil- 
lations occur at both temperatures. 
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were made by assuming a value for the maximum 
period 5% smaller than that reported by Shoenberg 
and by deriving the minimum period, which can only 
be observed outside our field range, from an average 
of published parameters. The fit to our data is excellent 
and not sensitive to the value of the minimum period 
assumed. 

All experiments for which Hy-q=0 exhibited the 
saturation effect, a(H)—a(0) at saturation being an 
order of magnitude larger than the amplitude of the 
geometric resonance oscillations. In contrast to the 
observed behavior in copper,’ as previously noted,”* the 
attenuation of sound in bismuth is larger in the satu- 
ration region than in zero field. The saturation behavior 
of the longitudinal waves is consistent with the theory 
of Cohen, Harrison, and Harrison'® for large gi. The 
increase in a upon saturation observed for shear modes, 
however, does not occur in their free-electron theory. 
The measured at Ho=1200 
oersteds is less in those directions for which the com- 
when the condition d<d 


saturation value of a 


ponent of pt Hp is large, i-e., 
may not be so well satisfied. 
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Fic. 15. Zero-field attenuation versus temperature X 12 Mc/sec, 
e@ 84 Mc/sec, longitudinal mode along x axis; use lower tempera- 
ture scale. gj 12 Mc/sec, a 36 Mc/sec, pseudo-longitudinal mode 
along ¢=199, 82=39; use upper temperature scale. 


28M. J. Harrison, Phys. Rev. Letters 1, 442 (1958). 
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The fork effect described in Sec. II is strikingly 
displayed by the attenuation of longitudinal waves 
with q||« and Hp at an angle v from the y axis in the 
a-y plane. See Fig. 9, D. These are the optimal condi- 
tions for observation of the effect because v, is a 
maximum and (i7)max is near its minimum. The 
critical angle v, for the onset of “surf riding” derived 
from the data in Fig. 9, D is 0.9,°, in excellent agreement 
with that calculated for electrons from Eqs. (12)—(14) 
with the known parameters for Bi. The observed inde- 
pendence of v, on frequency and temperature is con- 
sistent with this explanation. Corresponding calcu- 
lations for situations in which no fork effect was 
observed indicated that v. was very much smaller. The 
unique feature of the fork effect is that it permits a 
direct determination of the Fermi velocity. In particular, 
for ellipsoidal Fermi surfaces, a more elaborate study 
of the fork effect might provide a new technique for 
determination of the Fermi energy, Ey. The oscillatory 
effects all depend on the reciprocal mass parameters a;; 
and £; through the combination a;;/E;. The critical 
angle v,, however, depends on the combination a;;Ey. 


TABLE V. Sound velocity for orientations of interest 
at 4.2°K.s 


Velocity 
cm/sec 
2.62 X 108 
0.892 < 105 
1.64X 10° 
2.02 10° 
1.13 10° 
2.62 10° 


Propagation axis Mode 


x longitudinal 
slow shear 
fast shear 

Z longitudinal 
shear 


0=39°, p=199 pseudo-longitudinal 


* A complete determination of the six elastic constants will be published 
h 
shortly. 


It is thus possible to determine the values of a;; and Ey 
by ultrasonic experiments alone. The present experi- 
ments determine E, only to an accuracy of 30%, 
E.=3.5X10-" erg, but more refined experiments 
should reduce this error materially. 

For the various modes and frequencies investigated, 
the attenuation decreased very sharply as the com- 
ponent of Ho along q increased. This feature of the 
attenuation occurs also in the free-electron theory." 

The Type II oscillations occur in a region of Ho 
appropriate for geometric resonance of holes. Further- 
more, the general dependence of the oscillations on 
wavelength and mode of propagation is consistent with 
a geometric resonance. However, the observed periods 
A(1/Ho) are longer than theoretically predicted. Cur- 
rently, no adequate explanation of these oscillations is 
available. 

Having established the nature of the Type I and 
Type III oscillations, we may now use them to deter- 
mine ratios of the reciprocal mass parameters. The 
period of the geometric resonance for Ho along y is 
determined by a33/E,.. The maximum period of the 
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Type III oscillations is determined by the combination 
a1@33/E2. For each order of geometric resonance, one 
curve of peak position versus orientation in Fig. 10 
pertains to ellipsoids 1 and the other to ellipsoids 2 and 
3. The angular displacement of corresponding extrema 
of the two curves is approximately proportional to 
a23/(a22—a33). The minimum period of the geometric 
resonances of ellipsoids 2 and 3 is determined approxi- 
mately by the combinations (a1:+3a22)/a2. The 


foregoing four quantities therefore suffice to determine. 


the ratios of the a;; and with E,=0.017; ev, lead to the 
values of a;; given in Table VI. 

It should be noted that we have reported a positive 
value of a2; in Table VI, whereas other workers report 
a negative value. Smith” has pointed out that the rela- 
tion between m»;* and a2; given by Shoenberg® contains 
an error of sign (m,* and a, in Shoenberg’s notation). 
Shoenberg reports a negative value of m»3* which, with 
the proper sign in his equation, would lead to a positive 
value of a2;. We suspect that this error in sign has 
propagated through the literature. The agreement of 
our results with the theory and of the magnitudes of 
our a;; with previously reported magnitudes is improved 
by choosing a3 positive. 
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TABLE VI. Comparison of published mass parameters for elec 
trons and holes in bismuth. Shoenberg’s value of E,=0.017; ev 
was used with all the parameters below except those of Brailsford 
and Galt. The independent value of /, was calculated using the 
ratios of the a; from sound attenuation and the critical angle of 
the fork effect. 


Shoenberg* Aubrey Brailsford 
de Haas- and and Later 
van Alphen Chambers> Galte Aubrey4 
suscepti- Cyclotron Cyclotron Cyclotron 
bility resonance resonance resonance 


Reneker 
Sound attenuation 


420 168 114 202 
0.8 2 1.38 1.67 

40 100 106.8 83.8 

—4 —10 —938 —8.33 
0.017; ev 


179410% 
1.1+10% 

84.5+ 10% 

+7.2+15% 
0.022430% ev 


Brailsford 
and Galte 
14.7 
1.09 


Aubrey and 


Chambers» Smithe 


1.78 
0.114 
0.9X 10% ey 


Bu 0.71 
B33 0.19 
Ley, 0.710 


« See reference 8 

b See reference 10. 

¢ See reference 11. 

dj. E. Aubrey (private communication). 

eG. E. Smith (to be published). We are grateful to Mr. Smith for allow 
ing us to use the results of his measurements for these calculations before 
publication. 
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Low-Temperature Transport Properties of Copper and Its Dilute Alloys: 
Pure Copper, Annealed and Cold-Drawn 
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Experimental results between 4° and 300°K are given for (1) the thermal conductivity, electrical 
resistivity, and thermoelectric force and power of two high-purity coppers, one annealed and one cold-drawn 
26%; and (2) the electrical resistivity of a series of seven samples of high-purity copper cold-drawn between 
0% and 20% elongation. The total electronic thermal resistivities each consist of three terms: the intrinsic 
resistivity, W;; the imperfection resistivity, Wo; and a deviation term, Wo, indicating the departure from 
strict additivity of W; and Wo. The intrinsic thermal resistivity and intrinsic electrical resistivity vary as 
T?* and T*5, respectively, contrary to the predictions of the usual transport theory using Bloch approxi- 
mations and assumptions. The resistivity of pure copper is 1.545 pohm cm at 0°C. The increase in imperfec 
tion electrical resistivity is approximately linear with increase in cold-drawn elongation. However, the 
added resistivity is not independent of temperature (Matthiessen’s rule), but about twice as great at the 
ice point as it is at 4°K. The change in thermoelectric power with drawing is positive at the lower temper- 
atures, but negative above 38°K. The Lorenz number does not approach the Sommerfeld value at the 
lowest temperatures, but flattens out to a value considerably smaller. A qualitative discussion for each of 


the various effects is given. 


I. INTRODUCTION 


HE low-temperature transport properties of pure 

metals, thermal conductivity, electrical conduc- 
tivity, and thermoelectric power have been measured 
often in the past. However, most of the measurements 
on copper were on samples that contained so many 
imperfections that the behavior of the “ideal” metal 
was overshadowed by the uncontrolled effects of 
chemical impurities and physical defects. Only in recent 
years have copper samples become available that con- 
tain a very low concentration of imperfections, either 
physical or chemical. Furthermore, precisely controlled, 
very dilute alloys of various elements in copper are 
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Fic. 1, Pictorial of conductivity apparatus. 


now also available. For these reasons, it was decided 
at this laboratory to begin a research program on the 
low-temperature transport properties of high-purity 
copper and its dilute alloys. It was hoped that (1) 
results could be obtained of sufficient accuracy to 
provide a reliable guide for the advancement of the 
theories of conduction processes and (2) the samples 
would be of sufficient purity or controlled imperfection 
so that the “ideal” or intrinsic properties could be 
easily separated from the various effects caused by 
chemical or physical imperfections. The results pre- 
sented here differ significantly in several details, both 
qualitatively and quantitatively, from previous experi- 
mental measurements or theoretical predictions. 


II. APPARATUS 


A detailed description of the apparatus and measure- 
ment techniques has been previously published.! The 
method of determining thermal conductivity by axial 
heat flow through a long cylindrical sample is used. 
A pictorial diagram of the apparatus is shown in Fig. 1. 
Since the previous publication the apparatus has been 
modified to allow simultaneous measurements of 
electrical resistance and thermal emf. Wires of com- 
mercial purity copper magnet wire are connected 
electrically to the top and bottom thermocouple 
holders, approximately 7 inches apart. Electrical 
current leads are connected to the ends of the sample. 
The thermoelectric force of the sample rod relative to 
the commercial purity copper is determined by measur- 
ing the potential difference between the two copper 
wires when no electrical current is flowing through 
the sample. The temperatures of the two contact 
points are determined by the gold-cobalt vs copper 
thermocouples that are connected thermally, but not 


! Powell, Rogers, and Coffin, J. Research Natl. Bur. Standards 
59, 349 (1957). 
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electrically, to the thermocouple holders. The electrical 
resistance of the sample is determined by measuring 
the potential drop across the same two wires when a 
measured current is flowing through the sample. The 
thermoelectric force is subtracted from the total 
potential drop to obtain the potential drop resulting 
from the electrical current. Both the readings of 
electrical resistance and thermoelectric force have a 
scatter of about 2%. 


III. SAMPLES 

Copper rods of 99.999% purity were supplied by the 
Central Research Laboratories of the American 
Smelting and Refining Company. The techniques of 
purification and preparation have been described by 
members of those laboratories.2 The three sets of 
samples were obtained from adjacent segments of a 
rod of approximately 3-in. diameter. Each sample was 
cleaned with a 1:1 solution of HCI and a 1:10 solution 
of HNO; before any fabrication. Sample 1 was swaged 
down to about 0.072 in., cleaned with the above acids, 
annealed in a vacuum for two hours at 400°C, drawn 
through tungsten carbide dies to 0.070 in., cleaned 
with acids, and then finally annealed again in a vacuum 
for two hours at 400°C. There was a slight unavoidable 
work-hardening of the sample during installation in 
the apparatus. Sample 2 was swaged down to about 
0.0816 in., cleaned with acids, annealed in a vacuum 
for two hours at 400°C, and then drawn through 
tungsten carbide dies to 0.070 in. This sample was 
thus reduced in cross-sectional area by 26.4%, and 
was not annealed after the reduction. Sample 3 was 
treated the same as sample 1 down to the annealed 
0.070-in. rod. After that it was cold-drawn through 
tungsten carbide dies without intermediate anneals. 
The percent reductions in area for each of the series 
were: (a) 0; (b) 2.22; (c) 4.97; (d) 7.70; (e) 10.40; 
(f) 13.05; and (g) 19.80. 

The swaging of the samples was performed under the 
direction of Dr. R. H. Sherman of the Los Alamos 
Scientific Laboratory. 


IV. EXPERIMENTAL RESULTS AND DISCUSSION 
A. Thermal Conductivity 


Several articles were published recently that gave 
summaries of the experimental and theoretical develop- 
ments of the thermal conductivity of metals.*° 
Therefore, only a brief review is given here, enough to 
allow a discussion of the methods of analysis and 
separation of conductivity components. 


2 Smart, Smith, and Phillips, American Institute of Mining and 
Metallurgical Engineers, Technical Publication No. 1289, 1941. 

3 P. G. Klemens, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 14, pp. 198-281. 

4J. L. Olsen and H. M. Rosenberg, Advances in Physics, 
edited by N. F. Mott (Taylor and Francis, Ltd., London, 1953), 
Vol. Z, p. 28. 

5 J. M. Ziman, Suppl. Nuovo cimento 7, 353 (1958). 

6 H. Jones, Handbuch der Physik (Springer-Verlag, Berlin, 1956), 
Vol. 19, pp. 227-315. 
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Separation of Components 


Two principal mechanisms are responsible for the 
low-temperature transport of heat in a metal. The 
first is the lattice thermal conduction, the transport by 
directional cooperative quantized vibrations (phonons) 
of the interacting lattice ions. The second is the 
electronic thermal conduction, the transport of thermal 
energy by the motion of conduction electrons. For the 
pure coppers that were measured, the lattice thermal 
conductivity is expected to be much smaller than the 
electronic thermal conductivity, and therefore is 
neglected in the discussion and analyses of results. 

There are two main scattering processes that limit 
the electronic thermal conductivity. The first is the 
scattering of conduction electrons by thermal vibrations 
of the lattice, as represented by the intrinsic or electron- 
phonon resistivity, Wj, a characteristic property for a 
given metal. This scattering is most important at 
intermediate and higher temperatures. The second 
process is the scattering of conduction electrons by 
imperfections (both impurity atoms and lattice defects), 


as represented by the imperfection or electron-defect 


resistivity, Wo. This scattering is most important at 
the lower temperatures. The total electronic thermal 
resistivity, W., defined as the reciprocal of the total 
electronic thermal conductivity, A,, is usually assumed 
to be the sum of the two resistivities W; and Wo; that 
is, Matthiessen’s rule for thermal resistivity is obeyed: 


1/\.=W LW it+Wo. (1) 


The absolute and _ the 


dependences of the two resistivity terms have been 


magnitudes temperature 
extensively studied both experimentally and_ theore- 
tically. In his Handbuch article, Klemens’ discussed 
the theoretical concepts of electronic thermal conduc- 
tion based upon the treatment of Bloch’ as developed 
and modified by Makinson,* Sondheimer,’ Wilson,"° 
Ziman,'! Klemens,’ and others. More recent develop- 
the Ottawa conference.” 
Klemens? also gave a critical evaluation and discussion 
1954 a 


comprehensive review of the experimental results on 


ments were discussed at 


of many selected experimental results. In 


metals and alloys was also published.” 
Both theoretical and experimental research have led 
to expressions for the magnitudes and temperature de- 


7F. Bloch, Z. Physik 52, 555 (1928); 53, 216 (1929); 59, 208 
(1930). 

8 R. E. B. Makinson, Proc. Cambridge Phil. Soc. 34, 474 (1938) 

9. H. Sondheimer, Proc. Roy. Soc. (London) A203, 75 (1950). 

0 A. H. Wilson, Theory of Metals (Cambridge University Press, 
Cambridge, 1953), second edition. 

1 J. M. Ziman, Proc. Roy. Soc. (London) A226, 436 (1954). 

12 Proceedings of the International Conference on Electron Trans- 
port in Metals and Solids, edited by T. H. K. Barron and D. K. C. 
MacDonald [Can. J. Phys. 34, 1071 (1956) ]. 

3R. L. Powell and W. A. Blanpied, National Bureau of 
Standards Circular No. 556 (U. S. Government Printing Office, 
Washington, D. C., 1954). 
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pendences of the intrinsic and imperfection resistivities : 


W,=AT*; T <40°K. 


n=?2, 


Wo=B/T. 


The constant A in the intrinsic resistivity term is 
related to characteristic properties of the given metal; 
B in the imperfection resistivity term is related to the 
imperfections and residual electrical resistivity of the 
specific sample. Above 40°K the intrinsic resistivity 
approaches a constant value, often labelled W,.. 

Two standard methods have been utilized to separate 
the two thermal resistivity terms from the total 
thermal resistivity. Both methods require the assumption 
that the two resistivities are strictly additive as given in 
Eq. (1). The first depends upon the insertion of Eq. (2) 
into Eq. (1) followed by a graphical analysis of a 
specialized plot of thermal resistivity values. The 
revised equation is 


W T=W,T+WoT=AT"'+B; n=2, T<40°K. (3) 


If W.T values are plotted as a function of 7"*', then 
the constant, B, is obtained from the straight line 
extrapolation to the ordinate and A is obtained from 
the slope of the resultant straight line. This method 
was discussed by Hulm.“ However, a fundamental 
deficiency has been evident in this method since it was 
first used by Hulm. Even for pure metals and dilute 
alloys, the plotted values of WT vs T"*' do not always 
lie on a straight line in the temperature range where the 
approximations are most valid, 2° to 20°K. It is then 
difficult to obtain a consistent value for either the 
intercept B or the slope A. Deviations from the ideal 
behavior may sometimes have important physical 
significance.!>.16 

The second standard method for separating the two 
thermal resistivity terms depends upon the simultane- 
ous measurement of the electrical and thermal resistivi- 
ties. The thermal imperfection resistivity may then be 
obtained from the electrical residual resistivity by 
means of the Wiedemann-Franz-Lorenz law 


po= LWT, (4) 


where po is the residual electrical resistivity, and L is 
the Lorenz number, assumed to be the Sommerfeld 
value 2.45 10-8 watt ohm ‘deg’. This method also has 
its deficiencies. First, the Lorenz law is not obeyed for 
all metals and dilute alloys to within the accuracy of 
experimental measurements. Second, it is difficult to 
have a sample with the proper size and form factor 
that allows accurate measurements of both the thermal 
and electrical resistivities over a large temperature 
range. 

Previous research reports on the thermal and 
electrical conductivities of pure copper and its dilute 


4 J. K. Hulm, Proc. Roy. Soc. (London) A204, 98 (1950 
16 See reference 3, pp. 246-7. 
16 11, M. Rosenberg, Phil. Mag. 2, 541 (1957). 


RODER, 


AND HALL 

alloys have utilized one or the other of the two above 
methods for analyses of data.!7-*! The data on the 
coppers reported in this paper were first analyzed by 
using a modification of the first of the above methods 
where the value of the exponent was obtained by 
successive approximations. 


Deviations from Additivily 

Although the intrinsic resistivity is supposedly a 
characteristic property of the given metal, previous 
measurements on coppers’ showed that the apparent 
intrinsic resistivity obtained by using Eqs. (1) and (2) 
varied with changes in the imperfection resistivity and 
thus was not really characteristic of the given metal, 
but was different for each sample. Those results 
indicated that the resistivities were not additive. The 
intrinsic resistivities for samples 1 and 2, as calculated 
by the method outlined above, were found to have a 
similar behavior. The apparent intrinsic resistivity not 
only varied between samples but also did not have a 
constant temperature dependence below 40°K, even 
for one sample. Both of these deviations from ideality 
strongly indicated that an additional term, Wyo, 1s 
necessary in the total resistivity. 

Deviations from additivity for electronic transport 
properties have been studied theoretically by Sond- 
heimer,’? Kohler,” and Wilson.” Kohler proved that 
the deviations were in general positive and gave some 
simplified expressions for the electrical resistivity terms. 
In general the deviations can be significant only when 
the intrinsic and imperfection resistivities are of the 
same order of magnitude. 

We have assumed that the total thermal resistivity 
is given by 


We=Wi+WotW io, (5) 


where W jo is the deviation from additivity and is given 
by an expression of the form 


W i0o=aW W 0o/ (Wi+W 0). (6) 


The constant @ should be of order 1 and can be deter- 
mined experimentally. (It is 3 for the coppers that we 
have measured.) The term W {9 is similar to a deviation 
term, A, suggested by Kohler” for electrical resistivity. 

If W; and Ware given by Eq. (2), the term W jp will 
have a maximum where 7"+!=nB/A. The terms W; 
and Wo are equal where 7"*'= B/A. For n=2.76, the 
value used in this analysis, the temperature where 
W « is a maximum is about 1.3 times the temperature 
where |W’; and W are equal. 

The final detailed analysis is carried out as follows: 

17R. Berman and D. K. C. MacDonald, Proc. Roy. Soc. 
(London) A211, 122 (1952). 

18K. Mendelssohn and H. M. Rosenberg, Proc. Phys. Soc. 
(London) A65, 385 (1952). 

19 G. K. White, Australian J. Phys. 6, 397 (1953). 

2H. M. Rosenberg, Trans. Roy. Soc. (London) A247, 441 
(1955). 

*1 Powell, Roder, and Rogers, J. Appl. Phys. 28, 1282 (1957). 

* M. Kohler, Z. Physik 126, 495 (1949). 
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TABLE I. Thermal conductivities of pure coppers." 


Sample 1—annealed 
Temp. Wo Wi Wio Wr(calc) 
(°K) 
4 A 14.75 
6 ; 9.83 
8 : 7.38 
10 KX 5.90 
12 34.! 4.92 
14 <4 4.21 
16 ai 3.69 
18 2 3.28 
20 ‘ 2.95 
22 75. 2.68 
24 3.5 2.46 
26 cK 2.27 
28 5.25 2.11 
30 38.5 97 
32 39; 84 
34 28. 74 
36 24. .64 
38 Ry 0 
40 2 AZ 
45 
65 J 0.91 
75 3s 0.79 
85 A 0.69 
95 ; 0.62 
105 0.56 


r 
(w/cem°K) 


14.88 
10.23 
8.24 
7.45 
7.39 
7.82 
8.65 


0.09 
0.27 
0.59 
1.09 


0.04 
0.13 
0.27 
0.46 
0.66 
0.84 
0.96 
1.03 
1.05 
1.05 
1.02 
0.99 
0.95 
0.91 
0.86 
0.83 
0.79 
id 0.75 
50.10 0.71 
140.5 
13.7 
195.0 
212 

226 


0.45 
0.48 
0.34 
0.30 
0.28 


a Wi =AT®; # 
40°K the intrinsic resistivity is estimated from sample 1, not calculated. 


Wr (exp) nN Wo 
(All W’s in units of 10-4 cm °K/watt) 


= 1.903 X10~*, B(annealed) =0.059 +0.0005, » =2.759, B(drawn) =0.615 +0.005. 


drawn 
Wio Wricalc) Wr(exp) 
(All W’s in units of 107? cm °K/watt) 


S37 153.8 157.0 
102.5 102.9 105.8 

76.88 77.76 80.00 
61.50 63.13 64.23 
51:35 53.93 54.35 
43.93 48.00 47.96 
38.44 44.25 43.86 
34.17 42.08 41.84 
30.75 41.13 40.97 
27.95 41.16 40.92 
25.62 42.00 41.67 
23.65 43.55 43.31 
21.96 45.74 45.72 
20.50 48.53 48.90 
19.22 51.91 52.41 
18.09 55.87 56.53 
17.08 60.41 61.27 
65.57 66.53 
71.35 72.05 
87.72 

156 

187 

206 

220 

233 


Sample 2 


(w/em°K) 


6.37 

9.45 
12.5 
15.57 


18.4 


0.0 

0.1 

0.29 
0.54 
0.87 
1.30 
1.81 
2.38 
2.98 
3.58 
4.14 
4.64 
5.05 
5.38 
5.62 
5.78 
5.87 
5.90 
5.88 


14.95 
10.34 
8.34 
7.50 
7.43 
7.84 
8.64 
9.74 
11.36 
13.33 
15.75 
18.69 
22.10 
25.97 
30.21 
34.97 
40.16 
45.98 
52.08 


19.08 
17.69 
16.32 
15.03 


Wbdnmuns 
1 
ou 


RWW wW 
Li | 


“IRA Ube 
oo 


Go 


The A and » values are applicable below 40°K. Above 


b The number of significant digits do not necessarily indicate the accuracy, but are carried for computational convenience 


The value for the imperfection constant, B, is obtained 
by successive approximations from WT vs T"*! graphs 
as outlined above. The imperfection resistivity, Wo, is 
calculated from this value of B. The imperfection 
resistivity is then subtracted from the total resistivity 
in order to give (W,+W io). The constants A and 7 in 
the low temperature (4°-40°K) intrinsic resistivity and 
a in the deviation term are obtained by successive 
iterations. 

Once determined for the high-purity, well annealed 
sample, the same values of 4, ”, and @ are used for all 
additional copper specimens. The imperfection resis- 
tivity and the deviation term are unambiguously 
determined experimentally for each additional speci- 
men. This technique of analysis has been utilized on 
the two pure coppers reported in this paper and also 
on dilute alloys of copper studied more recently. It 
works equally well on samples containing appreciable 
physical imprefections and on dilute alloys containing 
chemical impurities ranging from about 10 ppm to 
1000 ppm. The intrinsic resistivity is then found to be a 
characteristic property of the metal, and does not change 
from specimen to specimen. 


Intrinsic Resistivity 


The thermal conductivities of samples 1 and 2 are 
given in Fig. 2 and in Table I. The dashed parts of the 
curves indicate interpolated values. The calculated 
values for samples 1 and 2 of the imperfection resistivity, 
Wo, intrinsic resistivity, W;, and deviation term, W jo, 


are also given in Table I. Curves for the calculated 
deviation term, Wo, and the equivalent experimental 
term, (W.—W;—Wo), are given in Fig. 3. 

The agreement between corresponding experimental 
and calculated quantities is seen to be good, considering 
that the deviation term, W jo, is itself small compared 
to the total thermal resistivity. The experimental and 
values within about 2°% over the 


calculated agree 


40 3838 
TEMPERATURE , °K 


Fic. 2. Thermal conductivity of high-purity copper. The 
cold-drawn sample is reduced 26.4% in area. The dashed parts 
of the curves indicate interpolated regions. 
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Fic. 3. Thermal resistivity deviation term Wo for annealed 
sample 1 and cold-drawn sample 2. The broken curves represent 
the experimental value (W,.—Wo—W;,), equivalent to the 
calculated W jo 


entire temperature range. Below about 40°K the 
intrinsic resistivity, W, for copper has a coefficient, A, 
of 1.90K10-* and an exponent, m, of 2.76. Both of 
these constants are somewhat arbitrary and may be 
varied while still giving a reasonable fit to the experi- 
mental data. In particular, the exponent has an 
uncertainty of about 0.3. Both of these two constants 
differ considerably from the theoretical predictions as 
outlined by Klemens.’ 

The temperature exponent, 7, and the constant A 
for the intrinsic resistivity were derived by Makinson,* 
Sondheimer,’ and others. Their theories lead to a value 
of 2 for n, in disagreement both with the results on 
copper presented in this paper and with previous 
results as reported by White’ and reviewed by 
Klemens.” Since the intrinsic thermal resistivity of 
copper does not even appear to follow a T? dependence, 
discussion of the disagreement between theoretical and 
experimental values for the intrinsic constant, A, is 
probably not fruitful. The theories, developed using 
the Bloch method, utilized many simplifying assump- 
tions, several of which are known to be incorrect in 
their details." Two of the assumptions appear to be 
very important for electronic conduction in copper and 
are discussed next. 

The first critical assumption for the usual conduction 
theory is that the metal has a single electronic band 
with spherical energy contours in the _ electronic 
momentum space, that is, there is a single spherical 
Fermi surface. In the last several years, the shape of 
the Fermi surface has been discussed by several 
authors using indirect experimental evidence. Klemens™ 
discussed the relation between electrical and thermal 
conduction; Jones,”> the thermoelectric power of 

* See reference 3, Chap. 15, pp. 238-244. 

* P. G. Klemens, Australian J. Phys. 7, 70 (1954). 

25H. Jones, Proc. Phys. Soc. (London) A68, 1191 (1955). 
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monovalent metals ; Chambers,”* the magnetoresistance ; 
and Cohen,”’ the relation between optical constants 
and specific heats. These authors concluded that the 
Fermi surface for copper either is not spherical or 
approaches closely the Brillouin zone boundaries. More 
direct experimental measurements were made on the 
Fermi surface in copper by Pippard?’ using a technique 
involving the anomalous skin resistance of plane sur- 
faces of a single crystal. He concluded from his extensive 
analysis that there is contact over small areas between 
the Fermi surface and the Brillouin zone boundaries in 
the (111) direction. 

A second critical assumption is that the scattering 
cross section does not vary strongly with the angle of 
scatter. Ziman!" studied the scattering functions differ- 
ent than the one assumed in the usual Bloch theory 
developments. The exact form of the scattering function 
is extremely critical in the conduction process if the 
Fermi surface is either nonspherical or approaches the 
Brillouin zone boundaries. Since the Fermi surface for 
copper probably fulfills those provisions, the exact 
form of the scattering function is important. No 
quantitative calculations have yet been made for the 
scattering function for copper based on Pippard’s 
model for the Fermi surface. However, general qualita- 
tive arguments by Ziman” suggest that reasonable 
scattering functions may be found that will give the 
proper temperature dependence for the _ intrinsic 
thermal resistivity of copper. 

Since the electronic interactions in copper apparently 
do not agree with two of the critical assumptions 
utilized in the Bloch method for development of con- 
duction theory, it is not unexpected that the experi- 
mental electronic transport properties also do not agree 
with the theoretical predictions based on that method. 
The standard theoretical values for both the absolute 
magnitude and the temperature dependence of the 
intrinsic thermal resistivity are in substantial error. 
Agreement between experimental results and theoreti- 
cal predictions will probably await detailed quantitative 
calculations utilizing the techniques and scattering 
function approximations suggested by Ziman."! 


Imperfection Resistivity 


The imperfection resistivities, Wo and imperfection 
constants, B, for samples 1 and 2 are given in Table I. 
The exact source of the imperfection resistivity in the 
high conductivity annealed copper sample 1 is unknown. 
As little as a few parts per million of chemical impurities 
or physical imperfections could cause the observed 
thermal imperfection resistivity. For the extremely 
pure and annealed sample, even the distribution of 
isotopes in copper may be significant as a scattering 


26 R. G. Chambers, Proc. Roy. Soc. (London) A238, 344 (1956). 

27 M. H. Cohen, Phil. Mag. 3, 762 (1958). 

*8 A. B. Pippard, Phil. Trans. Roy. Soc. (London) A250, 325 
(1957). 

9 J. M. Ziman (private discussion). 
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mechanism since the concentration of Cu® (31%) is 
very much greater than the concentration of other 
imperfections. The additional imperfection resistivity 
observed in the cold-drawn sample 2 is undoubtedly 
caused by the increase in physical imperfections since 
there were no intermediate anneals or chemical treat- 
ments that might accidentally have introduced chemical 
impurities. However, the specific physical imperfections 
responsible for the additional resistivity of cold-drawn 
sample 2 are uncertain because the proportions of each 
type in cold-drawn copper are not known. Furthermore, 
the effects of each type of imperfection on the im- 
perfection thermal resistivity are also not precisely 
known. Preliminary investigations of the effects of 
stacking faults have been carried out by Klemens® and 
Ziman.® It appears that the most important defect in 
our sample number 2 may be the stacking fault surface 
imperfection. The effects of dislocations are probably 
much less important. 


B. Electrical Conductivity 


Several lengthy review articles or books on the 
subject have been published in recent years,*!:*?6!° so 
only very brief comments are given here. 

A discussion of the separation of components and 
scattering mechanisms for electrical conductivity 
would follow almost exactly the discussion given in 
part A on the electronic thermal conductivity. The 
references on the development of the theory are also 
the same.7-” The total electrical resistivity, p, is 
assumed to be the sum of two separate resistivities, 
the residual or imperfection resistivity, po, and the 
intrinsic resistivity, p;; that is, Matthiessen’s rule for 
electrical resistivity is obeyed : 


p= pit po. (7) 


The expressions for the magnitudes and temperatures 
dependence of the intrinsic and residual resistivities 
have been found to be given approximately by 
pr=al"; ns, T<40°K, 
(8) 


po=a constant. 


However, there are significant discrepancies. 

Deviations from additivity for electrical resistivity, 
Eq. (7), have been observed experimentally for copper 
and its dilute alloys by Griineisen,*® van den Berg,* 
Linde,*® and others more recently, including White.” 
The electrical resistivity of dilute copper alloys is 
3% P. G. Klemens, Can. J. Phys. 35, 441 (1957). 

31D. K. C. MacDonald, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 14, pp. 137-197. 

® A. N. Gerritsen, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 19, pp. 137-226. 

83 FE. Griineisen, Ann. Physik 16, 530 (1933). 

4G, J. van den Berg, thesis, Leiden, 1938. 

35 J. O. Linde, Elektrische Widerstandseigenschaften der verdiinn- 
ten Legierungen des Kupfers, Silbers und Goldes (Gleerupska 
University Békhandeln, Lund, 1939). 
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Fic. 4. Electrical resistivity of high-purity copper. The 
cold-drawn sample is reduced 26.4% in area. 


further complicated by the existence of a minimum 
near 10°K for many alloy systems. MacDonald*! 
discussed the latter effect in detail. 

The electrical resistivities of samples 1 and 2 are 
given in Fig. 4. As expected, no resistivity minimum is 
observed for the two samples since they do not contain 
any significant amount of metal impurities. The 
deviations from additivity could not be determined 
for the electrical resistivity because the experimental 
measurements were not of sufficient accuracy in the 
proper temperature ranges. The intrinsic resistivity 
between 20°K and 50°K was found to vary with the 
temperature as the 4.5+0.5 power. A comparative 
value (4.5+0.3) may be obtained from an analysis of 
the results between 19°K and 35°K published by 
Dauphinee and Preston-Thomas.** Other more extensive 
measurements in this laboratory on pure copper and 
very dilute copper alloys have given similar results. 
However, the value of 5 has been obtained by many 
others, including White’ and Berman and MacDonald." 
If the deviation from the predicted value of 5 is real, 
then the effect can probably be explained by the same 
modifications in theoretical assumptions that were 
discussed previously for the thermal intrinsic resistivity. 


Experiments were also carried out on the effect of 
cold drawing on the electrical resistivity of pure copper. 
The measurements were made using another apparatus 
utilizing a simple four-lead potentiometer circuit. The 
residual resistivities, p,, and residual resistivity ratio, 
P273/ps, for several of the samples are given in Fig. 5. 


36 J. M. Dauphinee and H. Preston-Thomas, Rev. Sci. Instr. 
25, 884 (1954). 





POWELL, 





BES 


ohm-cm 





8 


8 


RESIDUAL RESISTIVITY RATIO, P273/ » 
4 
8 
bb 





RESIDUAL RESISTIVITY, p, 10° 


8 


' 
5 10 2 
ELONGATION, % 


Fic. 5. Residual resistivities and residual resistivity ratios for a 
series of cold-drawn samples of high-purity copper. 


The residual resistivities and ice-point resistivities for 
five samples are given in Table II. It is seen that the 
residual resistivity increase above the annealed value 
is approximately proportional to the elongation or 
reduction in area. The annealed sample has an ice-point 
resistivity of (1.545+0.002)X10-* ohm cm and a 
helium boiling point resistivity of (1.01+0.02)x10~ 
ohm cm. 

As mentioned before, the specific physical imperfec- 
tions responsible for the additional resistivity are 
uncertain. Recently a large amount of research has 
been carried out on the imperfection-producing pro- 
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Fic. 6. Change in resistivity of cold-drawn samples with respect 
to annealed sample of high-purity copper. The vertical bars 
represent the estimated experimental error limits. The number 
by each line indicates the percent elongation by cold-drawing. 
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cesses in pure metals.’” Apparently there are two regions 
or stages of hardening and elongation. Below about 
1.5% elongation, the “linear” hardening stage, there 
is small dislocation movement, and therefore a relatively 
large dislocation generation for a given elongation. 
Above about 1.5% elongation, the “parabolic” harden- 
ing stage, there is greater dislocation movement, and 
therefore a smaller dislocation generation for a given 
elongation than in the previous stage. 

The increases in resistivity between the annealed 
sample and several of the drawn samples are given in 
Fig. 6. The resistivities were measured at four temper- 
atures, 4°, 20°, 76°, and 273°K. The 4°K results are, 
however, included in Fig. 5. The added resistivities are 
clearly not constant with respect to temperature 
changes. There are two possible explanations: either 
the imperfection and intrinsic resistivities are not 
strictly additive, or the imperfection resistivity is 
temperature dependent. Our measurements cannot 
differentiate between the two possibilities. Others have 
also observed this apparent temperature dependence 
of the imperfection resistivity.***8 Gerritsen and van 
der Aa** found that the added resistivity caused by an 
increase in imperfections consisted of two parts, a 
large temperature-independent part and a relatively 
small temperature-dependent part. Our results gave 
the opposite effect: the added resistivity at the ice 
point was about four times as great as the added 
resistivity at the liquid-helium temperatures. However, 
it should be noted that our samples were much more 
pure than theirs and that their highest purity sample 
showed the greatest relative amount of temperature- 
dependent added resistivity. 


C. Thermoelectromotive Force 


There is comparatively very little literature on the 
thermoelectromotive forces for pure metals. Un- 
fortunately there is no review article devoted to the 
subject in the recent Handbuch der Physik, and only 
relatively brief discussions in the book by Wilson.? 
Both the qualitative and quantitative predictions of 
the standard theory as outlined by Wilson are in serious 
error for pure copper. More recent discussions of the 
general theoretical concepts of thermoelectric power 
have been given by Domenicali,** Domenicali and 
Otter,” ter Haar and Neaves,' and Sondheimer.” 
Investigations on special aspects of the problem have 


been presented by Friedel on chemical impurities, by 


37 See for example Dislocations and Mechanical Properties of 
Crystals, edited by Fisher, Johnston, Thompson, and Vreeland 
(John Wiley & Sons, Inc., New York, 1956). 

38 A. N. Gerritsen and J. M. L. C. van der Aa, Appl. Sci. 
Research A6, 191 (1956). 

8 C, A. Domenicali, Revs. Modern Phys. 26, 237 (1954). 

* C. A. Domenicali and F. A. Otter, Phys. Rev. 95, 1134 (1954). 

41D. ter Haar and A. Neaves, Proc. Roy. Soc. (London) A228, 
568 (1955). 

“ FE. H. Sondheimer, Proc. Roy. Soc. (London) A234, 391 (1956). 

43 J. Friedel, J. phys. radium 14, 561 (1953). 
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TABLE II. Electrical resistivities of annealed and cold-drawn pure coppers. 


2.22 
2.92 


Residual resistivity 
p4(10-* ohm-cm) 
Ice-point resistivity 
p273(10~® ohm-cm) 
Residual resistivity ratio 
pars/p4 


S31. 


® The absolute resistivities for the last two samples could not be determinec 


Abelés* on vacancies, and by Blatt*® on interstitials 
and vacancies. Van Ooijen has given in his recent 
thesis*® a discussion of various equations for the 
thermoelectric force of pure copper in the annealed 
and cold-worked states. In particular he discussed the 
interaction effects of chemical impurities and physical 
imperfections on the intrinsic thermoelectric force and 
power, and gave several expressions for changes in 
those quantities caused by physical imperfections. His 
work also included many experimental results describing 
the effects of cold-working on the thermoelectric force 
and power of moderately pure copper, silver, and gold. 

The curves in Fig. 7 represent the difference in 
thermoelectric force and power between sample 1, 
annealed, and sample 2, 26% drawn. No direct com- 
parison can be made with the general theories because 
measurements were not made on the absolute thermo- 
electric power, but only on the changes caused by a 
change in physical imperfection. However, it should 
be noted that the change in thermoelectric power 
below 30°K is of the same magnitude or greater than 
the absolute thermoelectric power of pure copper as 
determined by Borelius ef a/.47 Because of the relatively 
large change at the lower temperatures in thermo- 
electric power caused by imperfections, a perturbation 
technique for discussing the change is probably not 
appropriate. Again, the specific physical imperfections 
responsible for the change in thermoelectric power are 
uncertain. 

The curves are in sharp disagreement with the 
results reported on cold-worked copper by van Ooijen*® 
and Pearson.‘* Our results show a large positive 
thermoelectric power at the lower temperatures and a 
small negative power above 80°K. Pearson found a 
small positive power at the lower temperatures and 
van Ooijen found a small positive power at the lower 
temperatures followed by a larger magnitude negative 
power at higher temperatures.” The differences between 


4 F, Abelés, Compt. rend. 237, 796 (1953). 

* F, J. Blatt, Phys. Rev. 100, 666 (1955). 

46D. J. van Ooijen, thesis, Delft University, 1957. 

47 Borelius, Keesom, Johansson, and Linde, Commun. Kamer 
lingh Onnes Lab. Univ. Leiden No. 206a (1930). 

48 W. B. Pearson, Phys. Rev. 97, 666 (1955). 

“R. H. Kropschot, thesis, Michigan State University, 1959 
(unpublished), obtains results similar to ours for the change in 
thermoelectric power of pure copper caused by cold-working. 
The purity and source of his copper were the same as ours. 


Percent elongation by cold-drawing 
4.97 7.70 
6.92 


13.058 19.80" 


1 because of an uncertainty in the form factor. 


our work and the other two are probably caused 
primarily by the differences in purity of the annealed 
copper samples. Our annealed sample had a residual 
electrical resistivity about six times lower than the 
most pure copper sample used by van Ooijen and four 
times lower than the ones used by Pearson. However, 
results on silver by van Ooijen*® had the same qualita- 
tive behavior as the results presented here on copper. 
The interaction effects of minor chemical impurities 
on the changes in thermoelectric power caused by 
physical imperfections are at present unknown and 
therefore the discrepancies between their work and ours 
cannot be explained rigorously. 

Abelés“ and Blatt*® have found theoretically that 
vacancies or interstitials in the metal structure should 
decrease the total thermoelectric power of pure annealed 
copper, that is, the change in thermoelectric power 
should be negative. This is in qualitative agreement 
with our results above 70°K. However, in contrast we 
obtained a larger positive power below 38°K. A 
quantitative comparison of the theoretical and experi- 
mental results, even at the low temperatures, is not 
practical because the specific physical imperfections 
responsible for the changes in thermoelectric power 
are uncertain. 
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Fic. 7. Difference in thermoelectric power and force between 
a 26% cold-drawn sample and an annealed sample of high-purity 
copper for a reference junction at 5°K. The dashed parts of the 
curves indicate interpolated regions. 
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D. Lorenz Number 


The thermal resistivity may be compared to the 
electrical resistivity by means of the Wiedemann-Franz- 
Lorenz law 


p=LWT, (9) 


where L is the Lorenz number, assumed to be a funda- 
mental constant given by the Sommerfeld value, 
2.45 10-*. Kohler® showed that the Lorenz number 
should be constant if the conduction electrons were 
scattered elastically. That condition is approximately 
true at high temperatures and at very low temperatures 
where the residual resistivity is predominant. At 
intermediate temperatures the condition of elasticity 
no longer holds and the Lorenz number decreases 
considerably from the Sommerfeld value. 

The experimental values for the Lorenz number of 
samples 1 and 2 are given in Fig. 8. The two curves are 
quite similar the results published previously by 
others.'7"8 For the annealed sample the 0°K extra- 
polated value is not the Sommerfeld value, but is about 
(1.9+0.1) 10-8, unless the curve changes its behavior 
again below about 4°K. At this laboratory measure- 
ments on the Lorenz number for very dilute copper 
alloys containing silver gave similar results. The 
curves either flatten out below 6°K, or bend over 
significantly so that the extrapolated values for 0°K 
do not approximate the Sommerfeld value. It has been 
observed here that the extrapolated values for the 
Lorenz number approach the Sommerfeld value more 
closely as the impurities increase and the residual 
resistivities increase. Only more careful experiments 
between 1°K and 10°K on the thermal and electrical 
resistivity of very pure copper can settle this question 


decisively. 
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Fic. 8. Lorenz number of high-purity copper. The cold-drawn 

sample is reduced 26.4% in area. 


® M. Kohler, Ann. Physik 40, 601 (1941), 
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V. SUMMARY 


Our experimental results on the low-temperature 
transport properties of pure copper agree in general 
qualitatively with theoretical predictions and previous 
experimental work by others. However, for many 
significant details, there are deviations and discrepan- 
cies both in the qualitative and quantitative agreement. 
The results indicate the presence of a term in the thermal 
resistivity giving the deviation from strict additivity of 
the intrinsic and imperfection resistivities (Matthiessen’s 
rule). It has a form similar to one proposed by Kohler” 
for the deviation term in electrical resistivities, the 
product of the two thermal resistivities divided by 
their sum. By using this method of analysis, it is found 
that the intrinsic thermal resistivity is a characteristic 
property of the metal (as it should be) and does not 
vary between samples of different imperfection resis- 
tivity, as was found by White.” The intrinsic thermal 
resistivity below 40°K varies as T?:’. The exponent is 
considerably higher than the value, 2, predicted by 
theoreticians*” using the usual Bloch approach and 
standard assumptions. The coefficient for the intrinsic 
thermal resistivity term is also quite different from the 
one predicted theoretically, and cannot be brought 
into agreement by any reasonable adjustment of the 
parameters, such as the number of free electrons or 
characteristic temperature, that enter into the theoreti- 
cal expression. A resolution of the discrepancies 
between the theoretical predictions and the experi- 
mental results will probably await new calculations 
based upon the theories and suggestions of Ziman.” 
In particular, it seems that account must be taken of 
the nonspherical Fermi surface in copper and the 
dependence of the scattering cross section on the angle 
of electron scatter. 

The intrinsic electrical resistivity below 40°K varies 
as T*°, a value in agreement with some previous 
research,*® but in disagreement with others.'’® The 
theoretically predicted value is 5. The increase in 
imperfection resistivity is approximately linear with 
increase in elongation caused by cold-drawing. The 
additional resistivity caused by cold-drawing is temper- 
ature dependent, in violation of the usual Matthiessen’s 
rule. This may be caused either by a deviation from 
additivity for the intrinsic and imperfection resistivities, 
or by a temperature-dependent imperfection resistivity, 
or possibly both. The discrepancies between theoretical 
and experimental results for electrical resistivity would 
probably be removed by the same improvements 
in basic conduction theory necessary for thermal 
resistivities. 

The thermoelectric force and power of cold-drawn 
copper with respect to annealed copper are both 
positive at the lower temperatures. The relative 
thermoelectric power has a minimum of about +2.9 
uv/°K at 8°K, is zero at about 38°K, and is slightly 
negative at higher temperatures. These results are not 
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explained, even qualitatively, by any current theory of 
thermoelectricity. 

The Lorenz number for high-purity copper has 
approximately the same temperature behavior as has 
been observed by others previously.'’'® However, the 
curve does not seem to extrapolate to the Sommerfeld 
value at 0°K, but rather flattens out to a considerably 
lower value. The same phenomenon has been observed 
in two very dilute copper alloys. 
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Ferroelectric (glycine) s-H2SO, crystallizes at room temperature 
in the monoclinic system with a=9.41; A, b=12.64; A, c=5.735 A, 
B=110° 23’; the space group is P2,, and the polar direction is 
along the two-fold screw axis. Above 47°C the spontaneous 
polarization disappears as the space group becomes P2;/m. The 
crystal structure was determined from full three-dimensional 
x-ray diffraction data, using Cu Ka radiation. Out of the three 
glycine molecules in the crystal, one has the usual zwitter-ion 
configuration, with the —NH;* group out of the plane of the 
other atoms; the remaining two glycines are mono-protonated, 
and planar within experimental error, and are designated as 
glycinium ions. Thus the chemical formula is properly written as 
(NH3;tCH2COO7)- (NH;*CH2COOH). « SO, and the com 


pound is best described by the chemical name glycine diglycinium 


INTRODUCTION 


ATTHIAS, Miller, and Remeika! discovered ferro- 
electric behavior at room temperature in the 
crystals (glycine);-H,SO, and isomorphous (glycine); 
H»SeO,. Pepinsky, Okaya, and Jona? later observed 
ferroelectricity in isomorphous (glycine);-H2BeFy. Pre- 
liminary x-ray and morphological studies of these 
crystals** revealed that the crystals belong to the space 
group P2, in their ferroelectric phase, changing into 
P2,/m above the Curie points; the transition tempera- 
tures are 47°C, 22°C, and 70°C for the sulfate, selenate, 
and fluoberyllate, respectively. Since detailed dielectric 
and thermal studies of the crystals showed that the 
ferroelectric transition in these substances is of second 


t Research supported by contracts with the Air Force Office of 


Scientific Research (ARDC), the Signal Corps Engineering 
Laboratories, the U. S. Atomic Energy Commission, and by 
Brookhaven National Laboratory. Computations supported by 
contracts with the Office of Naval Research and by the U. S. 
Atomic Energy Commission. 

1 Matthias, Miller, and Remeika, Phys. Rev. 104, 849 (1956). 

2 Pepinsky, Okaya, and Jona, Bull. Am. Phys. Soc. Ser. II, 2, 
220 (1957). 

3E. A. Wood and A. N. Holden, Acta Cryst. 10, 145 (1957). 

‘Hoshino, Mitsui, Jona, and Pepinsky, Phys. Rev. 107, 1255 
(1957). 


sulfate. One of the planar glycinium ions lies near but not in the 
1 


plane y=}, which becomes the mirror plane in the high-tempera 
ture phase. 

The nitrogen atoms form N—H- -O hydrogen bonds of the usual 
strength, whereas a quite strong O—H--O hydrogen bond of a 
distance of 2.433 A is found between the oxygen atom of the 
carboxyl group of the zwitter-ion glycine and that of the planar 
glycinium ion which lies near the plane y=}. 

Above the Curie point, at 47°C, mirror symmetry is attained by 
statistical arrangement of atoms around the mirror planes at 
y=} and j. The disorder of the glycinium ions near the mirror 
planes, and the above-mentioned strong O—H--O bond, are of 
particular importance for the ferroelectric behavior of the crystal. 


order, the deviation of the structure from the centro- 
symmetric space group P2,/m to the ferroelectric phase 
could be presumed to be slight. Complete crystal 
structure analyses of both the polar and nonpolar phases 
of (glycine);-H»SO,, which is the most important 
ferroelectric among these isomorphs, are necessary in 
order to establish the nature of the hydrogen-bond 
system and also the configurations of the glycine and 
sulfate ions. Such a study is particularly important 
because discoveries within the last few years of a number 
of ferroelectric crystals suggest that hydrogen bonds 
in these crystals, and/or the presence of ions with 
particular symmetries—and especially those with tetra- 
hedral, pyramidal, or planar configurations—play a 
dominant role in their dielectric behaviors. 

These factors are suggested by a partial list of other 
newly-discovered ferroelectrics containing ammonium 
or substituted ammonium, glycine or guanidinium ions, 
and sulfate (or selenate or fluoberyllate), nitrate, or 
selenite ions. Included among these compounds are 
guanidinium: Al(SO,)2-6H,O and isomorphs,® (NH4)>- 


5 Holden, Matthias, Merz, and Remeika, Phys. Rev. 98 546, 
(1955). 
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Fic. 1. (Glycine); 
-H2SO,;: relations be- 
tween the unit cell 
chosen by Wood and 
Holden® and_ that 
used in this paper. 








SO,,6 and nonisomorphous (NH,)sBeFy,’° a good 
number of ammonium, methylammonium or urea 
alums,*-” (NH4)2Cd2(SOx)3,¥ NH,HSO,," Li(N2H;)- 
SO,4,* NaNH,SO,-2H;0,'* (glycine)2- MnCl,-2H,0,!” 
(glycine)2-HNO;,* glycine-AgNO;,'* NaH;(SeOs;)>,”° 
and LiH;(SeOs;):. The antiferroelectrics NH«PF, 
-NH,F * and NH,I * are also pertinent. 

In the present paper the x-ray structure determina- 
tion of the room-temperature phase of (glycine) 3-H2SO, 
is reported, and the importance of the glycine and 
sulfate configuration, and H-bonding, is demonstrated. 


EXPERIMENTAL 


The crystals of (glycine);-H2SO, used in the present 
x-ray study were grown from aqueous solution of the 
components in stoichiometric molar ratio. The sym- 
metry and optical properties of this crystal were earlier 
reported by Wood and Holden.’ We have selected axial 


6B. T. Matthias and J. P. Remeika, Phys. Rev. 103, 262 (1956). 

7R. Pepinsky and F. Jona, Phys. Rev. 105, 344 (1957). 

8 Okaya, Vedam, and Pepinsky, Acta Cryst. 11, 307 (1958). 

® Pepinsky, Jona, and Shirane, Phys. Rev. 102, 1181 (1956). 

10 R. Pepinsky and K. Vedam (to be published). 

1 Jona, Mitsui, and Pepinsky (to be published). 

2 Jona, Vedam, Mitsui, and Pepinsky (to be published). 

43 F, Jona and R. Pepinsky, Phys. Rev. 103, 1126 (1956). 

4 Pepinsky, Vedam, Hoshino, and Okaya, Phys. Rev. 111, 1508 
(1958). 

16 Pepinsky, Vedam, Okaya, and Hoshino, Phys. Rev. 111, 1467 
(1958). 

16R. Pepinsky and K. Vedam (to be published). 

17 Pepinsky, Vedam, and Okaya, Phys. Rev. 110, 1309 (1958). 

18 Pepinsky, Vedam, Hoshino, and Okaya, Phys. Rev. 111, 430 
(1958). 

19 aaa Okaya, Eastman, and Mitsui, Phys. Rev. 107, 1538 
(1957). 

*” Pepinsky, Vedam, Okaya, and Unterleitner, Bull. Am. Phys. 
Soc. Ser. II, 4, 63 (1959). 

21R. Pepinsky and K. Vedam, Bull. Am. Phys. Soc. Ser. II, 4, 
63 (1959). Also in Phys. Rev. (to be published). 

# Vedam, Pepinsky, Lajzerowicz, Okaya, and Stemple, Bull. 
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settings which simplify description of the forms 
observed on most of the large crystals grown from 
aqueous solution. From standard x-ray measurements 
we find a= 9.41; A, b= 12.64; A, c= 5.735 A, B= 110° 23’. 
There are two chemical units per cell, and the space 
group is uniquely established as P2, by systematic 
absences of x-ray reflections and the ferroelectric 
behavior. The a and c axes selected by us, as preferable 
on physical grounds, are related to those of Wood and 
Holden by the transformation formulae a=a’+c’, 
b=b’, and c=—c’, where the primed axes are those 
reported by Wood and Holden. The relations between 
the two cells are illustrated in Fig. 1. 
Three-dimensional intensity data were obtained from 
equi-inclination Weissenberg photographs using the 
multiple-film technique (6 sheets of Kodak Medical 
No-Screen X-Ray Film). The crystals were rotated 
around the a axis (k=0), around the } axis (k=0 to 9), 
and around the c axis (/=0 to 5). In all, about 1460 non- 
equivalent reflections were recorded using Cu Ka 
radiation. The intensities of the reflections were 


estimated visually by comparison with a standard 
scale. They were corrected for the usual Lorentz and 
polarization factors. Due to the small linear absorption 
coefficient and the small radii of the cylindrical speci- 
mens (less than 0.1 mm), no absorption correction was 
made. Some reflections with strong intensities were 
affected by extinction. Corrections for the secondary 


extinction were made at the later stage of refinement 
through comparison with calculated structure factors, 
in a manner described below. 


STRUCTURE DETERMINATION 


Since the ferroelectric phase of (glycine)s-H2SO, 
belongs to the space group P2, and the number of 
chemical units in the unit cell is two, coordinates of all 
the atoms in a chemical unit had to be determined. 
However, the structure cannot differ greatly from that 
of the paraelectric phase with centrosymmetric space 
group P2,/m, which has four-fold general positions, and 
two-fold special positions within the mirror planes at 
y=} and y=. This is confirmed by the smallness of 
differences observed between intensities of reflections 
from the ferroelectric phase and corresponding reflec- 
tions from the paraelectric phase. Therefore, in the first 
stage of the structure analysis, one of the three glycine 
molecules and the sulfur atom were placed in the mirror 
plane. The remaining two glycine molecules and the 
orientation of the sulfate ion were assumed to be in 
positions satisfying mirror symmetry. 

The structure determination was initiated by deter- 
mining the position of the sulfur atom, by referring to 
the position of the selenium atom in isomorphous 
(glycine)3-H2SeO,. Projections of the Patterson func- 
tion along the b and c axes for the selenate were com- 
puted on X-RAC, and the coordinates of the selenium 
atom were readily established as (0.00, 0.25, 0.24). 
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These values were used to determine the signs of Fro: 
coefficients by comparing those of the sulfate and of the 
selenate crystal, using the following relation: 


(F roi) sulfate = (Frot) sulfur-+ (Frot)rest 


and 
(F "h0t) selenium + (Froi)rests 


where (Fy0;)rest refers to the contributions of the lighter 
atoms, which were assumed to be the same for the two 
crystals. Although the fact, that the sulfur or selenium 
atom does not contribute to the (H0/) reflections with 
odd / indices, made it easy to put the two sets of data 
on the same scale, the signs of the reflections with / odd 
could not be determined at all by this isomorphous 
replacement method. Therefore a number of trial models 
were tested, based on the structure deduced from the 
Fo: reflections with / even, plus one Fo; reflection 
with / odd; the latter was F%:, whose sign could 
arbitrarily be assigned as positive. After several calcu- 
lations using X-RAC and S-FAC, the structure ap- 
peared to converge properly. 

Since the projection along the } axis was fairly well 
determined, attention was focussed on determination 
of the y coordinates. Assuming mirror symmetry in the 
crystal, at first only the y coordinates of the two 
glycine molecules which do not lie in the mirror plane 
needed to be determined. These glycine molecules were 
placed in such a manner that all the interatomic dis- 
tances became reasonable. After several iterated struc- 
ture-factor and electron-density calculations on S-FAC 
and X-RAC, a reasonable agreement was obtained 
between Fop; and Featec. 

At this stage, the deviation of the structure from the 
centrosymmetric space group became apparent, by an 
unreasonable distortion of the sulfate ion and also by 
elongation of the electron density of some of the atoms 
of the glycine molecule. Accordingly, the provisional 
mirror symmetry was removed and the noncentro- 


(F ‘n01) selenate = 


TABLE I. (Glycine)3;: H2SO,: atomic coordinates, their standard 
Suan o (in fractions of cell edges), and temperature factors 


Atoms a(x) a(y) a(z) 
(Sulfate ion) 
0.9995 
O1 0.8583 
Oz 0.9669 
Os; 1.0920 
On 1.0769 
(Glycine I) 
Oo 


0.0002 
0.0009 
0.0009 
0.0009 
0.0009 


0.2250 
0.0051 
0.4572 
0.2234 
0.1941 


0.0002 
0.0005 
0.0006 
0.0005 
0.0006 


0.2500 
0.2447 
0.2437 
0.1565 
0.3469 


0.0001 
0.0006 
0.0006 
0.0006 
0.0006 


0.0005 
0.0008 
0.0010 
0.0010 
0.0012 


1.0746 
0.6668 
. 0.8727 
0.9049 
1.1639 


0.0010 
0.0011 
0.0017 
0.0017 
0.0018 


0.0007 
0.0009 
0.0010 
0.0010 
0.0013 


0.2393 
0.2718 
0.2472 
0.2361 
0.2110 


0.6064 
O’ 0.4935 
© 0.4905 
CN 0.3348 
0.3595 


0.0009 
0.0011 
0.0016 
0.0017 
0.0012 


0.7646 
0.7988 
0.6797 
0.4070 
0.3063 


0.0006 
0.0008 
0.0010 
0.0011 
0.0008 


N 
(Glycine II) 

Oo 0.2218 
Oo’ 0.4596 
Cc 0.3153 
CN 0.2675 
‘i 0.0939 


0.0006 
0.0008 
0.0010 
0.0012 
0.0008 


0.4975 
0.5397 
0.5331 
0.5734 

N 0.5800 
Glycine ITI) 

oO 0.0011 
0.0011 
0.0011 
0.0011 
0.0009 


0.7824 0.0007 
CQ’ 0.5454 0.0007 
( 0.6937 0.0007 
CN’ 0.7440 0.0007 
N 0.9068 0.0006 


0.4931 
0.4825 
0.4749 
0.4320 
0.4331 


0.0007 
0.0007 
0.0007 
0.0007 
0.0006 


0.2229 
0.2317 
0.3281 
0.5906 
0.7059 
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Fic. 2. (Glycine)3-H2SO,: composite diagrams of the three- 
dimensional decuem density function viewed along the 6 axis: 
(a) atoms near the plane y= #; (b) atoms near the plane y=}. 
Contours are drawn at intervals of 1.5 e/A® beginning at 2.0 e/A’ 
which are shown by broken lines. The sulfur atom has contours at 
intervals of 3.0 e/A’. 


symmetric space group P2; was adopted for further 
analysis. 


REFINEMENT OF THE STRUCTURE 


All the atomic coordinates except those for hydrogen 
atoms, as obtained by the procedures described in the 
previous section, were subjected to least-squares refine- 
ment using the automatic refinement program NY X R3 
of Vand and Pepinsky” on the IBM-704 data-processing 
machine. In the course of these refinements, it was 
found that several reflections with strong intensities 
were affected considerably by the extinction effect, and 
these F,p,’s were corrected for secondary extinction 
using the usual formula 

a. _ Fobs exp (gF? cale Lpf) 
(all symbols have usual meanings), with g= 1.05 10-°. 
After five cycles the anager factor, 


R=2||Fobs| — 


dropped to 0.167 for the three-dimensional reflection 
data including the nonobserved reflections. 

The final set of atomic coordinates and isotropic 
temperature factor is given in Table I. The standard 
deviations of the atomic coordinates have been esti- 
mated using the formula by Cruickshank” and are also 
listed in Table I. Composite diagrams of the three- 
dimensional electron-density function are shown in 
Figs. 2(a) and 2(b). The electron-density projection 


~ 4V, Vand and R. Pepinsky, Z. Krist. 111, 46 (1958). 
25D. W. J. Cruickshank, Acta Cryst. 2, 65 (1949), 


| Featel|/Z - | Fops|; 
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Fic. 3. (Glycine);-H2SO,: projection of electron-density func 
tion along the ¢ axis. Contours are drawn on an arbitrary scale 
with equal intervals. Atoms in one asymmetric unit are marked. 


along the ¢ axis, using the final set of the phases of 
structure factors, is Fig. 3. Comparison 
between the observed and calculated structure factors is 
given in a supplementary table.” 

Interatomic distances and some of the important 
angles have been calculated using the coordinates in 
Table I. They will be dealt with later in connection with 
the discussion of the structure. 


shown in 


DISCUSSION OF THE RESULTS 
(a) The Sulfate Ion 


The shape and size of the sulfate ion in (glycine);- 
H.SO, are shown in Figs. 4(a) and 4(b). The observed 
S-O separations, which range from 1.46; to 1.48, A- 
are comparable to those found in the structure of mono, 
methylammonium aluminium alum,” where the sulfate 
ion possesses three-fold symmetry and the S-O separa- 
tion on the symmetry axis is found to be 1.49; A and the 
remaining three separations are 1.47; A. It might be 
worthwhile to note here that in the crystal structures of 
inorganic sulfates such as KHSO,* and MgSO,° the 
S-O distances are always longer than 1.50 A, and the 
value of 1.51 A given by Pauling® still seems to be valid. 
Whether or not this difference in the S-O distances is 
due to the hydrogen bonds formed by the organic parts 


*6 This supplementary table has been deposited as Document 
No. 5997 with the ADI Auxiliary Publications Project, Photo- 
duplication Service, Library of Congress, Washington 25, D. C. 
A copy may be secured by citing the Document number and by 
remitting $5.00 for photoprints, or $2.25 for 35 mm microfilm. 
Advance payment is required. Make checks or money orders pay 
able to: Chief, Photoduplication Service, Library of Congress. 

27 Okaya, Ahmed, Pepinsky, and Vand, Z. Krist. 109, 367 
(1957). 

*8L. H. Loopstra and C. H. MacGillavry, Acta Cryst. 11, 349 
(1958). 

*P. J. Rentzeperis and C. T. Soldatos, Acta Cryst. 11, 686 
(1958). 

®L. Pauling, The Nature of the Chemical Bond (Cornell Uni 
versity Press, Ithaca, New York, 1940). 
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of the crystal is still not clear, since examples of accurate 
structure analyses of organic-ion sulfates are rare. 

The deviation of the sulfate ion from the tetrahedral 
symmetry was also observed by the measurements of 
the Raman lines of the crystal (Krishnan and Balasu- 
bramanian*; Taurel, Delain, and Guerin®). Instead of 
four frequency shifts expected for the perfect tetrahedral 
group, nine shifts which can be assigned to the internal 
oscillation of the sulfate ion were observed by Krishnan 
and Balasubramanian.*' From this, it is apparent that 
the degeneracies of the frequencies due to the tetra- 
hedral symmetry have been removed. 

In contrast to the structure of monomethylammonium 
aluminium alum, where the O-S-O angles are all 
tetrahedral within the experimental error, the O-S-O 
angles in the present crystal range from 105° to 115°. 
This is not unreasonable, since hydrogen bonds of 
apparently unequal strength exist between the sulfate 
oxygens and other atoms, and these might force the 
distortion of the sulfate ion. 


(b) The Glycine Ions 


Bond distances and angles in the three glycine ions 
are shown in Fig. 5. For comparison, the corresponding 
data for the glycine zwitter-ion in the crystal of 
a-glycine* are also shown in that figure. The configura- 
tions of these glycine ions are studied by evaluating the 
equations of planes including the carboxyl group and 
the carbon atom C* by the method of least squares. 
These equations are 

V —44.6607V — 9.844,Z7+ 170.260,=0 for (glycine), 


VY —7.151,V — 2.930Z+-53.763,=0 for (glycine) 11, 
and 


X+5.111;¥ —0.391,Z—36.461;=0 for (glycine) rr. 
The three variables XY, Y, and Z are represented as 
X=ax sin8, Y=by, and Z=cz—ax cosB, where x, y, 
and z are measured in fractions of cell edges. The 
displacements of the atoms from these planes are shown 


“02 Qo, 
[ 
| 


\ 2.345 
‘ 


( 
465 


247 
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Fic. 4. (Glycine) 3-H2SO,: the size and the shape of the sulfate ion: 
(a) bond distances; (b) bond angles. 


31 R. S. Krishnan and K. Balasubramanian, Proc. Indian Acad. 
Sci. 48A, 138 (1958). 

® Taurel, Delain, and Guerin, Compt. rend. 246, 3042 (1958). 

3 R. E. Marsh, Acta Cryst. 11, 654 (1958). 
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in Table II, where the negative values mean that the 
atom and the origin lie on the same side of the plane. 

The displacements of the nitrogen atoms from the 
planes are of importance in this crystal structure. In the 
crystal of a-glycine, where the glycine definitely pos- 
sesses the zwitter-ion structure, the nitrogen atom is 
displaced from the plane containing the remaining four 
atoms by 0.436 A.* Moreover, in the crystal structure 
of (glycine)»:-HCI,* where the chemical formula is 
clearly (NH;+tCH:COO-)-(NH;+CH2,COOH):CI-, it 
was found that two types of glycine ions are present in 
the crystal; one type takes the almost complete planar 
configuration as (glycine); or (glycine)r11, and in the 
glycine of the other type the nitrogen atom is displaced 
from the molecular plane by 0.33 A. Similar character- 
istics are also found in the crystal of (glycine). HBr.*° 
From the above considerations, it can safely be assumed 
the correct chemical formula for (glycine)3-HSO, 
is (NH;+CH»COOH)>.: (NH3t+CH2COO-):-SO;-—_ and 
the monoprotonated glycines I and ILI take the first 
configuration, while the remaining glycine II takes the 
zwitter-ion configuration. As is to be expected, the 
sulfate ion has lost both of its protons. Thus glycines I 
and III are best designated as glycinium ions, while the 
zwitter-ion glycine II is simply designated as glycine. 
It is for this reason that we designate the compound as 
glycine diglycinium sulfate. 

All the bond distances and angles in the glycine ions 
are more or less normal, except for the Cyr1‘—Nyr dis- 
tance of 1.53; A, which appears to be a little longer than 
the reported value of 1.52, A in the glycinium ion in 
(glycine).-HCl.* For glycines I and III these bond 
distances are similar to those for the glycine zwitter-ion 
in a-glycine, except for the slight inequality of the C—O 
bonds in the carboxyl groups. No effort is made at this 
time to explain the variations in bond length; the 
hydrogen-bond system in this crystal is complex, and 
will be discussed fully after completion of a neutron 
analysis presently in progress. 


(c) The Hydrogen-Bond System 


The projection of the structure along the ¢ axis is 
shown in Fig. 6. Proposed hydrogen bonds are illus- 
trated by chain lines; dashed lines indicate other short 


TABLE IT. Displacements of the atoms from the planes 
of the glycine molecules (in A). 


I 


(glycinium) (zwitter-ion) 


— 0.265 
0.002 
= 0.005 
0.00; 
0.005 


Glycine 


N 0.00, 
C 0.005 
2 0.03; 
O —0.01; 
0’ -0.012 


(glycinium) 


—0.00,; 
_ 0.04, 
0.00; 
0.04, 
0.01. 


Krist. 108, 419 (1957). 


34 T, Hahn and M. J. Buerger, Z. 
% Buerger, Barney, and Hahn, Z. Krist, 108, 130 (1956), 
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GLYCINIUM I GLYCINE (AFTER MARSH") 


Fic. 5. (Glycine)3-H2:SO,: bond distances and angles in the 
glycine ions. The values obtained for the glycine zwitter-ion in the 
crystal of a-glycine [Marsh® (incorrectly cited in the figure as 
Marsh®) ] are also shown for comparison. 


approaches. Distances and the Donohue angles* for all 
the important short approaches were calculated and are 
listed in Table III. Since more than one asymmetric 
unit is involved in the complicated hydrogen-bond 


q 

ae 

m= 8, 

CS 

a 

Fic. 6. (Glycine);:H2SO,: projection of the structure along 

the ¢ axis. Proposed hydrogen bonds are shown by chain lines, 

and other short approaches are indicated by dashed lines. Dis- 

tances are in A. The symbols adopted in this figure are explained 
in the text. 


® J, Donohue, J. Phys. Chem. 56, 502 (1952), 
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networks, the following notations were employed. The 
atoms with the coordinates in Table I are designated by 
the symbol A. The equivalent points derived from the 
above coordinates by the two-fold screw axis are 
denoted by the symbol B; however, for the sake of 
simplicity the atoms near the plane y=} are moved 
along the positive 6 direction and those near the plane 
y=} are moved along the negative direction. This will 
easily be seen from Fig. 6. All the atoms which are one 
unit cell below along the c direction are designated by 
single primes; those one unit cell above along ¢ are 
marked by double primes. The atoms with an asterisk 
are in the next cell in the direction of a. The glycinium 
ion I(A) which lies near the plane y=} makes one 
O—H--O and three N—H--O hydrogen bonds. The 
oxygen atom of the carboxyl group which apparently 
possesses a hydrogen atom makes a fairly short hydro- 
gen bond of 2.54) A to O;(A) of the sulfate ion. Three 


TaBLe III. (Glycine);-H2SO,: short intermolecular distances 
(in A) and related Donohue angles (in degrees). 


Distances Angles 


O;(A)-O71'(B”) 


( 1(A)-O;(A \-O711'(B”) 
O;(A)-O1)'(B”)-C11 (B”) 
C;(A)-O;(A)-0;(A”) 
O1(A)-O;(A”)-S(A”) 

C14 (A)-N1(A)-O;(A*”) 
at A)-O;3(A*”)-S(A*”’) 

i 1% (A)-N1(A)-On’ (B” ) 
N1(A) O;,'(B”) Cy1(B”) 
C,*(A)-N1(A) O;'(A”) 
N1(A)-O;'(A”)-C1(A”) 
Cy11(A) Oyx1'(A)-On' (A”) 
Oy1'(A) Orn (A”)-Cr11(A”) 
Cyr¥(A)-Ni1 (A) O>2(B*) 
N11 (A)-O2(B*)-S (B*) 

Cry" (A)-N11(A)-O,4(A*) 
Ni1(A)-O,4(A*) S(A*) 

Cy" (A)-Ny1(A)-On11(A*) 
N11(A) Oy11(A*)-Ci11 (A*) 
Cy1¥ (A)—N11(A)-0; (B*’) 
N11(A)-O, (B*’)-S(B*’) 
Cr1¥ (A)-—Ni1(A)-O;(B*’) 
N11 (A)-O;3(B*’)-S(B*’) 

Cyr (A) N11 (A )-O2(A) 
Ni1(A) O2(A )-S(A) 

Cir (A)—Ni11(A)-O3(B) 
Ni11(A)-O3(B)-S(B) 140.2 
Cyr (A) Ny1(A) O;1(A*) 152.7 
ape A*)-Cy(A*) 151.3 
Cir (A)—Ni11(A)-O;(A”) 84.3 
Nirr( )-0,(4") -S(A”) 100.2 
Cir’ (A)—Ni11(A)-O4(A”) 124.1 
Ni11(A)-O4(A”)-S(A”) 107.4 


93.4 

81.9 
113.7 
118.6 
110.5 
111.7 

97.3 
127.4 
147.1 
139.5 
115.7 
112.1 
104.0 
131.2 

94.4 
141.6 
149.9 
139.0 
100.8 
105.8 
123.6 

97.1 

96.5 
122.1 

90.7 


O;(A)-0O;(A”) 
N;(A)-0O;(A*”) 
N1(A)-On1'(B”) 
N1(A)-O1'(A” 
Oy’ (A)-On'(A”) 
Ni1(A)-O2(B*) 2.64," 
N11(A)-O,(A*) 3.005" 
Nu(A)-Oy1(A*) — 3.01, 
N11 (A)-O,(B*’) 2.875% 
N11(A)-O;(B*’) 3.08, 
Ni11(A)-O2(A) 2.94," 


O;(B) 


Ni(A) 2.8538 
Ni11(A)-On1(A*) 
Ni11(A)-0,(A”) 


Niu11(A)-O,4(A”) 


® Proposed hydrogen bonds (see text). 
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Fic. 7. (Glycine)s-H2SO,: clinographic projection of the struc- 
ture, showing the hydrogen- bond system. N atoms are indicated 
by diagonally shaded circles. 


hydrogen bonds are made by the nitrogen atom N;(A): 
2.745 A to O3(A*), 2.823A to Oy'(A”) and 2.71;A 
to Ox1'(B”’). The nitrogen atom N1(A) thus makes the 
three hydrogen bonds which are pyramidally arranged ; 
the angles between these bonds vary from 92° to 97°. A 
short approach of 2.829 A is observed between O;(A) 
and Oy;’(B); however, in view of the Donohue angles 
and also of the number of available hydrogen atoms, 
this approach cannot be considered as hydrogen-bonded. 

The two glycine molecules near the plane y=} 
exhibit a strong O—H- -O hydrogen bond, with a short 
separation of 2.43, A between Orr1’(A) and Oy;'(A”). 
As will be discussed later, this strong hydrogen bond 
must play a most important role in the ferroelectricity 
of this crystal. The physical importance of similar 
short O—H--O hydrogen bonds is well known in the 
crystals of potassium and ammonium dihydrogen 
phosphates.*7—* 

The hydrogen-bond systems around the nitrogen 
atoms of these two glycine ions are rather involved. 
There are five short N—O distances around each nitrogen 
atom: around Nj; one finds Ni1(A)—O2(B*), Ny,;(A)- 
O;(B*’), N11(A)-O3(B*’), Nr1(A)—O4(A*), andNy1(A)- 
Orn(A a Ye with distances 2.644 A, 2.87, A, 3.086 A, 
3.009 A, and 3.01,, A, respectively. Similar arrangements 
are also found around the nitrogen atom on the glyci- 
nium IIT, although the distances vary slightly as shown 
in Fig. 6. Out of the five short distances around the 
Ni1(A) atom, the first two are considered to be hydro- 
gen-bonded in view of the distances as well as the 
Donohue angles; however, it is difficult to decide by 


Acta Cryst. 6, 273 (1953). 
Phys. 21, 2084 


37 B. C. Frazer and R. Pepinsky, 

88 Peterson, Levy, and Simonsen, J. Chem. 
(1953). 

%° G. E. Bacon and R. S. Pease, Proc. Roy. Soc. (London) A220, 
397 (1953). 

“ G. E. Bacon and R. S. Pease, Proc. Roy. Soc. (London) A230, 
359 (1955). 

‘! Levy, Peterson, and Simonsen, Phys. Rev. 93, 1120 (1954). 

R. O. Keeling and R. Pepinsky, Z. Krist. 106, 236 (1955). 

8 Tenzer, Frazer, and Pepinsky, Acta Cryst. 11, 505 (1958). 
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x-rays which one of the remaining short approaches is 
hydrogen-bonded. A neutron diffraction study at Brook- 
haven National Laboratory has confirmed the presence 
of hydrogen bonds between Ny1(A) and O2(B*), 
Nr1(A) and O,;(B*’) and N11(A)-O,(A*). These results 
will separately be reported. 

Around the nitrogen atom Ny11(A), the three 
approaches Ny11(A)-O2(A), Nuir1(A)-O4(A”), and 
Ni11(A)-O3(B), with distances 2.94, A, 2.91) A, and 
2.85; A,. respectively, are considered as hydrogen- 
bonded. All the observed N—H--O hydrogen bonds 
as well as the van der Waals contacts in this crystal 
show normal distances. In Fig. 7 a clinographic pro- 
jection of the structure is presented. This also shows the 
hydrogen-bond arrangement. 


(d) Possible Interpretation of the 
Ferroelectric Behavior 


(Glycine);-H2SO, is ferroelectric at room tempera- 
ture,! and the Curie point is 47°C. As is evident from 
the symmetry, the 0 axis is polar. In the ferroelectric 
crystal, it is necessary that certain dipoles should be 
capable of easy reversal upon application of an electric 
field. The structure investigation shows that the main 
reversible dipole is associated with the completely 
planar glycinium ion I, whose molecular plane makes an 
angle of 12.5° with the plane y=}. It can be seen from 
the above structure, glycinium I is nearly symmetrically 
surrounded by oxygen atoms of the sulfate ions and 
from the other glycine molecules, in such a way that the 
plane of glycinium ion I can take another orientation 
which is related to the original orientation by the 
provisional mirror planes at y=} and ?. These planes 
become the mirror planes, statistically only, above the 
Curie point, by the statistical arrangement of the 
glycinium I ions. 

The short O—H--O bond between Oyy;'(A) and 
Ox1'(A”) is of fundamental importance in the switching 
mechanism. The separation of 2.433 A suggests that the 
hydrogen must be shared almost equally between these 
two ions. The configuration shown in Fig. 6 suggests 
that the hydrogen is actually more closely allied with 
the planar glycinium ion III, in the polarization state 
shown there. When it is so associated, glycine II is the 
zwitter-ion *Hs;N-CH2COO-, and the —NH;* group is 
out of the plane of the two C and two O atoms. A 
reversal of the H association from ion III to ion II 
carries with it a reversal of the former glycinium-glycine 
roles of these two ions; and this reversal is accom- 
panied by changes in the —NH;* positions in the 
two ions. 

In the above described mechanism, the actual change 
in hydrogen position is assumed, on the basis of the 
short Or11'(A)-On'(A”) separation and the known 
configurations of glycinium and zwitter-ion glycines in 
other structures, and the clearly-revealed positions of 
the —NH;* groups with respect to the planes of the 
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remaining C and O atoms in these ions in the present 
structure. It is comforting to be able to report that the 
neutron analysis at Brookhaven Laboratory, referred 
to above in connection with the problem of H-bonding 
around Nyy, entirely supports the conclusion based on 
this x-ray study. It shows the hydrogen between Orry'(A) 
and Or1'(A") in @ position closer to Or11'(A) than to 
O,1'(A”’). This asymmetry in the hydrogen position is 
remarkable, in the case of such a short separation 
between the oxygens. 

The dipole reversal mechanism here is extremely 
interesting. It illustrates the close coupling between 
changes in any part of the structure with changes in any 
other part. The deduced “flipping” of the tightly- 
bonding hydrogen between Oy,’ and Oyjrr’, which is 
coupled with the change from a noncoplanar glycine 
zwitter-ion to a planar mono-protonated glycinium ion, 
with associated rotation of sulfate ions, helps to account 
for the large spontaneous polarization. This “flipping” 
is confirmed by the neutron study. These changes 
cause a transfer of H-bonding between N, and one of 
the sulfate oxygens to an H-bond between the same N; 
and the other SO, oxygen. This change avoids the 
necessity for a “bifurcated” H-bond between N; and 
the two sulfate oxygens. In the paraelectric structure 
a “bifurcated” bond is also unnecessary, due to the dis- 
order of the structure. 

The switching of the dipoles is illustrated schemati- 
cally in Fig. 8. 

The absolute configurations of this crystal and its 
isomorphs under an electric field are being studied 
using the technique of anomalous x-ray dispersion,“:* 
in order to establish the relation between the direction 


Fic. 8. (Glycine);-H:SO,: schematic drawings of the structure 
illustrating the switching of the direction of ferroelectric dipoles. 
The arrows show the positions to which the various atoms have 
moved after reversal of the polar axis. 


“R. Pepinsky and Y. Okaya, Proc. Natl. Acad. Sci. (U.S.) 42, 
246 (1956). 

‘8 R. Pepinsky, Record Chem. Progr. Kresge-Hooker Sci. Lib. 
17, 145 (1956). 
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of the applied field and that of the ferroelectric dipole. 
It has already been ascertained, by these measure- 
ments, that the polarization state shown in Fig. 8, 
disregarding the arrows from the atom centers, corre- 
sponds to a field and spontaneous polarization in the 
negative 6 direction. When the atoms move as indicated 
by the arrows, the polarization direction is along the 
positive 6 axis. 

Previous dielectric and thermal studies’ suggested 
that the transition is order-disorder type. Pre- 
liminary x-ray examination of the paraelectric phase 


of 


confirms this. The temperature dependence of the 
spontaneous polarization, and the second-order char- 
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acter of the transition, suggest that at the temperature 
of our x-ray observations, about 20°C, a certain degree 
of disorder must persist in the structure. This disorder 
has not as yet been taken into account in the structure 
analysis. Detailed x-ray and neutron studies of the 
structures on either side of the Curie point are in 
progress. A very important approach to this order- 
disorder problem is via study of the x-ray diffuse 
scattering. Such a study, both theoretical and experi- 
mental, is in progress. A theoretical treatment of various 
physical properties, based upon the structure reported 
here, is presented elsewhere.“ 


‘6 Mitsui, Shibuya, and Pepinsky (to be published). 
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This paper deals with measurements of conductivity modulation in metals by an electric field. The 
measurements have been performed using a new technique, which permits reaching an accuracy sensibly 
higher than that obtained in experiments already published. 

Measurements on Au, Sb, and Bi films have been carried out at different temperatures between about 


—20 and +80°C. The existence of localized and conducting 


seems to be experimentally confirmed 


(1) INTRODUCTION 


XPERIMENTS on the modulation of conductivity 

by electrical charges induced at the surface of a 

flat metal specimen by a transverse electric field, 

strictly analogous—in principle—to those performed on 

semiconductors,! were reported in a paper already 
published by the present authors.’ 

The specimens used were in form of thin films; this 
was necessary in order to obtain measurable effects in 
spite of the enormous density of the charge carriers in 
a metal. The specimens were connected across an arm 
of a high-sensitivity Wheatstone bridge. At the same 
time they were used as one of two metal plates of a flat 
mica condenser, charged by a high-voltage power 
supply that produced a transverse electric field inducing 
a large surface charge on the specimen. The specimens 
(in the form of thin films of the order of magnitude 100 
or 1000 A thick, according to the metal considered) 
were evaporated on a convenient mica support. Unusual 


* The research reported in this document has been sponsored in 
part by the Air Force Office of Scientific Research of the Air 
Research and Development Command, U. S. Air Force, through 
its European Office. 

1W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 29 ff. 

2 Bonfiglioli, Coen, and Malvano, Phys. Rev. 101, 1281 (1956). 


‘surface states” at the metal/dielectric interface 


results were found for Au, Bi, and Sb, that is, for metals 
of widely different electronic structure. 

In the present paper, we report a new series of meas- 
urements which have been performed using a different 
detection technique which has inherent advantages and 
higher accuracy. Furthermore, a point of utmost 
importance has been investigated, namely, the de- 
pendence of the effect on temperature. It has been 
possible to explore the range between — 20° and + 80°C, 
where interesting effects have been found. For this 
purpose, an ultrathermostat has been used, with an 
over-all stability of better than 10-°°C. 

The results obtained seem to lead to the hypothesis 
that “surface” electronic states of both localized and 
conducting type are present at the metal (specimen) 
dielectric (mica support) interface. 


(2) EXPERIMENTAL TECHNIQUE 
(a) Specimens 


In the preparation of the specimens, two points have 
been cared for in a more refined manner than in our 
previous experiments,’ to which the reader is referred 
for all the technical details which are not given here. 
First, the evaporations have been carried out in a better 
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vacuum (10-°> mm Hg)’ to get purer, better defined, 
metals. Second, it seemed interesting, initially, to deal 
with specimens condensed, respectively, on cold or hot 
holders, to reach different degrees of lattice perfection. 
Consequently, the mica sheets on which the metals had 
to be condensed were held at room temperature or at 
about 300°C during the evaporation. Air was readmitted 
to the vacuum bell only when temperature had gone 
down 50°C. However, preliminary measurements 
showed no detectable difference between the two kinds 
of specimens, and therefore all the results to be re- 
ported concern the specimens condensed at room 
temperature. 


(b) Detection Method 


The most difficult problem we had to solve in the 
development of this research was to perform a rather 
accurate measurement of a very small “resistance 
modulation.” The circuit used in the present experiment 
can be considered as a particular kind of the well-known 
“synchronous demodulation” circuit—in which a zero 
beat frequency is obtained and detected by a dc 
instrument. The resistance to be examined is supplied 
with ac, while it is subjected to a sinusoidal modulating 
action of the same frequency (w/2m), produced in the 
present case by the electric charge induced on the metal 
film. 

In order to exploit fully the sensitivity of the de 
ammeter, we had to provide a very effective filtering 
action to avoid the passage of too big an ac component 
in the galvanometer. This was achieved through a 
nonresonant bridge, supplied with ac and having in its 
diagonal arm a high-sensitivity dc galvanometer (Fig. 
1). The behavior of this circuit (fully described in a 
paper by the present writers‘) is the following. If Jo is 
the amplitude of the current / cosa flowing across the 
specimen of resistance R, modulated in time according 
to the law 


R=R,(1+k cos{ wi+a]}), 
we can easily deduce that 
(ig (a)) = ToRok cosa/2(Ry+2Ro), (1) 


(i,) being the de current flowing in the galvanometer 
and R, its internal resistance. The supply current is 
obtained through a phase transformer, that rotates 
slowly with a period sensibly longer than the period 
of the mirror galvanometer. Therefore the light spot 
oscillates back and forth: its motion is registered on a 
rotating drum with sensitive paper. 

The field effect to be measured is proportional to the 
ratio of the amplitude AG of the (periodic) variation 
of the specimen conductance to the amplitude eA.V of 
the charge collected on its surface, e being the elemen- 


3 Because of a typographical error, this figure already appeared 
in reference 2, Sec. 2. On the contrary the right value to be read 
at that place was 10™§ mm Hg. 

‘G. Bonfiglioli and R. Malvano, Rev. Sci. Instr. 29, 788 (1958). 
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Fic. 1. Circuit used for the ac measurement of the “field effect.” 


tary charge and A.V the total number of electrons 
induced on the surface by the applied electric field. 
Taking into account Eq. (1), it can easily be shown that 


AG/eAN = 2((1,(0))) (2+Ry/Ro)w/Rol ol «, (2) 


where /, is the amplitude of the (displacement) current 
through the dielectric on metal film is 
evaporated. 

For reasons which will become clear in the discussion, 
we define as the “effective surface mobility” y* the 
left-hand side of the Eq. (2), multiplied by the square 
of the specimen length /; that is, 


which the 


u*=PAG/eAN (cm?/v sec). (3) 


Come back again to the actual experimental setup, 
shown schematically in Fig. 1, and note the following 
points: 

(a) The amplifier II, followed by an output meter, is 
used to control the amplitude /, of the (displacement) 
current. In this way one not only gets a measurement 
of the surface charge density induced by the modulating 
electric field, but also has a check that nothing has 
happened to the contacts or to the insulation, etc. 

(b) It is a simple matter to control the sign of the 
effect. Since our ac measurement fails to indicate this 
sign directly, a cathode ray oscilloscope is used to look 
at the phase of the effect in the following way: by 
turning the switches A and B in positions (2) and (2), 
respectively, there appears on the screen of the cathode 
ray tube a pattern which indicates the difference of 
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Fic. 2. w* vs T for a Au specimen (4 runs made after successive 
single days of room-temperature aging). 
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phase between the current which flows across the arm 
of the bridge where the specimen lies and the modulating 
electric field. 

One can then stop the rotating induction phase 
variator to get a straight line. This means a difference of 
phase of 0° or 180°, according as the slope of the 
straight line is positive or negative. It then suffices to 
determine whether the galvanometer spot at that 
moment is at the right or at the left of its zero position, 
to deduce the sign of the effect. In fact (at least for 
50-cycle measurements) there is no sensible phase 
difference between the effect and the modulating 
electric field. 
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Fic. 3. Inu* vs 1/T for the cases of Fig. 2. 
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Fic. 4. u* vs T for Sb specimen No. 1 (three runs made after 
successive single days of room-temperature aging). 


(3) EXPERIMENTAL RESULTS 


A first point worth mentioning concerns the absence 
of dependence of u* upon the value of Jo, which has 
been varied by a factor 1:3 without causing the 
slightest singnificant difference in the results. 

Figures 2~7 give the experimental results obtained by 
plotting u* vs T (or, sometimes, Inu* vs 1/7) for Au, 
Bi, and Sb specimens prepared according to the 
procedure already described. Figure 8 reproduces 
directly a typical record. Figure 9 gives the results of 
some measurements performed on Bi which showed 
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* vs T for Sb specimen No. 2 (two runs separated by 


1-day room-temperature aging). 
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Fic. 6. u* vs T for Bi specimen No. 1 (two runs separated by 
1-day room-temperature aging). 


that, when the temperature of the specimen is changed, 
there is a very important delay in the establishment of 
the new value of u* belonging to the new temperature 
(while the value of the resistance of the specimen, on 
the other hand, recovers immediately as thermal 
equilibrium is reached). 

First of all we point out that, due to the “aftereffect” 
just mentioned, which is more pronounced in semi- 
metals, all the curves u*(7T) have been taken following 
the establishment of steady-state conditions. The 
origin of the relaxation phenomenon is presently 
obscure; anyway it can be observed that a behavior in 
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vs T for Bi specimen No. 2 (two runs separated by 
1-day room-temperature aging). 
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6, 
5"C -10°c 
Fic. 8. The appearance of a recording of a 
typical run vs temperature. 


some respects analogous is present also in certain 
semiconductors.°® 

Actually, as will be shown shortly, even our thickest 
(>1000 A) evaporated layers suffer extremely com- 
plicated “aging” effects, maybe not very strong, but 
still noticeable. Even though interesting in their own 
right, these are beyond the scope of this work, namely 
the study of the conductivity of a well-defined metallic 
surface. We think that such difficulties would be 
avoided if it were possible to work on thicker specimens, 
prepared through conventional metallurgical procedures. 

Let us now list our remarks as follows: 

(a) Case of Au.—u* is positive and increases with T. 
ligures 2 and 3 show the results of four successive runs 
(1 day apart) performed on a Au specimen, about 
100 A thick. The most striking feature of Fig. 3 is that 


» Pstitzer] @ 60°C 








— 


t (hours) 








Fic. 9. The “after effect” for a Bi specimen. The black points 
refer to the variation of u* versus time after the sudden increase of 
temperature from 20° to 60°C. The open circles refer to the case 
when temperature has been lowered from 60° to 20°. 


® See the article by L. R. Godefroy, in Progress in Semiconductors 
(Heywood and Company, London, 1956), Vol. 1, p. 213. 





334 G. BONFIGLIOLI 
Inu* vs 1/7 is a straight line; the evidence for the 
existence of an activation energy, which turns out to be 
around 0.1 ev, is clear. We remark that the spread in 
the values of this energy (from 0.065 to 0.13 ev) could 
be due either to experimental uncertainties or to a real 
change in the specimen surface. At present we cannot 
make a choice and can only conclude that the energy 
gap is of the mentioned order of magnitude. Actually, an 
aging process is noticeable through the progressive 
variation of the u*(7) curve from one run to another; 
besides, the R(7) curves (resistance vs temperature) 
behave similarly. 

(b) Case of Sb.—u* is negative, that is the added 
electrons decrease the conductivity, and its absolute 
value is a decreasing function of T. Figures 4 and 5 show 
the results of several runs of measurements performed 
on two specimens. The behavior of u*(7) in Sb is quite 
different than in Au, and weak aging phenomena are 
noticeable. Incidentally we observe that the sign of u* 
agrees with the sign of the Hall coefficient. 

(c) Case of Bi.—Figures 6 and 7 show the results for 
Bi. w* is still negative. In principle, the same remarks 
as those made for Sb apply to this case. It is to be noted, 
however, that our Bi was impure, as indicated by the 
anomalous positive sign of the measured Hall coefficient, 
as weil as by the negative value of the temperature 
coefficient of resistivity. It is very likely that traces of 
Pb® are responsible for this behavior: actually, our Sb 
was of “chemical purity grade” and our Bi of “technical 
purity grade,” which is certainly worse than the former. 

The conspicuous phenomena of aging noticeable on 
the pictures can perhaps be attributed to an impurity 
effect; in any case the general behavior of the curves 
agrees with those of Sb. 


(4) DISCUSSION 


A satisfactory interpretation of the above experi- 
mental results appears to be very difficult. A solution 
of the “surface problem” for a charged metal, or, what 
is worse, for a charged semimetal is presently lacking, 
even if one is interested only in the energy levels of the 
extra charges. When surface transport phenomena are 
considered, and mobilities or relaxation times are 
wanted, there is practically nothing available, since the 
approximations usually made when dealing with field 
effect and surface states in semiconductors are not 
easily applicable to the case of metals. 

Consequently, for the time being, one is forced to 
limit himself to guessing in a reasonable way the main 
lines of the phenomenon. Electrostatics tells us that the 
extra charges must gather on an infinitely thin region 
near the surface—no matter whether they are electrons 
added to. the specimen, or excess ions resulting from 
electron subtraction. The uncertainty principle modifies 
in some way the above statement, but the result holds 


6 See, e.g., A. H. Wilson, Theory of Metals (Cambridge Uni- 
versity Press, Cambridge, 1953), p. 228. 
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that when a metal is charged (plus or minus), the 
density of electrons is sensibly altered only in a layer a 
few angstroms thick near the surface, while the interior 
remains practically unaffected. 

It seems therefore reasonable to assume that the 
conductance of a metal sheet can always be considered 
roughly as the sum of two (or three) conductances in 
parallel, belonging, respectively, to the interior and to 
the “surface.”” When the effect of the electric field is 
taken into account, in first approximation only the 
surface conductivity is altered, while the internal one is 
not. We write 

G=G )tGy; (4) 
AG=Gy(AN)—G3(0). (5) 

Let us now put into Gy a “surface conductivity” 
o>=eNypy, (6) 


which could be acceptable for a monovalent metal like 
Au, where my stands for the density of the “surface 
conduction electrons” (modulated by the electric field) 
and uy for their mobility. Considering that the experi- 
ment tells that the field effect depends on temperature 
as e~¥/*T, we assume that only the fraction AVe~/*? of 
the AN charges induced on the surface do actually 
conduct. This feature could be due to the existence of 
surface ‘‘traps” of various character, that is of ‘surface 
states” of localized type. From the above it can be 
shown in a straightforward way that 


pt=pxeW MF; (7) 


that is, the limiting value of our surface effective 
mobility for high temperature would give directly the 
true mobility of the surface carriers. 

In considering the magnitude of u*, we observe that 
its value is greater than the value of the mobility of 
electrons in the Au film and even in bulk Au: 25 cm?/v 
sec. Such a fact could mean perhaps that surface 
conduction electrons belong to a group of surface 
states of conducting type, i.e., two-dimensional, charac- 
terized by a mobility sensibly higher than the normal 
conducting states of the bulk metal. 

For Sb, the sign of u* and its temperature dependence 
still agree with a picture of trapped electrons which, 
either freed by an increment of temperature or added 
by the electric field, tend in both cases to reduce the 
surface conductivity. Anyway it must be emphasized 
that in Sb the electrical surface conduction, like the 
body conduction, should be multiband. 


(5) CONCLUSIONS 


The tentative picture of the phenomena which arises 
from the results of the above experiments is the follow- 
ing: surface states of localized type, that is, surface 
electron traps,’ do exist at the metal/dielectric inter- 
face. The trap depth concerned is of the order of 0,1 ev, 


7See J. Bardeen, Phys. Rev. 71, 717 (1947). 
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and the density of traps is probably near to the density 
of metallic ions on the surface. It is very likely that 
absorbed monolayers of foreign impurities are respon- 
sible of this situation. 

In any case the electrons freed from their traps 
contribute to the conduction through the existence of 
conductive surface states, perhaps of the type proposed 
by Tamm‘ and treated in a more general way in a paper 
by Shockley.’ These can be described by Bloch func- 
tions in two dimensions, exponentially cut off along the 
coordinate normal to the specimen boundary. Our 
experimental results seem to show that the mobilities 
of the electrons moving in these surface states are very 
high. 

As far as the writers know, no experimental evidence 
of these surface states in metals has been available. 
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APPENDIX. ASYMMETRY EFFECTS 


In the text it has been tacitly assumed that AG is a 
linear function of AV. More generally, however, we 
ought to assume that 


0G 1/0°G 
o=Gr+| (“ ) AN+ ( = ) an, (a) 
ON 0 f ON? 0 


leaving out higher order terms that are certainly 
negligible if A.V is sufficiently small. Taking into account 
the actual form of A.V versus t used in our measuring 
set-up, AV=(CV/e) sinwt, and that the term in 
brackets of (a) is many orders of magnitude smaller 
than Go, we obtain in a straightforward way a relation 
identical to Eq. (1) of this paper, except that AG/A.V 
takes its limiting value (0G/0.V)o calculated for the 
condition of a neutral metal. 

In any case this type of measurement would not give 
any evaluation of the even coefficient of the expansion 
(a). Using, on the contrary, a different form of AN, 
namely 

AN = (C/e)(Vi+V2 sina), 


obtained by superimposing a dc voltage V, on the 


8 J. Tamm, Physik. Z. Sowjetunion. 1, 733 (1932). 
9 W. Shockley, Phys. Rev. 56, 317 (1939). 
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Fic. 10. The results of a 
measurement of AG/AN under 
the combined action of a dc 
and an ac field. For the Bi 
specimen concerned, the asym 
metry of the effect is clear. 
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ordinary ac voltage V2, we obtain 


we 0G 
(t2¥) ( ) : 
Tol Ro ON 0 


¢ 


we” 0G 
(2--K, Ro) —- te -( . ) ; 
Tol RoCV, ON? o 


where (i,+) and (i,~) mean the galvanometer currents 
corresponding to +V, and —Vj, respectively. This 
second type of measurement thus allows not only a 
measurement of the linear term, but also the quadratic 
one of Eq. (a), that is an evaluation of the asymmetry 
of the field effect versus the sign of the charge accumu- 
lated on the specimen surface. The experimental results 
are the following: in the case of a monovalent metal, as 
Au, the asymmetry is hardly appreciable, while in the 
case of Bi, the asymmetry term is very important. It 
is shown in Fig. 10, obtained by applying to the speci- 
men a voltage V; of + and —150 volts, respectively. 

Two causes can be reasonably suggested as respon- 
sible for the nonlinear behavior of AG vs AN: one 
intrinsic to the phenomenon, the other of spurious 
character. The latter is probably related to a possible 
electrostriction effect in the dielectric support, which is 
quadratic in AN, and could well explain the small 
asymmetry met with in Au. The other reason belongs, 
probably, only to semimetals. In this case the density 
of the added charges is by no means much smaller than 
the actual density of charge carriers, which is the 
condition that allows termination of the expansion (a) 
at the linear term. 


(2+R,/Ro) 
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Piezoresistance of n-Type Germanium* 
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The change of electrical resistance in uniaxial tension has been 
measured over the range 6°K to 300°K for several single-crystal 
specimens of germanium doped with arsenic or antimony. The 
tensile stress was varied from 1X10’ to 5X10® dynes/cm?. 
Particularly at low temperatures where most of the carriers are 
bound to impurity centers, the piezoresistance of the conduction 
band departs strongly from linearity in stress. For the large 
piezoresistance effects measured with uniaxial stress in [110] 
direction, these departures depend in size and magnitude on the 
kind of donor impurity. It is shown that if the strain-induced 
shift of the Fermi energy is taken into consideration these effects 
are to be expected from the electron transfer model, which 


I. INTRODUCTION 


HE large effect! of elastic shear strain on the 

electrical resistivity of some multivalley semi- 
conductors has found a very satisfactory explanation 
in the electron transfer model of Herring? and Adams* 
which attributes the effect predominantly to the strain- 
induced change in the relative populations of the 
different valleys. Since then the anisotropy of this 
piezoresistance effect has been employed‘ to determine 
whether semiconductors are of the multivalley type 
and, if that is the case, the orientation of their band- 
edge points. One of the principal predictions of the 
electron transfer model is that the large components of 
the piezoresistance matrix depend on the mobility 
anisotropy characterizing a valley and are propor- 
tional to the relative change of the valley populations. 
Assuming Boltzmann statistics this relative change in 
population is, for the ith valley, given by 


An® /n® = — /RT. 


The energy shift of the valley minima «= E,“ — E.¢ 
is related to the applied stress through the deformation 
potential constants.° 

Except for a small temperature dependence of the 
mobility anisotropy the theory therefore predicts a 
1/T dependence of the large piezoresistance com- 
ponents. This has been confirmed between 77° and 
380°K by Keyes® in n-type Ge. More recent experi- 
ments’ at lower temperatures showed, however, 
deviations from the 1/7 dependence which varied 


* This work was supported in part by the National Science 
Foundation an1 the U. S. Atomic Energy Commission. 

1C. S. Smith, Phys. Rev. 94, 42 (1954). 

*C. Herring, Bell System Tech. J. 34, 237 (1955). 

3 E. N. Adams, Chicago Midway Laboratories Technical Report 
CML-TN-P3 (unpublished). 

‘R. F. Potter, Phys. Rev. 108, 652 (1957); A. J. Tuzzolino, 
Phys. Rev. 109, 1980 (1958) ; 112, 30 (1958). A. Sagar, Phys. Rev. 
112, 1533 (1958). 

5C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 

®R. W. Keyes, Phys. Rev. 100, 1104 (1955). 

7 Morin, Geballe, and Herring, Phys. Rev. 105, 525 (1957). 


attributes the large piezoresistance to the strain-induced changes 
of the electron concentrations in the various conduction band 
valleys. Theoretical predictions concerning the lowest donor 
states—a one-fold 1s-like ground state and a higher lying three- 
fold state—are verified for As in Ge. The energy separation 
between these two states is (4.10+0.15)10~-% ev for As and at 
least by an order of magnitude smaller for Sb in Ge. The de- 
formation potential constant (conduction band) for pure shear 
strain was found to be E2=19.2+0.4 ev at 6.6°K. The mobility 
anisotropy of a valley was found to decrease with decreasing T 
because of anisotropic scattering by ionized impurities. 


from sample to sample and which were too large to 
be accounted for by a temperature dependence of the 
mobility anisotropy factor. The authors pointed out 
that this departure from linearity in 1/T may be caused 
partly by inhomogeneities, but they did not offer a 
satisfactory explanation for the main part of this effect. 

The object of the present work is to study more 
carefully at low temperatures the departure of the 
piezoresistance from linear dependence on the applied 
stress and to test the predictions of the electron transfer 
model at large stresses. Terms of higher order in stress 
are to be expected when the condition |e|/kT<1 
ceases to be fulfilled and the power expansion of the 
Boltzmann factor is no longer permissible. Assuming a 
deformation potential E,~19 ev for n-type Ge, one 
obtains €/kT=5.1X10-°X/T for uniaxial stress 
X{dyne/cm*] in the [110] direction [see Eq. (A5) of 
Appendix ]. Hence this ratio becomes of the order of 
unity at moderate stresses of 2X10* dyne/cm? at 
around 10°K so that terms of higher order in stress 
should become noticeable. 

Reported below are measurements at temperatures 
between 300°K and 6°K of the piezoresistance effect of 
germanium doped with As and with Sb using uniaxial 
tensile stresses ranging from 1X10’ to 4.5 10° dyne/ 
cm?. The results will be compared with expressions 
which are derived from the electron transfer model 
taking into account the stress-induced changes of the 
Fermi level and of the impurity activation energy. 


II. EXPERIMENTAL DETAILS 


In the limit of small stresses the stress-induced 
change of the conductivity tensor @ is related to the 
stress tensor X by® 


(Ao/oo)r= Dos reXs. (1) 
’ The piezoresistance coefficients were taken to be positive 


when tensile stress increased the conductivity. Thus, our coeffi- 
cients are opposite in sign to those of Smith (reference 1). 
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Here the subscripts r and s are the abbreviated suffices 
customary in elasticity theory and run from 1 to 6. In 
the case of cubic crystals one usually chooses the 11, 12 
and 44 components referred to coordinate axes parallel 
to the cube axes as the three independent components 
of the piezoresistance matrix I. 

As discussed by Smith,! three measurements with 
different crystallographic orientations of the current 
and stress system are necessary to determine the three 
piezoresistance constants. Table I lists various arrange- 
ments which were used for this purpose by Smith and 
also in this work. The combination of II,, determined 
in each case® is listed in the fourth column of Table I. 

At larger values of applied stress, or more accurately 
at larger values of the ratio X/T, the linear relation (1) 
ceases to hold and a larger number of different orien- 
tations have to be investigated to determine all pa- 
rameters necessary for the description of the piezo- 
resistance effect. 


(i) Specimens and Their Preparation 


All samples were single crystals, oriented by x-rays 
to better than one degree, and then cut perpendicular 


TABLE I, Piezoresistance coefficients for various 
arrangements of X and /. 


: : Ao 
Orientation 


Stress X Current J 


[100] (100) Hi 
[100] [010] IIh2 
[110] [110] (Whit Ty2+ 44) 
[110] [110] (Wii +12 — 44) 


\rrangement ooX | x~0 


to the growth axis to minimize the impurity concen- 
tration gradient along their length. They were rec- 
tangular bars of approximately 0.01 cm? cross section 
and 2.5 cm length. All surfaces were etched. The 
dislocation density was determined by etch-pit counts 
on a (111) face and the donor and acceptor concen- 
centrations, Vq and .Vq, respectively, by Hall measure- 
ments. The characteristics of the samples? are listed in 
Table IT. 

Details of the mounting of the sample are shown in 
Fig. 1. For measuring the longitudinal piezoresistance 
six leads were attached by soldering No. 38 copper 
wires to the samples with Sn-In solder. The two pairs 
of potential leads enable one to check the homogeneity 
of the stress distribution. Beyond a distance of about 
0.3 cm from the attached brass cups (see Fig. 1), good 
homogeneity was ascertained. For the transverse piezo- 
resistance measurements, a 20-30 micron thick and 
0.5 cm long layer of Sn-In solder was applied on opposite 
and previously etched faces near the center of the 


9 Sample As-1 was cut from a crystal which was kindly supplied 
by Dr. N. B. Hannay of the Bell Telephone Laboratories. 
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TABLE IT. Sample characteristics. 


Dislocation 
density 
(cm~?) 


Sample Na X10715 
No. (cm~$) 


Na X10715 
(cm~4) 


1.5X 10* 
2 X10 
2 X10 
4 3 X10 


As-1 7 
As-2 3 
As-3 3 
Sb-4 


8 


Te 
5 

6 
ba 


Lg 
is 
3 

2 


0 ), 


sample. One copper wire was soldered to each of the 
large-area electrodes and the sample was then subjected 
to a final etch to eliminate the danger of surface 
conduction. 

The voltages were measured with a conventional dc 
potentiometer circuit using a galvanometer or a vi- 
brating reed electrometer as a zero-indicating instru- 
ment. The contacts were always found to be ohmic. 
The electric field was kept low enough so that the 
resistivity and the piezoresistance effect were inde- 
pendent of the field. 


(ii) The Apparatus 


The cryostat used for maintaining temperatures in 
the range 7° to 300°K is of conventional design. Helium 
was used as refrigerant. The sample was inside a heavy 
copper can which also contained charcoal saturated 
with adsorbed helium to increase the heat capacity. 
Thermal control was achieved by means of a heater 
wound around the copper can and, if necessary, by 
slowly desorbing the adsorbed helium from the char- 
coal.!° The temperature was measured with a 0.1-watt 
Allen-Bradley carbon resistor placed inside the copper 
can in close proximity to the sample. 

About 0.4 cm of each end of the germanium samples 
were cemented into closely fitting brass cups with red 
sealing wax (see Fig. 1). Two strings 1.5 cm long were 
attached to these cups and served as electrical insulation 
and as means for avoiding torsional strains in the 
sample. One of these strings was rigidly fixed at the 
bottom of the sample holder frame. The other was 
attached to the lower end of a thin stainless steel tube 
which in turn hung from the short lever of a beam 
balance. The balance itself was inside a vacuum-tight 
enclosure. A set of weights could be attached to its 


Fic. 1. Mounting of samples 
and arrangement of electrodes 
for a longitudinal case (a) and 
a transverse case (b). In case 
(a) the wires 1 and 2 serve as 
current electrodes and 3 to 6 as 
two pairs of potential elec 
trodes. In case (b) the potential 
difference is measured directly 
between the current electrodes 
1 and 2. 


(a) (b) 


10 A.C. Rose-Innes and R. F. Broom, J. Sci. Instr. 33, 31 (1956). 
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(Ao/ao)/(X/T) as a function of X/T for As-doped 
germanium in arrangement C at various temperatures. The curve 
7 =6.58°K was measured on sample As-1, the others on sample 
\s-2. The intercepts with the ordinate yield 7 (11,;+1,2+1144)/2. 


Fic. 2. 


long lever arm. The largest tensile stress applied was 
kept at 5X 10° dynes/cm? to avoid breakage. Sufficient 
time was allowed for the sample to reach thermal 
equilibrium after each change of load. 


(iii) Internal Strains in the Absence 
of Applied Stress 


Depending on the conditions under which the 
crystals were grown, considerable strains may be frozen 
in the material. Assuming a relationship" between 
these internal stresses, ving, and the number of dis- 
location lines per cm’, », the approximate magnitude 
of the ring can be estimated from the known stress field 
around a dislocation.” Halfway between the dislocations 
the stress is approximately 7 ine~3X108(n)! dyne/cm. 
For the largest dislocation densities found in our 
samples (see Table II), this estimate yields 7 int ~4X 10° 


11S. Lederhandler finds a correlation between the density of 
dislocations and the internal stress deduced from the birefringence 
pattern in Si which seems to support the relation used above 
(private communication); see also S. Lederhandler, Bull. Am. 
Phys. Soc. 3, 358 (1958). 

2W. T. Read, Dislocations in Crystals (McGraw-Hill Book 
Company, New York, 1953). 


dyne/cm? which is smaller than the smallest stress 
applied. 

More serious, however, is the strain due to the 
different thermal expansion of germanium and the 
solder near the large-area contacts of the transverse 
arrangements. Although the thickness of the solder 
layer was mostly kept below 30 microns, small errors 
may have been caused by this effect. 


III. RESULTS AND DISCUSSION 


Most of the results discussed below have been 
checked for reproducibility using different samples, 
changing the sample mounting and the arrangement of 
electrodes, and investigating the effect of small mis- 
alignments. 

In order to determine accurately the small-stress 
limit of the piezoresistance effect, the experimental 
results will be presented by plots of (Ao/oo)/(X/T) 
versus X /T. Figure 2 shows the large longitudinal effect 





ae ow 


4 


@ 
1 


ab 
ee ae 





iB 


o 


ae aes a a ee 


l 1 1 
20 30 
x/T [ios dyne/cm2 *x] 


° ao on none 


=) 
@ 


| 
i 


° 





Fic. 3. (Ao/oo)/(X/T) as a function of X/T for Sb-doped 
germanium (sample Sb-4) in arrangement C. The intercepts with 
the ordinate yield 7 (M1,:+Mh2+T144) /2. 


(arrangement C) for As-doped germanium. The various 
curves were obtained at different temperatures as 
indicated in the figure. In the exhaustion range the 
curves decrease slightly at large values of X/T. But 
as soon as the temperature becomes low enough for 
carriers to freeze into the donor states, large deviations 
from the linear relationship of Eq. (1) become evident. 
The largest deviations are found at the lowest tem- 
peratures where (Ag/oo)/(X/T) increases to almost 
three times its small-stress limit. 

The corresponding measurement on Sb-doped ger- 
manium are presented in Fig. 3. Here the behavior of 
the piezoresistance effect at large stresses is completely 
different. Even at the lowest temperatures (Aa/oo)/ 
(X/T) decreases with increasing X/T and the curves 
measured at various T appear to be remarkably similar. 
A comparison of Figs. 2 and 3 demonstrates how the 
terms of higher order in the stress depend on the nature 
of the dunor impurity. This is despite the fact that 
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conduction takes place in the conduction band only. 
As shown below, impurity conduction sets in at much 
lower temperature. 

The small piezoresistance effects (arrangements A 
and B) of As-doped germanium are shown in Figs. 4 
and 5, respectively. Although these measurements are 
less accurate because of the smallness of the conduc- 
tivity change, considerable deviations from the linear 
stress dependence become noticeable at the lower 
temperatures. However, even at large stresses the 
piezoresistance effect of these orientations remains 
small in comparison with that of arrangement C. 


Low-Stress Limit of the Piezoresistance 


In order to obtain the correct piezoresistance terms 
of first order in X, the curves of Figs. 2, 4, and 5 and of 
a similar plot obtained with As-doped germanium in 
arrangement D were extrapolated to the axis Y¥/T=0. 
The appropriate corrections were applied as discussed 
by Smith! to account for the dimensional changes and 
for the fact that the current lines are not straight at 
the ends of the electrodes in the transverse cases B and 
D. These corrected quantities are plotted against 1/7 
in Fig. 6. They represent the product of temperature 
with the appropriate combination of piezoresistance 
coefficients as indicated. It was convenient to change 
the sign of the results obtained with arrangement D, 
the only one which yields negative conductivity 
changes. 
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Fic. 4. (Ag/oo)/(X/T) as a function of X/T for As-doped ger 
manium (As-3) in arrangement A. The intercepts yield 71I,;. 
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Fic. 5. (Av/oo)/(X/T) as a function of X/T for As-doped ger 
manium (As-3) in arrangement B. The intercepts yield 71)». 


In the whole temperature range, the coefficients IT), 
and II, are much smaller than II44, in agreement with 
previous measurements.'” Possible causes for the finite 
values of the small coefficients II,; and II. have been 
discussed by Morin, Geballe, and Herring’ and no 
further information can be added at present. 

The quantities presented in Fig. 6 are not quite 
consistent with one another. One obtains somewhat 
different values for II,, depending on whether it is 
determined from curves 1, B, and C, from curves 4, 
B, and D, or from the two curves C and D. One of the 
reasons for this discrepancy is believed due to the 
uncertainty involved in the rather large end cor- 
rections which have to be made in the transverse 
cases as mentioned above. In the case of arrangement 
D this correction is up to four times larger than the 
small effects measured with arrangements A and B. 
The values for $7114, obtained from curves A, B, and 
C were, therefore, considered more accurate. They are 
represented by the dotted curve in Fig. 6. 


Discussion of I1,, 


Theory predicts that the predominant contributions 
to IIq4, in n-type germanium come from the strain- 


'8Tn deriving the correction formula (see reference 1) which 
accounts for the distortion of the current lines at the ends of the 
electrodes in the transverse case, H. Suhl assumed the resistance 
of the electrodes to be negligible compared to the resistance of 
the sample. Because of the small thickness of our large-area 
contacts, this assumption is not justified above 15°K where the 
sample resistance is low. Hence the effective length of the elec 
trodes is decreased and a correspondingly larger end correction 
should be applied. This might be the reason for the rather large 
discrepancy between the II44’s calculated from arrangement C 
and D at temperatures above 15°K. 
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Fic. 6. The intercepts of the curves of Figs. 1, 3, and 4 with the 
ordinate X/T=0 as a function of reciprocal temperature. These 
values have been corrected for dimensional changes and the end 
effects occurring at the transverse electrodes (see text). The sign 
of the values obtained for arrangement D has been changed to 
positive. The full circles are data obtained with As-2, the triangles 
those obtained with As-1. The dotted curve represents TII44/2 as 
calculated from curves A, B, and C. 


induced change in the relative populations of the 
different valleys. This leads to the expression [see Eq. 
(A14) of Appendix ] 

1E, K-1 
IT 44=- —S ug ——__, (2) 
3kT 2K+1 
where F; is the deformation potential constant for pure 
shear, S44 is the elastic constant, and K=p,/y, is the 
mobility anisotropy of a valley. A temperature de- 
pendence of the product TII4, can arise from a change 
of K or of FE. with temperature. The temperature 
dependence of S44 is negligible. Magnetoresistance 
measurements'*'® have shown that one can expect a 
decrease of K from its pure-lattice-scattering value 
K=20 to values of the order of unity for ionized- 
impurity scattering as the temperature is lowered. 
While this can account for the observed decrease of 
$7144 between 50°K and 7°K, it cannot explain the 
sudden decrease as the temperature is raised from 
77°K to 300°K (see Fig. 6). This latter decrease is 
attributed to a small negative temperature-independent 
contribution to II44 which arises from (a) the minor 
effects which are also responsible for the finite values 
of II,, and IT,2 and (b) from the temperature-dependent 
term in the deformation potential which may be written 


4C, Goldberg, Phys. Rev. 109, 331 (1958); C. Goldberg and 
W. E. Howard, Phys. Rev. 110, 1035 (1958). 
16 R. A. Laff and H. Y. Fan, Phys. Rev. 112, 317 (1958). 


as K.= E°(1+aT). This temperature-independent con- 
tribution’® to IT44 will be denoted by II,,’. It is negligibly 
small compared with IIy at low temperatures; its 
presence becomes noticeable only at high temperatures 
where II44 is small. 

In the next section a value of E.=19.2 ev will be 
derived from the terms in the piezoresistance of higher 
order in stress. Using this value for 2, the temperature 
dependence of K shown in Fig. 7 could be obtained from 
the }7II4, curve below 50°K (see Fig. 6). This decrease 
of K with temperature agrees qualitatively with the 
results of the magnetoresistance measurements."-!5 We 
found no indication of a subsequent increase of K like 
that observed by Laff and Fan’ around 6°K which they 
attributed to neutral-impurity scattering. 

The K versus T curve of Fig. 7 was extrapolated to 
higher temperatures (dotted part) in accordance with 
the results of the magnetoresistance measurements. 
Using these values for K, the value of ITy,’= — 16 10-" 
cm?/dyne was obtained as the best fit to the high- 
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Fic. 7. The mobility anisotropy K=y1/u of a valley as a 
function of temperature for As-1 and As-2. 


temperature part of the }7TIq, curve in Fig. 6. If a 
temperature variation of FE, were the only cause for 
the occurrence of IIy4’, one would obtain for the tem- 
perature coefficient a~ —6X 10~*/°K. 

In order to show that the piezoresistance coefficients 
plotted in Fig. 6 have not been influenced by small 
admixtures of impurity conduction, the temperature 
dependence of the zero-strain resistivity po and of the 
low-stress limit of Ac/ao is shown for a typical case in 
Fig. 8. Near the onset of impurity conduction, A/a 
reaches a maximum and falls off very rapidly at lower 
T. We conclude from this that at temperatures slightly 
above the maximum the influence of impurity con- 
duction on the results is negligible. As discussed above, 
the low-stress piezoresistance of the conduction band 
deviates from a simple 1/T law because of the tem- 


16 The temperature-independent II,,’ is equivalent in meaning 
and magnitude with the intercept at 1/7 =0 of the straight line 
fitted by Morin, Geballe, and Herring to their Ap/pX versus 1/T 
plots. See Fig. 4 of reference 7. 
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perature dependence of K. The term II,’ gives rise to 
a very small vertical shift of the curve. 


Piezoresistance at Large Stresses 


The different character of the piezoresistance of 
germanium doped with As (Fig. 2) and doped with Sb 
(Fig. 3) demonstrates that it is necessary to consider 
the detailed structure of the lowest donor levels in 
calculating the conductivity change at large stresses. 

In the Appendix expressions for the conductivity 
changes are derived for two extreme cases: A,=0 (case 
I) and 4A,>>kT (case II). 4A, is the magnitude of the 
energy separation between the one-fold and the three- 
fold 1s-like donor states in unstrained germanium.!7)!8 
The order of magnitude of A, can be estimated!”!* for 
a particular donor by comparing the observed donor 
activation energy, /..s, obtained from Hall measure- 
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Fic. 8. Zero-strain resistivity and the low-stress limit of the 


piezoresistance as a function of reciprocal temperature for Sb 
doped germanium (Sb-4) in arrangement C. 


ments with that calculated from the effective-mass 
formalism, Hegmass- Since the three-fold donor state is 
least affected by the corrections to the effective-mass 
formalism, one can set 


4A, ~ Eobs— att viata 


This yields for Sb in germanium 4A,~4X10~ ev and 
for As in germanium 4A,~3.5X 10" ev. 

For the Sb-doped samples, A./R7<1 for tempera- 
tures which are not too low, so that the expressions 
derived for case I should be good approximations. 
Figure 9 shows a comparison of the Sb results with 
Eq. (A13). For the As-doped samples, the condition 


17W. Kohn, in Solid State Physics edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 5, p. 257. 

18 P. J. Price, Phys. Rev. 104, 1223 (1956). 

18a. M. Conwell, Phys. Rev. 99, 1195 (1955). 
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Fic. 9. Comparison of the piezoresistance effect measured on 
Sb-doped germanium in arrangement C with theoretical curves 
obtained from Eq. (A13) using two different deformation po- 
tentials EZ». A different choice of the mobility anisotropy K causes 
a vertical shift of the theoretical curves. 


4A./kT>>1 for case II is fairly well satisfied at the 
lowest temperatures. In Fig. 10, curves calculated from 
Eq. (A16) are compared with experimental results 
obtained at T=6.58°K and T=8.93°K with As-doped 
germanium. In order to calculate the theoretical curves, 
the values of EH, A., and (K—1)/(2K+1) have to be 
known. They were determined in the following way. 
Assuming that the initial slope of the 7=6.58°K 
curve in Fig. 10 is not influenced by any other effect 
but the electron transfer mechanism, this slope can be 
set equal to the coefficient of the quadratic term of the 
appropriate power expansion of Eq. (A16): 


Suko\? 41 kT 
siope=( ) ( — -). 
6k 2 4A, 


In the curves of Fig. 10 one first subtracts the small 
term 7(I1,,;+1I12)/2 from the intercepts at ¥/T=0. 


(3) 


a 


60-1 — 


ad 
ro) 


> 
° 





/* (1078 cm? °K /dyne) 


(10-3ev) 
114 
1.03 
0.916 


w 
oO 





de 
"0 





























| 1 
20 30 


X/T (10° dyne/cm* °K) 





'ic. 10. Comparison of the piezoresistance effect measured on 
\s-doped germanium in arrangement C with theoretical curves 
calculated from Eq. (A16) for various sets of A, and £2. 





342 H. 


After this correction the intercepts yield, according to 
Eq. (2), 
1 K-1 

§ TT 44= —E2S g——. (4) 
6k 2K+1 
The two Eqs. (3) and (4) do not suffice to determine 
the three unknown quantities Z2, A., and K. These were 
therefore determined by finding a set of 2, A., and K 
which satisfies (3) and (4) and which simultaneously 
gives the best fit of the complete expression (A16) to 
the experimental points. Figure 10 shows the calculated 
curves for various choices of H, and A, together with 
the experimental points. The best fit was obtained with 
Iy.=19.2 ev, A,-=1.0310- ev, and the values of K 
shown in Fig. 7. 

In order to estimate the limits of accuracy for these 
values, let us briefly examine the assumptions under- 
lying these calculations. In deriving (A16) it was 
assumed (a) that the total carrier concentration n<V, 
and n<Na—Nq, and (b) that the presence of the higher 
lying states of the donor multiplet can be neglected. 
Solving the Fermi level Eq. (A8) with the complete 
expression (A9) for case II shows that the errors 
introduced by assumptions (a) and (b) caused the 
calculated curves of Fig. 10 to be too high by about 
0.3% at T=6.58°K and by about 2% at 8.93°K. In 
comparing the observed piezoresistance at large stresses 


with Eq. (A16), it was furthermore assumed that there 
are no contributions to the higher order terms in the 


piezoresistance from the minor effects which are 
responsible for the finite values observed in arrange- 
ments A and B. It seems reasonable to assume that 
these minor effects add to the results of arrangement 
C a contribution of equal magnitude as that found in 
arrangements A and B. The slopes of the curves in 
Figs. 4 and 5 at the lowest temperatures are about 3% 
of those in Fig. 10, so that a comparison of the latter 
with (A16) has to be considered uncertain by this 
amount. 

These considerations combined with an experimental 
error of about 1% lead to an uncertainty of 4% in 
A. and of 2% in E2. The discrepancy between the experi- 
mental points and the calculated curve at T=8.93°K 
(see Fig. 10) falls within this margin of errors. 

The results obtained at the lowest temperatures with 
As-doped germanium with stress and current in 
arrangement D agree qualitatively with the expression 
(A16) derived in the Appendix for case II. (Ao/o)/ 
(X/T) is negative at Y¥/T=0; it then increases with 
increasing X/T and assumes positive values at large 
X/T. We have refrained from a quantitative com- 
parison, however, since in the X/T range where the 
absolute magnitude of (Ao/ao)/(X/T) is small it will 
be strongly affected by small additional piezoresistance 
contributions. These additional contributions are 
unknown. They cannot be inferred from measurements 
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on arrangements A and B as was the case in the small- 
stress limit. 

The comparison of the Sb results with Eq. (A13) 
(Fig. 9) shows that the experimental curves do not 
decrease quite as strongly as the theoretical curve. For 
the low-temperature curves this may be partly ac- 
counted for by assuming a small splitting parameter 

-~10~ ev. At higher temperatures such a small 
splitting should, however, have no effect. A choice of 
a smaller value for EZ, would yield a better fit at inter- 
mediate X/T but a poorer fit at large X/T. Although 
this discrepancy remains unexplained at present, we 
feel that the qualitative agreement justifies some 
confidence in the validity of the model used. 

Morin, Geballe, and Herring? found at 10°K a 
negligibly small effect of stress on the carrier concen- 
tration in Sb-doped Ge. As shown in the Appendix 
this is to be expected for A«<<kT which seems to be the 
case for Sb in Ge. For As in Ge, on the other hand, the 
low-temperature Hall coefficient should change con- 
siderably according to Eq. (A17) of the Appendix. 

Recently Weinreich’ discussed the possibility that 
the three-fold 1s-like donor state in unstrained ger- 
manium is the ground state and that the onefold state 
lies higher by 4A,. This amounts to turning the donor 
state multiplet of Fig. 11(b) upside down and using a 
A. of opposite sign in Eqs. (A7). We have calculated 
the expression for the piezoresistance using the inverted 
model of Weinreich and found it impossible to explain 
the results on As-doped germanium with his model. 


IV. CONCLUSIONS 


These experiments indicate that the electron transfer 
model forms an excellent basis for the understanding of 
the large piezoresistance effects in germanium. An 
analysis of the piezoresistance as a function of stress 
can yield information concerning the nature of the 
lowest lying impurity states. 

The results on As-doped germanium confirm the 
theoretical predictions of a onefold 1s-like donor 
ground state and an energy gap between the next 
higher lying threefold state and the ground state of 
about 4A,= (4.10+0.15) 10 ev for As. This energy 
gap is smaller by an order of magnitude for Sb. 

In the case of a multivalley semiconductor con- 
taining impurities, whose ground states are almost 
unaffected by strain, the deformation potential 22 can 
be determined from the term in Ag/o which is quadratic 
in stress using suitable orientations for current and 
stress. This method has the advantage of being inde- 
pendent of the temperature-dependent mobility ani- 
sotropy of a valley. The deformation potential for 
electrons in germanium at low temperatures was 
determined in this way as F.°= (19.2+0.4) ev with As 
as donor impurities. 

'9 Weinreich, Boyle, White, and Rodgers, Phys. Rev. Letters 2, 
96 (1959), 





PIEZORESISTANCE OF 


Previous estimates’” of the deformation potential 
near room temperature yielded a value of E.~16 ev. 
The apparent disagreement between these values 
disappears if one assumes a temperature dependence of 
approximately -.= F,°(1—6X10~T7). Our results, par- 
ticularly the presence of the additional constant term 
II44’, are compatible with a temperature dependence of 
F, of this magnitude. They do not suffice, however, to 
establish it because of the various other factors which 
might contribute to IT44’. 
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APPENDIX. PIEZORESISTANCE TO HIGHER 
ORDERS IN STRAIN 


We shall try to extend the expressions obtained by 
Herring? and Adams’ for the strain-induced change of 
the electrical conductivity to higher orders in the strain. 
The discussion will be limited to n-type germanium, 
the specific case of interest in this paper. This treatment 
is based on basically the same assumptions as are the 
calculations of the authors mentioned above: 

(a) neglect of the effect of strain on the mobility 
and on the mobility anisotropy of a valley; 

(b) Maxwell-Boltzmann statistics for the carriers in 
the conduction band; 

(c) semiconductor in the extrinsic range. 

The only effect of strain considered is a change of the 
valley populations. The relative change in conductivity 


is then 
Aoap 1 An‘ 
= ( _ bes”), (A1) 
00 uM ny” 


where gag and pas‘” are, respectively, components of 
the total conductivity tensor and of the mobility tensor 
of the 7th valley, both of course referred to the same 
coordinate system. The angular brackets with subscript 
i mean that the quantity in brackets should be averaged 
over all valleys 7. The macroscopic mobility 
B= (unt+2y,)/3 depends on wi, and yy, the mobilities 
of electrons parallel and perpendicular, respectively, 
to the axis of revolution of a valley. 

With assumption (b) one obtains 


An™ 
——=exp[(er—e)/kT ]—1, 


no‘ i) 


(A2) 


where €‘? = E,“” — Eo denotes the strain-induced energy 

20H. Brooks, in Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1955), 
Vol. 7, p. 85. 
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shift of the ith valley and ery=Hr—E vo the strain- 
induced shift of the Fermi energy. Expressing was‘ in 
terms of wi; and yw, and substituting (A2) in (A1), one 
can write 


Acas 3 


~Lexp[(er— €)/kT ]—1] 
a0 Quite 


X [6 asuitinta ng (ui—p) });, (A3) 


where dag is the Kronecker delta and m,‘?, ng are 
components of #°, the unit vector in the direction of 
the 7th valley in momentum space. 

Even for large strains, the linear relation between 
e” and the strain u will be assumed to hold as given by 
the deformation potential theory®*': 


=A -{E, Trul+E2(u—} Trul)}-4. (A4) 


Here 1 is the unit tensor, u is the strain tensor, and 
Tru denotes its trace. &; and FE» are the deformation 
potentials for pure dilatation and pure shear, respec- 
tively.”! 

In the following we restrict the discussion to the 
effect of uniaxial tensile stress X in a [110] direction, 
the particular stress distribution which gives rise to 
the large piezoresistance in germanium. Only the pure- 
shear part of the resulting strain will be considered, 
since the dilatation shifts all valleys and donor states 
by the same amount and hence does not affect the valley 
populations. 

In n-type germanium there exist four valleys in the 
[111] directions in momentum space. The shear causes 
two of the valleys to shift up and the other two to 
shift down by the same amount ¢ determined by the 
shear part of (A4) as 


KoS4 5X 6. ( AS ) 


€ € 


With this result and denoting A=y,/y, one obtains 
in terms of € and ey the following conductivity changes 
for the arrangements C and D of Table I: 


Ao K=] ; 
=| + sinh(e/kT)+cosh(¢/kT) 
a 72) Ge ak 
Xexp(er/kT)—1. (A6) 
The plus sign applies to arrangement C, the minus sign 
to arrangement D. 

In order to calculate ey, the detailed structure of 
the lowest lying donor states and their shift due to 
applied stress have to be known. This problem has been 
investigated by Kohn and Luttinger” and Price.'* 
Their results will be briefly summarized below. 

In unstrained germanium the four energy minima 
of the conduction band are completely equivalent. 


*t The notation of H. Brooks (reference 20) is adopted here. 
The relation between his and Herring’s notation is £;=Za+1/3zZ. 
and F.=2Z,. 

 W. Kohn and J. M. Luttinger, Phys. Rev. 98, 915 (1955); 


see also reference 20. 
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Consequently in the effective-mass approximation the 
Schrédinger equation has four degenerate solutions for 
the donor ground state (not counting spin degeneracy). 
When the crystal is subjected to a specific shear strain 
u, the equivalence of the energy minima is destroyed 
and the minima shift according to (A4). 

In first-order perturbation theory the strain will 
shift the originally degenerate donor ground states 
Ea” by the same amount e4?=e ~~ with 
e4 = Eg — Ego. Figure 11(a) shows the effect of 
uniaxial stress X applied in the [110] direction on the 
conduction minima and the donor ground states in the 
effective-mass approximation. Again only the shear 
part of the resulting strain has been considered. 

Corrections to the effective-mass approximation 
become largest in the immediate vicinity of the donor 
atom. The completely symmetrical 1s-like donor state 
(belonging to the representation A, of the tetrahedral 
group 74) will be most strongly affected because its 
wave function is the only one with a large amplitude 
at the donor nucleus. Because of the attractive potential 
of the donor nucleus one expects this state to be de- 
pressed, whereas the other three 1s-like states remain 
degenerate in the unstrained crystal and very near the 
energy obtained from the effective-mass formalism. 
Following Price, this splitting between the one-fold 
and the three-fold 1s-like states, called ‘chemical 
shift,” will be denoted by 4A,. Assuming A, to remain 
unaffected by strain, Price obtained the following 
shifts of the four 1s-like donor states resulting from the 
shear part of uniaxial stress in the [110] direction [see 
Fig. 11(b) ]: 


Eg) = EatActe, 
Ea = Eqw—A.+ (442+ &)!, 
Ea® = EatA.— «, 
Ea = Ew—A.— (442+ €)}. 


Stress [110] 


$2. 


f2d, 


Fic. 11. Shear-induced splitting of the conduction band edge in 
germanium (upper part) and of the lowest donor-state multiplet 
(lower part) caused by uniaxial stress in the [110] direction for 
A-=0 (a) and A.#0(b). The numbers in parentheses denote 
degeneracies neglecting the electron spin. 


FRITZSCHE 


It appears to be a good approximation to set «= ||, 
i.e., equal to the absolute magnitude of the shift of the 
valleys obtained from (the shear part of) Eq. (A4). 
The strain-induced shift, ey, of the Fermi energy 
will be calculated for two extreme cases: A,=0 (case I) 
and 4A./kT>>1. In both cases we shall assume donor 
concentrations low enough so that the donor states are 
completely localized, i.e., we exclude the possibility of 
having more than one electron on a given donor. 


Case I: A.=0 
The Fermi level equation for both cases illustrated 
in Fig. 11(a) and (b) is 
N. exp[ (Er—E.o)/kT ] cosh(€/kT) 
+Na/{1+expl (Ea etr—Er)/kT]} =Na—Na, 


where NV, and JN, are the donor and acceptor concen- 
trations, respectively, NV, is the effective density of 
states in the conduction band, and £,» is the zero-strain 
band edge energy. The effective donor-state energy 
Ea ett is given by 


Ea ett= —RT Inl 1 gi exp(Ea/kT) ]. 


(A8) 


(A9) 


Here g; denotes the degeneracy of the donor state of 
energy E,. In the present case [Fig. 11(a)] one 
obtains 


Ea ett= —kT \n{8 cosh(€/kT) J. (A10) 


Substituting (A10) into (A8) yields a Fermi level 
equation which is identical with that for e=0 except 
for the substitution 


exp(Epo/kT)=exp(Er/kT) cosh(e/kT). (A111) 


Since exp(Er/kT) cosh(e/kT) is a function of 
quantities independent of ¢, it follows that the total 
number of conduction electrons, given by the first 
term in (A8), remains unchanged by the shift e. 

From (A11) one obtains for the shift of the Fermi 
energy 

er= —kT |n cosh(€/k7). (A12) 
Substituting (A12) into (A6) yield the final result 


Aa ad | 
—=+—— tanh(e/kT), 
2K+1 


oni) 


(A13) 


with ¢ given by (A5). The plus and minus sign refer, 
respectively, to arrangements C and D. The first order 
term in X gives, as expected, the expression of Herring 
and Adams: 


Ao K-11E; 
—=c ae —S44X. 


- (A14) 
oo  2K+16kT 


*3 We follow here an argument which is due to Landsberg; see 
P. T. Landsberg, Proc. Phys. Soc. (London) B71, 69 (1958). 
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Case II: 44./kT>1 


The level scheme for 4,#0 is shown in Fig. 11(b). 
In order to find er one has to solve the Fermi level 
equation (A8) using the effective donor-state energy 
(A9) in which £4 is given by (A7). This leads to a 
complicated expression for er which can be solved 
numerically when the quantities A, and EF, are known. 

One can find, however, a simple expression for the 
limiting case 4A./kT>>1. This condition will always 
be satisfied at low enough temperatures. The influence 
of the upper three states of the donor multiplet can 
then be neglected. At low enough temperatures, i.e., 
when the total electron concentration n<N a—N, and 
n<<Nq, the Fermi energy shifts parallel to the donor 
ground state energy when stress is applied so that 


ep=2A,— (442+ 2)}. (A15) 


Substituting (A15) into (A6) yields the final result 
for the respective conductivity changes: 
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K-1 
+— sinh(e/kT)+-cosh(e «| 
2K+1 


Xexp{[2A.— (442+)! )/kT}—1, (A16) 
with ¢ given by (AS). The plus sign applies to arrange- 
ment C, the minus sign to arrangement D. 

The case of finite A, differs from the case A.=0 
considered previously in that the total carrier concen- 
tration in the conduction band is changed by the stress. 
This change in 7 is reflected in a change of the Hall 
coefficient R: 


R—R, 
a = 1—cosh(e/kT) 
R 


Xexp{[2A,— (442+) kT}. (A17) 


In deriving this result, the condition 44,>kT was 
assumed to hold and the effect of stress on the ratio of 
Hall mobility to drift mobility was neglected. 
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Electron Damage Thresholds in InSbt 


F. H. Eisen AND P. W. BICKEL 
Atomics International, Division of North American Aviation, Incorporated, Canoga Park, California 
(Received February 18, 1959) 


Measurements of carrier removal rate and isochronal recovery in electron-irradiated InSb indicate that 
displacements are produced at electron energies as low as 240 kev. Two recovery stages have been found 
and the activation energies for recovery determined. The conductivity recovery in the low-temperature 


stage was found to be first order. 


HE rate at which carriers are removed from the 

conduction band in InSb by electron bombard- 
ment has been measured as a function of energy in an 
effort to determine the threshold electron energy for 
the production of atomic displacements. The results 
are shown in Fig. 1. The irradiation and electrical 
conductivity measurements, from which the carrier 
removal rates, di/dN,, were derived, were carried out 
at liquid nitrogen temperature. The sample was n-type 
with 1.410" carriers/cm, and a mobility of 3.5105 
cm?/volt sec at liquid nitrogen temperature. The 
sample thickness was 0.017 cm. 

Figure 1 may be separated into an energy region in 
which dii/dN, changes rapidly with energy and a “‘tail” 
region in which dai/d.V, changes very slowly with energy, 
suggesting that two different processes may be re- 
sponsible for the observed conductivity changes. This 
possibility was investigated by studying the isochronal 
recovery of damage produced at different electron 
energies. Figure 2 shows the data for samples annealed 
after bombardment at 240 kev and 400 kev. The 
240-kev damage recovers in two stages labeled I and II 
+ This research was supported by the Aeronautical Research 
Laboratory, Wright Air Development Center, 


in the diagram. The 400-kev damage recovers entirely 
in Stage IT and the annealing of a sample irradiated at 
700 kev shows nearly all the recovery occurring in 
Stage II (with the rest of the recovery occurring at 
higher temperatures). The absence of recovery in 
Stage I after irradiation at these energies may be due 
to heating of the sample during the irradiation. The 
conductivity change produced in the 700-kev irradiation 
is too large to be due to a surface effect, indicating 
that the damage which recovers in Stage II is due to 
displacements in. the bulk of the sample. Since Stage II 
recovery is observed at 240 kev, the threshold energy 
must be less than or equal to 240 kev (this corresponds 
to a maximum energy transfer of 5.7 ev to an indium 
atom). The recovery of damage produced by 200-kev 
electrons was observed to occur entirely in Stage I 
indicating that the threshold for production of the 
damage recovering in Stage II is above 200 kev. The 
nature of the damage recovering in Stage I is not clear 
at the present; surface effects cannot be ruled out as 
they were in Stage IT. 

Isothermal recovery data were obtained after 240-kev 
and 400-kev irradiations and were combined with the 

















0.20 0.25 0.30 
ELECTRON ENERGY (Mev) 
Fic. 1. (Carriers removed per cm*)/ (bombarding electrons per 
cm’), di/dN,, as a function of the energy of the bombarding 
electrons. 


isochronal data to obtain activation energies for the 
recovery of damage,’ yielding 0.23 ev for Stage I and 


1 For a discussion of the method, see C. J. Meechan and J. A. 
Brinkman, Phys. Rev. 103, 1193 (1956). 
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Fic. 2. Isochronal recovery of electron damage produced at 
240 kev and 400 kev. The scale on the left is for the 240-kev 
damage. 


0.56 ev for Stage II. The conductivity recovery in 
Stage I obeyed first-order kinetics and may be due to 
the recombination of close vacancy-interstitial pairs. 
Satisfactory interpretation of the isothermal data for 
Stage II and the unexpectedly large relative difference 
in the two activation energies has not yet been achieved. 
Further work is in progress to clarify these points. 
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d Bands in the Body-Centered Cubic Lattice 


JosepH CALLAWAY* 
Department of Mathematics, Queen Mary College, University of London, London, England 


(Received February 2, 1959) 


A model of a crystal, consisting of positive point charges neutralized by a uniform distribution of negative 
charge, is employed to study the form of the d bands in a body-centered cubic lattice as a function of the 
lattice spacing. The wave functions are expressed as linear combinations of plane waves and the potential 
treated as a perturbation. It is shown that the perturbation series for the energy is a power series in Za, 
where Z is the atomic number and a is the lattice parameter. The leading term in the series is of the order 
(1/a)?, and the coefficients of successive terms in the series decrease rapidly. The first three terms are 
evaluated for the states of predominantly d symmetry at the center of the Brillouin zone, and the corner // 


INTRODUCTION 


LTHOUGH there have been many calculations of 
energy bands in the transition elements,! the band 
structures of these elements are not well understood. 
Recently it has been proposed that the d-band structure 


* On leave of absence from Department of Physics, University 
of Miami, Coral Gables, Florida. 

1 A review of band calculation has been given by J. Callaway, 
in Solid State Physics, edited by F. Seitz and D. Turnbull (Aca- 
demic Press, Inc., New York, 1958), Vol. 7, p. 99. 


of the body-centered cubic transition elements, iron and 
chromium, is radically different from that of the face- 
centered cubic elements, nickel and copper.? Experi- 
mental information adequate to resolve the problem 
does not exist. In view of the complexities of careful 
theoretical computation for these elements, it remains 
interesting to study a model whose simplicity permits 
more exact calculation. 


?7N. F. Mott and K. W. H. Stevens, Phil. Mag. 2, 1364 (1957). 





@d BANDS IN BODY 
A simple model of crystal, which is not so unreal as 
to be uninteresting, is that of a body-centered cubic 
lattice of point charges (atomic number Z), neutralized 
by a uniform distribution of electrons. The simplicity of 
this model comes from the fact that the Fourier coef- 
ficients of the crystal potential can be calculated 
exactly, and have a simple analytic form.’ The choice 
of body-centered cubic symmetry is made for two 
reasons: (1) the principal controversy concerns the 
form of the d bands in crystals of this symmetry, and 
(2) there are two points in the Brillouin zone where the 
wave function possesses full cubic symmetry. (There is 
only one such point for face-centered cubic crystals.) 
If k is a reciprocal vector and Qp is the volume of the 
unit cell (Q9=a?/2, where a is the lattice parameter) 
then the Fourier coefficients of potential are (in atomic 
units) 
V (k) = —89Z/Qok? 


V (0) = — (1.245)Z/a. (2) 


for k not zero, (1) 


The potential represented by these Fourier coefficients 
has cubic rather than spherical symmetry. We have 
that k°=47°n?/a?, where m is an even integer. Then 


V (k) = —4Z/ran’. (3) 


The crystal potential will be treated by perturbation 
theory. Provided that the unperturbed wave functions 
are symmetrical linear combinations of plane waves, 
solution of a secular equation is unnecessary, and or- 
dinary perturbation theory for a nondegenerate state 
can be employed. The requirement that the perturba- 
tion expansion converge towards a state in the d band 
is, however, a severe one, and restricts greatly the 
number of states that can be effectively treated in this 
way. At a general point of the Brillouin zone, the wave 
function has no symmetry other than that required to 
satisfy Bloch’s theorem. Not only d functions, but s, p, 
f, «++ as well are included. The perturbation expansion 
will converge toward the state of lowest energy of that 
k and this will not be a d-band state unless an ortho- 
gonality condition is imposed. However, for certain 
states at symmetry points of the zone, the perturbation 
expansion will converge toward d-band levels. 

The only points of the zone where all of the levels 
in the d band at those points can be found in this way 
are the center of the zone, I’, and the corner H (see 
Fig. 1). At both of these points, there are two states to 
be considered : one, triply degenerate, formed from states 
of xy, yz, or x symmetries (I"25, H25-), and one, doubly 
degenerate, involving 2°—y* or 32—r?(I'12,Hi2).4 It is 
likely that a fair idea of the general form of the d band 
can be obtained by studying the behavior of these 
states. For instance, at least for reasonably small values 
of the lattice parameter, the separation between Hy. 
and Hos gives a fair estimate of the width of the band. 

3 J. Callaway and M. L. G. Glasser, Phys. Rev. 112, 73 (1958). 

4 Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936). 
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CUBiG LATTICE 


Fic. 1. Brillouin 
zone for the body- 
centered cubic lat- 
tice. Points and lines 
of symmetry are in- 
dicated. 


At the other principal symmetry points of the zone, P 
and N, there are some states for which the perturbation 
expansion will yield d-band levels (3, N'2, V3, V4). But 
other states at these points mix s and d or p and d 
functions, so our attention will be restricted to lr and H. 

Considering these points, the results of band calcu- 
lations! indicate that Hy. is the lowest level, I'o5, and I'y2 
are in the middle, and Hs is the highest level. The 
separation between I's5, and I’y2 is much less than that 
between Hy. and Hos. The order of the d functions at 
the center of the zone (I'25 below Iz) is the opposite 
of what it is at the corner H. On the other hand, the 
ideas of Mott and Stevens, and also of Pauling’ require 
that the d band should be split into two parts, one band 
based on functions of I's, symmetry (presumably the 
lowest) and the other on functions of I'y, symmetry. 
Thus a distinction between these types of band struc- 
tures can be made from a study of these four levels. It 
was with this object in mind that this investigation was 
begun. 


THEORETICAL FOUNDATION 


Perturbation theory is to be employed to calculate 
the energy levels of an electron in a periodic potential 
defined through its Fourier coefficients (1) and (2). The 
unperturbed functions are symmetrized linear com- 
binations of plane waves transforming according to I’), 
Pos, Hie, Hoy. The symmetrized functions were con- 
structed as described in reference 6. The use of sym- 
metrized plane wave combinations removes the neces- 
sity to employ degenerate perturbation theory since 
there are no matrix elements of the crystal potential 
between combinations of plane waves of different sym- 
metry. The four states enumerated above will be 
denoted by an index 7; and the linear combinations of 
plane waves possessing a given symmetry are denoted 
by an index 7. The latter are the eigenfunctions of the 
unperturbed Hamiltonian. The plane wave combination 
of lowest kinetic energy has 7=0. The kinetic energy of 
the plane wave combination j for state 7 is denoted by 
E;;. Similarly V;,;, denotes a matrix element of the 
potential between the plane wave combinations 7 and 
\. Bethe, Phys. Rev. 71, 612 


5 F.C. Von der Lage and H 
S. 39, 551 (1953). 


(1947); L. Pauling, Proc. Natl. Acad. Sci. U 
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k belonging to symmetry type 7. The V;,,; are linear 

combinations of Fourier coefficients of potential. Then 

if E; denotes the perturbed energy of the lowest level 

of symmetry i, we have to second order in the potential! 
E;=Eot ‘oot >. a —— ° (4) 


7 tio Ei; 


As examples of the combinations of the Fourier coef- 
ficients occurring in Eq. (4), the V;,o0 are given below. 
In these formulas, V(n*) denotes a Fourier coefficient 
given by Eqs. (2) or (3). 


Hy»: V(0)—2V(2)+V (A), 

Tos: V(O)—2V(4)4+-V(8), (5 
Tye: V(O)—2V(2)4+2V(4)—2V(6)+V(8), 
How: V(0)—V(4)—V(8)+V (12). 


The orders of magnitude of the successive terms in 
the perturbation series may easily be determined. The 
kinetic energy Ej» is of the order 1/a*. We have 
seen that the Fourier coefficients of potential are pro- 
portional to Z/a. Thus V;,o is of order Z/a, and the 
second order perturbation is of order Z*. Each addi- 
tional term in the expansion introduces a matrix element 
and another energy denominator in each order. Conse- 
quently an additional factor Za is contributed by each 
order beyond the second. The perturbation series is a 
power series whose mth term is_ proportional to 
(1/a*)(Za)". (We count the kinetic energy as the zeroth 
term.) The quantity \;=aE,/Z is then a function of 
the single variable Za. 


RESULTS AND DISCUSSION 


The terms of Eq. (4) have been evaluated numerically 
for the four states considered. In calculating these 
energies, eight groups of plane waves were included in 
each case except I'25, for which nine were used. The 
numbers of plane waves involved are 128, 126, 104, 
and 108 for Pos, P12, Hes, and Hy, respectively. The 
second order perturbation is believed to be correct 
within about one or two percent in each case. The results 
are, in atomic units: 


Hy: E=39.478/a?—0.2905(Z/a)—0.002672?, 
Pos: E=78.957/a?—0.7679(Z/a)—0.005092?, 
Tyo: EH=78.957/a?—0.3435(Z/a)—0.004992?, 
Hos:: 118.43 /a?—0.8740(Z /a)—0.010652?. 
The results are shown in Fig. 2, where the dimen- 


sionless parameter \=aE/Z is plotted as a function of 
Za. 


CALLAWAY 


In considering these results, we observe first of all 
that the coefficients of the various terms decrease quite 
rapidly. This feature can be expected to continue in 
higher orders of perturbation theory. The size of the 
matrix element is indicated by the second term in the 
equations, and no energy denominators smaller than 
82°/a? appear. Thus, the perturbation expansion should 
be quite well convergent for small Za. 

For small values of Za, the series are dominated by 
the kinetic energy. Band calculations suggest this 
ordering also obtains for the transition metals at the 
actual lattice spacing.’ Thus the much larger separation 
of the d-band levels at the corner H than at the zone 
center I’ appears as a consequence of the degeneracy of 
the latter in the free electron limit. 


P2s' Ti 
Hi2 Has’ 








Fic. 2. The dimensionless parameter \=ak/Z is given as a 
function of Za for the four states considered. 


For large Za, the energies of the states must approach 
the same limit, depending only on Z. Although the 
perturbation series is certainly numerically unreliable 
in this limit, the results presented above suggest that 
the order of the d-band levels, might be quite different 
for large Za. In order of increasing energy, we might 
have Hos, T'o5’, U2, H12; the order of the levels at the 
zone corner being reversed. Such a situation, which 
would correspond to the idea of a d band split into two 
parts, has been suggested.?® The splitting, in this model, 
would be a consequence of the nonspherical character 
of the potential. A numerical calculation, not employing 
perburbation theory, indicates that the separation 
does not occur for Za<50. Considering this, it seems 
unlikely that the d band is split in the transition metals 
at the observed atomic spacing, unless the splitting is 
brought about by exchange and correlation interactions 
in some fashion as yet unclear. 


6 J. Callaway, Phys. Rev. 99, 500 (1955). 
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Energy Spectrum of Electrons Emitted from Gases Bombarded by Positive Ions* 


Davip E. Moef anp Orto H. Petscut 
Department of Physics, Western Reserve University, Cleveland, Ohio 
(Received February 24, 1959) 


The energy spectrum of electrons emitted during ionization of gases bombarded with positive ions has 
been studied for electrons emitted parallel and perpendicular to the incident ion beam. The observed spectra 
are not strongly dependent upon the direction of electron emission. 


INTRODUCTION 


HE authors recently have described an experi- 

mental determination of the energy spectrum 
of electrons ejected during ionization of neon, argon, 
and krypton by bombardment with potassium ions.! 
The method employed a 180° magnetic spectrometer, 
and only those electrons emitted nearly perpendicular 
to the incident ion beam were analyzed. 

The dependence of electron energy and ionization 
cross section upon direction of electron emission has 
subsequently been investigated by modifying the 
experimental arrangement to analyze only those 
electrons emitted nearly parallel to the path of the 
incident ion beam. This paper presents the results. of 
the modified experiment, and compares them with the 
results of the previous experiment. 


EXPERIMENTAL APPARATUS 


Except for modification of the ion gun, the experi- 
mental apparatus and procedures employed in the 
present experiment are the same as those described in 
reference 1. 

A section of the 180° magnetic spectrometer and the 
modified ion gun are shown in Fig. 1. Potassium ions 
from the thermionic source S are accelerated through 
two focusing electrodes. After passing through the 
collision chamber A containing the target gas, ions are 
collected in a Faraday cup P. Those ionization electrons 
emitted in the forward direction with the proper energy 


Fic. 1. Ion gun and electron 
velocity selector. Ions from S 
are accelerated into the collision 
chamber containing the target 
gas. Some electrons ejected during 
ionizing collisions pass through 
slit A in the collision chamber. 
A uniform magnetic field per- 
pendicular to the plane of the 
figure focuses electrons of a given 
energy onto the electron collector 
Q. Tons are collected in P 


* Supported by the National Science Foundation. 

+ Present address: California State Polytechnic College, 
Luis Obispo, California. 

t Present address: Marietta College, Marietta, Ohio. 

1D. Moe and O. Petsch, Phys. Rev. 110, 1358 (1958). 


are accepted by the baffle system and collected in a 
Faraday cup Q. A 0.814 mm X3.68 cm slit in the collision 
chamber A serves as the first defining baffle. The 
essential difference between this arrangement and the 
previous one is that formerly the ion traveled through 
the collision chamber in a direction perpendicular to 
the plane of Fig. 1. Hence the results of the two experi- 
ments permit comparison of the energy spectrum of 
electrons emitted parallel to the incident ion beam 
with the spectrum of those emitted perpendicular to 
the incident ion beam, 

As before, the pressure differential between the 
collision chamber and spectrometer was maintained by 
continuous high-speed pumping. Again a linear de- 
pendence of ionization signal upon target gas pressure 
was observed within the range of pressure used 
(10~* mm Hg to 10-* mm Hg). 


EXPERIMENTAL RESULTS 
Energy Spectra 


The observed energy spectra of electrons emitted 
from neon, argon, and krypton are shown in Fig. 2. 
For comparison, the dashed lines produce the cor- 
responding spectra from the previous experiment when 
only electrons ejected nearly perpendicular to the 
incident ion beam were collected. 

For each of the three gases studied, the observed 


energy range of electrons coming off in the direction 
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Fic. 2. Energy spectrum of electrons emitted by inert gases 
bombarded with potassium ions. Each pair of curves was obtained 
by collecting the electrons ejected respectively perpendicular to 
and parallel to the incident ion beam. Each curve corresponds to 
a unique energy of the incident potassium ions. Jg is the electron 
current reaching the Faraday cage Q. Jp is the ion beam current. 
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TABLE I. Ionization cross section for parallel and 
perpendicular collection. 


K*tin Kr KtinA K* in Ne 
500 ev 500 ev 400 ev 


Ionization cross section 
in units of 10~? cm? 


Parallel collection, o1; 3.0 3.2 0.26 
Perpendicular collection, o; 2.4 3.1 0.80 
o3/oi 0.80 0.97 3.1 


of the incident ion beam is narrower than the energy 
range of perpendicularly ejected electrons. The differ- 
ences observed at the low end of the spectrum may be 
instrumental due to the difficulty of focusing electrons 
of energy less than about 5 ev. 

The general structure of the observed spectra however 
is independent of direction of electron emission. The 
small observed differences in the position of the maxima 
are probably within the uncertainty introducted by 
the different electron source geometries of the two 
modes of electron collection. Similar results were 
obtained for ion energies from 200 to 900 ev. The 


AND 
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apparent absence of the high-energy peak for parallel 
collection with krypton is a curious exception to the 
general similarity of spectra. 


Ionization Cross Sections 


Absolute ionization cross sections have been calcu- 
lated by the method described in reference 1. Results 
from both experiments are presented in Table I. 

Comparison of the ratios in the last row suggests 
that as the atomic number of the target gas is decreased. 
the relative number of electrons ejected perpendicular 
to the incident ion beam increases. However, the 180° 
magnetic spectrometer used in this experiment is 
designed primarily to measure electron energies, and 
is inherently not well suited to the measurement of 
absolute cross sections. Hence the cross section results 
should be regarded as tentative, and these measure- 
ments should be repeated with apparatus primarily 
designed to measure cross section as a function of 
direction of electron emission. 





PHYSICAL REVIEW VOLUME 


115, 


NUMBER 2 JULY 25, 1989 


Total Photoelectric Cross Sections of Copper, Molybdenum, Silver, 
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The total photoelectric cross sections of copper, molybdenum, silver, tantalum, and gold have been 
measured at 662 kev. A highly collimated beam of gammas from a Cs-137 source impinged upon a thin 
disk of a target material. Photoelectrons from a target were detected by a plastic scintillator subtending 
very nearly 4m steradians. Pulse-height analysis permitted partial resolution of photoelectric and Compton 
events. After subtraction of unresolved Compton events and correction for coherent scattering effects, the 
cross sections were found to be 0.125+0.009, 0.700+0.016, 1.198+-0.028, 8.55+-0.14, and 11.62+0.16 barns, 


respectively, in satisfactory agreement with theory. 





A. INTRODUCTION 


HE photoelectric cross sections of copper, molybde- 

num, silver, tantalum, and gold have been 
measured at 662 kev. The method of measurement in- 
volves the detection in a very nearly 49 geometry of 
the photoelectrons released from thin foils placed in a 
highly collimated gamma-ray beam. 

The high-energy photoelectric cross section generally 
is obtained from measurements of total absorption 
coefficients by subtracting from the total interaction 
cross section the scattering cross section per atom and, 
above 1 Mev, the pair production cross section. The 
scattering cross section includes Compton scattering, 
with corrections for electron binding effects, and co- 
herent scattering. The dependence of the photoelectric 
cross section upon atomic number is essentially as Z°. 
The energy dependence in the region 500-1000 kev is 
approximately as 1/£*, approaching 1/£ at still higher 
energies. At higher energies or intermediate atomic 
numbers, the photoelectric cross section is a small 
fraction of the total gamma interaction cross section. 
For example, for tin at 662 kev, the photoelectric cross 
section is about 10% of the total cross section. Since 
neither the correction to Compton scattering for elec- 
tron binding, nor the coherent scattering cross section, 
nor the pair production cross section near threshold is 
well known, the subtraction technique yields photo- 
electric cross sections of limited accuracy in the high- 
energy region. 

Few direct measurements of the photoelectric cross 
section at high energy exist. Seeman’ measured the 
photoelectric cross section of the K shell in lead at 
511 kev with a stated probable error of 3%. Latyshev? 
measured the photoelectric cross section in lead at 2.62 
Mev with a probable error of about 30%. 

Theoretical calculations of the photoelectric cross 
section in the K shell have been made by Hulme et al. 
at 0.354 and 1.13 Mev for atomic numbers 26, 50, and 
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84. Relativistic calculations applicable to the same 
energy region in the limit 2/1371 have been per- 
formed by Sauter. Theoretical photoelectric cross 
sections in the indicated energy region are obtained 
by interpolation of the results of Hulme ef al. and 
Sauter, with corrections for the contributions of the 
higher shells. A detailed discussion of such an analysis 
has been published by Grodstein.° 


B. APPARATUS 


The experimental apparatus is illustrated in Fig. 1. 
A nominally 500 mC Cs'*? source yielding 662-kev 
gamma radiation was held on a thin support behind 
a 12 in. long, ;'g-in. diameter lead collimator. The radia- 
tion leaving the collimator passed through a §-in. 
diameter 1-in. thick lead antiscattering aperture and 
then traversed a 3 -in. diameter axial hole in a 1} in. 
long, 3-in. diameter plastic scintillator. The plastic 
scintillator was mounted on a 6 in. long plastic light 
pipe which in turn was optically coupled to the face of a 
5819 photomultiplier tube. The scintillator was rigidly 
held in position and carefully centered on the gamma- 
ray beam. A small electromagnet was provided to 
permit the introduction of a magnetic field perpen- 
dicular to the beam direction. 

With this arrangement, a small thin target could be 
placed inside the hole in the scintillator, intercepting 
the entire gamma-ray beam. Compton and_photo- 
electrons ejected from the target would, with high 
probability, deposit all of their energy in the scintillator, 
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Fic. 1. Schematic of experimental apparatus. 
See text for description. 
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only a very small fraction, if any, escaping out of the 
ends of the scintillator. In principle, therefore, the pulse- 
height distribution from the photomultiplier would 
exhibit a continuum of smaller pulses due to Compton 
electrons, with a high-energy cutoff at 478 kev, corre- 
sponding to the maximum Compton electron recoil 
energy from 662-kev gammas. Above the continuum 
would be a high-energy peak in the vicinity of 662 kev 
minus the K shell binding energy, due to photoelectrons 
from the target. The photoelectric cross section would 
then be obtained simply by measuring the number of 
photoelectric events per unit time, the target thickness, 
and the number of gammas incident upon the target 
per unit time. More simply, the photoelectric cross 
section could be obtained in terms of the (well known) 
Compton cross section by comparing the number of 
photoelectric events from a target with the correspond- 
ing number of Compton events. In practice, however, 
the energy resolution of the system was inadequate to 
resolve the photoelectric events from the more energetic 
of the Compton events, and it was necessary to resort 
to a subtraction technique by measuring the Compton 
recoil spectrum from a target of low atomic number, in 
this case aluminum, for which the photoelectric cross 
section is negligible. 

Compton recoil electrons from a thin target all go 
into the forward hemisphere. At high energies the photo- 
electron angular distribution is strongly peaked forward. 
With 660-kev gammas incident, in the Sauter approxi- 
mation,‘ the angular distribution of photoelectrons peaks 
in the vicinity of 20°-25° with a strong minimum® or 
zero intensity forward, and fewer than 1% go into the 
backward hemisphere. In view of this, the targets were 
placed only % in. inside the end of the scintillator 
nearest the source. In this geometry, the down-beam 
end of the scintillator hole subtended only 0.12% of the 
sphere, or a cone of half angle approximately 4°. The 
up-beam end subtended 1.1% of the sphere, or a cone 
of half-angle 12°. For the detection of photoelectrons 
from a target, the scintillator occupied essentially 4x 
steradians. 

High-purity aluminum, copper, molybdenum, silver, 
tantalum, and gold targets } in. in diameter were formed 
by punching disks from larger sheets of the materials. 
The punch consisted of a solid steel rod } in. in diameter, 
one end of which was carefully squared off on a lathe 
to produce a sharp cutting edge. A target disk was 
punched by placing a sheet of the target material on a 
piece of firm rubber or Teflon and driving the steel 
punch through the sheet with a sharp hammer blow. 
This method has the advantage of simplicity and 
produces fairly clean edged disks, but has the dis- 
advantage that it may produce nonuniformity in 
thickness of the disks. The targets were all nominally 
10 mg/cm? thick. 

Each target was mounted on an approximately 40 
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ug/cm? thick collodion film which was in turn stretched 
across one end of a carefully squared 3 in. long, 3-in. 
o.d. tube made of aluminum foil of nominal thickness 
7 mg/cm?*. Each tube was fitted with a collar at the 
end opposite the target to facilitate handling and to 
fix the depth of insertion of the targets into the scintilla- 
tor. The tubes were a close fit inside the hole in the 
scintillator, and each target was carefully centered on 
the axis of its tube; thus, when inserted, the targets 
were centered on the gamma-ray beam. When the 
measurements were performed, the targets were 1 in. 
from the end of the antiscattering aperture, and 3 in. 
from the end of the beam collimator. In this geometry, 
the umbral diameter of the beam was ;g in., the over-all 
diameter 3; in. On the basis of measurements of the 
beam profile, it is felt that the targets at all times in- 
tercepted all of the beam. During the course of the 
measurements, it was necessary to remount all of the 
targets several times, due to the fragility of the collodion 
films. No inconsistencies in the measurements were 
observed at any time. 

Pulses from the photomultiplier were coupled to a 
cathode follower which then fed both a 256 channel 
pulse-height analyzer and a linear amplifier. Pulses 
from the linear amplifier, delay line clipped at one 
microsecond, were sent to an integral discriminator 
and scaler for monitoring purposes. 


C. MEASUREMENTS 


To obtain the photoelectric cross section in the 
present measurements, three quantities were required. 
The number per unit time, V,, of photoelectrons from 
a target, the target thickness, 7, in the region of the 
target intercepted by the beam, and the number of 
662-kev gammas incident upon the target per unit time, 
denoted here as the total beam intensity. 


1. Measurement of Np 


The photoelectron count from a target was obtained 
by subtraction from the total pulse height spectrum 
obtained from a target of background and of unre- 
solved events due to high-energy Compton recoil elec- 
trons. The aluminum target served as a pure Compton 
scatterer for the subtraction. A subtraction depended, 
with only small corrections, on the ratio of the number 
of electrons in a target to the number of electrons in the 
aluminum target. Pulse-height distribution measure- 
ments were performed in a cyclic fashion. Pulse-height 
spectra from two of the higher Z targets and from the 
aluminum target were measured each for 30 minutes, 
and background with a collodion film was measured 
for 10 minutes. A few measurements were made for 
times as long as 2 hours. Generally a cycle took 2 hours 
to perform. Four to six cycles were measured in a day. 
Denoting one day per target as a run, the number of 
runs per target was copper, 7; molybdenum, 9; silver, 
3; tantalum, 4; and gold, 6. Typical pulse-height spectra 
are illustrated in Fig. 2. 
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The cyclic method of measurement permitted the 
evaluation of gain drifts, which could affect the sub- 
tractions. Relative changes in gain typically were 
smaller than 0.1% per hour and in all cases introduced 
negligible error in the subtractions. 

The gold runs include one, along with aluminum and 
background, which was performed with a magnetic field 
of 3200 gauss perpendicular to the beam and uniform 
over an area approximately 1 in. in diameter. The 
fringing field achieved half value at a diameter of 
approximately 2 in. This measurement was made to 
test the photoelectron detection efficiency since the 
magnetic field was of sufficient strength to prevent 
the photoelectrons from escaping out the hole in the 
scintillator. After subtraction of background and unre- 
solved Compton events, the photoelectron count per 
unit time with magnetic field agreed with that without 
magnetic field to within 3%, with an uncertainty of 
approximately 1.2%, demonstrating that virtually all of 
the photoelectrons from the targets were detected in the 
scintillator. 


2. Measurement of Target Thicknesses 


The target thicknesses were obtained by weighing 
the targets on a precision balance, and measuring the 
target diameters with a traveling microscope. The 
results of these measurements are summarized in 
Table I. The first column, 7, gives the target thicknesses 
measured as described above, the second column, aw, 
is the ratio of the number of electrons in each target to 
the number in the aluminum target, that is, the ratio 
(7Z/. { )target/(7Z/. { )aluminum target. 
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Fic. 2. Typical pulse-height distributions due to silver target, 
an aluminum target, and background. The distribution peaking 
at approximately 7.5 millivolts is due to photoelectrons from the 
silver target and was obtained by subtraction from the silver 
distribution of the suitably normalized aluminum and background 
distributions. 


TABLE I. See text for explanation of symbols. 


T 
(mg/cm?) 


Al 9.3640.8% 
Cu 11.4040.7% 
Mo 14.56+0.7% 
10.9740.7% 
10.70-40.7% 


Target 





1.153+1.1% 
1.412+1.1% 
1.059+1.1% 
0.957+1.1% 


1.124-+0.004 
1.340-+0.005 
1.028+0.006 
0.943+0.009 


1.124+0.004 
1.339+0.005 
1.029+0.006 
0.947 +0.009 
1.097+0.010 


12.36+0.7% 1.09741.1% 1.093+0.010 


The relative target thicknesses were obtained from 
the pulse-height distributions as well as from the 
weighings. The pulse-height region chosen to obtain 
this ratio is indicated in Fig. 2. This region is below the 
photoelectron distribution, but above the region where 
secondary events might be important, especially events 
due to gammas backscattering from the plastic light 
pipe into the targets. The rise in the background at 
low pulse heights, as illustrated in Fig. 2, is believed 
to be due to gammas which have backscattered from 
the light pipe. Pulses in the ratio region are due mainly 
to Compton recoil electrons from the target with 
energies in the range of 300+100 kev. For recoil elec- 
trons of such high energy, the effect of electron binding 
on the Compton cross section is negligible. Thus, with 
only small corrections, the ratio of the total number of 
counts from a target in the ratio region to the corre- 
sponding number from the aluminum target is equal 
to the ratio of the number of electrons in the portion 
of the high-Z target intercepted by the beam to the 
number of electrons in the corresponding portion of the 
aluminum target. The measured ratios are listed in 
Table I under a,. The ratios a, are an average over all 
of the runs. Individual values were obtained each day 
a target was measured. The distribution of the values 
of a, obtained from day to day for a given target was 
consistent with the estimated uncertainty. 

The column a,’ is a, corrected for the effects of 
coherent scattering in the targets. a,’ is to be compared 
with a». Coherent scattering has the effect of increasing 
the number of observed scintillations at any pulse 
height. It is negligible for targets of small Z, but 
becomes significant for targets of high Z. The coherent 
scattering correction was estimated by calculating the 
coherent scattering angular distribution’ for a target 
and numerically integrating over the thickness of scin- 
tillator to be traversed by the scattered gammas, 
obtaining thereby the total number of scintillations 
to be expected due to the coherent scattering. In Au, 
the worst case, the correction was only 0.4%. No 
correction has been made for the effect of electron 
binding on Compton scattering. The bound electronic 
motion has the effect of relaxing the Compton energy- 
angle relation in the laboratory system and is most 
important for the atoms of highest atomic number. For 
bound electrons at rest, a recoil electron will have less 
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Fic. 3. A typical pulse-height distribution measured with the 
4in. thick by 5-in. diameter NalI(Tl) crystal centered on the 
gamma-ray beam. This distribution was measured with 33.6 
g/cm? lead absorber in the beam. The firing point of the fast 
scaler discriminator is indicated. 


energy than a free electron recoiling into the same 
direction. In this approximation, it is estimated that 
only a 0.6% correction would apply to the case of 
gold, and would act to decrease a,’. The correction for 
the targets of lower atomic number would be smaller. 
The inclusion of the motion of the bound electron will 
yield a still smaller correction. 


3. Beam Measurements 


The total gamma-ray beam intensity was measured 
by means of a 4-in. thick by 5-in. diameter NaI(T1) 
crystal. The plastic scintillator and associated equip- 
ment were removed from the path of the beam. The 
heavily shielded Nal crystal was carefully centered 
with its axis colinear with the beam, at a distance of 
41 in. from the end of the collimator, or 38 in. from the 
point at which the targets were normally held in the 
beam. The crystal was mounted on a 5-in. diameter 
Dumont type 6364 photomultiplier tube. The photo- 
multiplier output was coupled to a cathode follower 
which fed two linear amplifiers. Pulses from the first 
amplifier, delay line clipped at one microsecond, fed a 
10 channel pulse-height analyzer. Pulses from the 
second amplifier, delay line clipped at one-half micro- 
second, fed a fast discriminator and scaler. The thick- 
ness of the Nal crystal in the path of the beam was 
3.91 in.+0.094 in., or, 36.42+0.88 g/cm’, taking the 
density of NaI(T1) to be 3.667 g/cm*. The front cover 
of the crystal was aluminum with a reflecting coating 
of MgO. The total thickness of this cover is stated to 
be such that the most probable energy loss of 5-Mev 
electrons traversing it is 300 kev.’ This loss is equivalent 
to a thickness of aluminum of 210 mg/cm, which thick- 
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ness has been assumed here for estimates of absorption. 
The backing of the crystal, including the photo- 
multiplier tube face was 7-in. glass. 

The counting rate with the NaI crystal exposed to 
the direct beam was too high to permit the use of the 
10 channel pulse-height analyzer. Thus, all pulse 
height distributions were measured with precisely 
machined lead absorbers interposed in the beam. The 
absorbers were always placed such that the distance 
from the down-beam face of the absorbers to the front 
face of the Nal crystal was 30 in. A typical pulse-height 
distribution is illustrated in Fig. 3. The firing point of 
the discriminator in the fast scaler is indicated in the 
figure. 

The beam profile was examined with a 40.27 g/cm? 
thick lead absorber in the beam. A 3-in. diameter 
aperture in a 2-in. thick lead block mounted on a 
milling head was moved across the beam in front of 
the crystal both vertically and horizontally, and the 
counting rate from the crystal was measured as a 
function of the aperture position. The beam profile 
measured in this way was closely consistent with the 
profile predicted on the basis of the collimator geometry 
and the geometry of the scanning aperture. 

The absorption coefficient of lead was next measured, 
using only the counting rate in the fast scaler. In this 
case, the ?-in. diameter secondary collimator was 
centered on the beam. The beam diameter at the 
secondary collimator was 0.46 in. Thus, the secondary 
collimator intercepted only gammas scattered from 
the lead absorbers. As a check on consistency absorption 
coefficient measurements were made with several 
different thicknesses of lead absorber in place. The 
absorption coefficient measured in this way is given by 
the relation below. 


u=(1/r) In(I/J). 


Here J is the counting rate with no absorber in 
place, J is the counting rate with an absorber of thick- 
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Fic. 4. The absorption coefficient of lead for the 662-kev 
gamma-ray beam. Measurements were made with thicknesses of 
lead of 0, 6.9, 13.6, 20.5, 26.7, 40.3, and 53.9 g/cm’. In all cases 
the detector subtended a solid angle of 6.06X10™ steradian at 
the absorbers. 
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ness 7 g/cm? lead in place. The counting rate losses in 
the fast scaler were measured at counting rates of 
17000 counts per second (no absorber) and 8500 
counts per second (6.9 g/cm? lead absorber). This 
measurement was made essentially by observing the 
counting rate due to a small secondary Cs'*? source 
with and without the main beam incident on the 
crystal. The results were consistent with a dead time 
in the system of 2.15 usec, with an uncertainty of 
approximately 10%. The results of the absorption 
measurements are illustrated in Fig. 4. The weighted 
average of the measurements is n=0.10386+0.00014 
cm?’/g lead. This absorption coefficient applies to the 
measurement geometry in which the secondary collima- 
tor subtended a solid angle of 6.061074 steradians 
at the absorbers. This value of the absorption co- 
efficient compares closely with the interpolated value 
of Colgate’ of 0.104 for the same secondary collimation 
geometry. 

The photofraction, or ratio of counts in the photo 
peak to total counts in the pulse-height distribution 
from the Nal crystal was measured with lead absorbers 
of thicknesses 33.61, 40.27, and 47.19 g/cm? in the 
beam. The average uncorrected photofraction measured 
in this way was 0.811+0.002. When correction is made 
by means of a single scattering calculation for scattered 
radiation from the front cover of the crystal and from 
the glass backing behind the crystal, a final value of 
0.821+0.003 is obtained, in very close agreement with 
the value of 0.821+0.004 of Berger and Doggett” 
obtained by a Monte Carlo calculation for a NaI(T]) 
crystal of the same dimensions. 

The total beam intensity at the crystal is based on 
the pulse-height distribution measurements with 40.27 
g/cm? lead absorber, and upon the average value of 
the absorption coefficient of lead measured with the 
fast scaler. The total beam intensity at the plastic 
scintillator, taking into account the Nal crystal thick- 
ness, events in the front and back covers of the Nal 
crystal, and air absorption, is calculated to be 22 090 
662-kev gammas per second with an uncertainty of 
0.8%. On the basis of the absorption coefficient and 
photofraction measurements, contamination of the 
beam by degraded radiation of energy at all comparable 
to 662 kev is believed to be negligible. 


D. RESULTS 


In order to obtain the photoelectron count from each 
target, it was necessary to subtract the contributions 
of background and of unresolved high-energy Compton 
recoil electrons. This subtraction can be written in the 
form 

N= T—aAl+(a—-1 )Ba, 


where \, is the photoelectron count, 7 is the target 
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count, Al is the aluminum target count, and B, is the 
background. All counts are total counts per unit time 
above a fixed threshold level. The fixed threshold level 
was selected to be below the pulse-height distribution 
due to photoelectrons. The relative position of the fixed 
threshold level for the silver subtraction is indicated 
in Fig. 2. The quantity a is the ratio of the number of 
electrons in the target to the number of electrons in 
the aluminum target. Corrections were made for the 
effects of coherent scattering from the targets and of 
photoelectrons from the aluminum target. a@ was 
measured in two ways as described in section C-2. 
The results of these measurements are listed in Table I 
as a and a,’, respectively. Comparison indicates a 
considerable discrepancy in several cases. In an 
attempt to resolve this discrepancy, the targets were 
examined for thickness nonuniformities. Each target 
was mounted on an approximately 50 ywg/cm? thick 
collodion film on a ring support. A target was then 
moved across a 0.020-in. diameter collimated beam of 
copper Ka x-rays in an x-ray diffraction unit, and the 
transmitted intensity of the x-rays was measured as a 
function of the target position. The absorption of the 
aluminum and copper targets was too small to permit 
the detection of thickness variations smaller than 
appproximately 4% with certainty. In all of the other 
foils, thickness variations of the order of 1% were 
dependably detectable. All of the foils exhibited thick- 
ness variations ranging from approximately 1% in 
silver to 6% in tantalum. Although these measurements 
were not quantitative in the sense of determining the 
average thickness of each foil traversed by the beam, 
they do indicate that the discrepancies between a, and 
a,’ exhibited in Table I may be due to thickness 
variations of the foils. If, in particular, the region of 
the aluminum foil traversed by the beam is approxi- 
mately 2.6% thicker than the weight/area measure- 
ment indicates, then satisfactory agreement between 
a, and a,’ would be obtained. It is felt that an effect 
of this kind is most probable, and that the values @,’ 
are the best measures of the relative thickness of the 
foils traversed by the beam. Quantitative analysis of 
the aluminum, molybdenum, and silver foils indicates 
the presence of no contaminant in sufficient quantity 
to affect the measurements. 

In view of the discrepancy between a, and a@,’, the 
photoelectric cross section has been calculated by three 
methods. The basic equation for the cross section is 


op N,A, 'NorL, 


where Vo is the number of beam gammas incident 
upon the target per unit time, V, is the number of 
photoelectrons emitted per unit time, A is the atomic 
weight of the target material, 7 is the target thickness 
in g/cm*, and L is Avogadro’s number. The results of 
the calculations are tabulated in Table II and plotted 
in Fig. 5 along with theoretical values interpolated 
from Grodstein.° 
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Fic. 5. The photoelectric cross section ¢Z~*X 10 cm? per atom 
at 662 kev versus atomic number, Z. The points represent the 
experimental results obtained by the three methods of calculation: 
closed circles, method A; open circles, method B; triangles, 
method C. See text for description of the methods of calculation. 
The indicated uncertainties include all known sources of error. 
The smooth curve represents the theoretical prediction and was 
interpolated from Grodstein.® 


Method A: The subtraction was based upon the 
ratios a,’. It was assumed that the effective thickness 
of the aluminum target was 2.6% greater than was 
indicated by the weight/area measurement. The cross 
sections were calculated using target thicknesses 
obtained from the ratios a,’ and the assumed thickness 
of the aluminum foil. 

Method B: As in method A, the subtraction was 
based upon the ratios a,’ but the cross sections were 
calculated using the target thicknesses in column 1 of 
Table I. 

Method C: The subtraction was based upon the 
ratios a, and the cross section was calculated using 
the target thicknesses in column I of Table I. 

Uncertainties in the cross sections were calculated in 


TITVs 


a fashion consistent with the assumptions in each 
method and included all known sources of error. 

At high Z the cross section is practically independent 
of the method of calculation whereas at low Z, in 
method C, the cross section is drastically changed. 
This effect is due mainly to the fact that the sub- 
traction is favorable at high Z whereas at low Z the 
subtraction involves a small difference between two 
large quantities. 

In view of the consistency of the measured values 
a, and the observed thickness variations in the foils, 
it is believed that the cross sections obtained by 


TABLE II. Total photoelectric cross section per atom, 
in units of 107% cm. 


Theoretical 
interpolated 
from 
Grodstein* 


0.128 
0.685 
1.14 
8.28 


Method A Method B Method C 


poate 
Mo 


0.125+6.9% 0.125+7.0% 0.081+25.4% 
0.700+2.3% 0.68342.4% 0.5604 5.8% 
Ag 1.198+2.3% 1.19442.4% 1.1164 3.6% 
Ta 855 +1.6% 8.63 +14% 8.57 + 1.5% 
Au 11.62 +1.4% 11.85 +1.3% 11.88 + 1.3% 








® See reference 5. 


method A are the most dependable. In this case the 
cross sections appear to be slightly larger than the 
theoretical cross section in the region of intermediate 
atomic number. The differences, however, are not far 
outside the experimental error, nor in serious disagree- 
ment with the theoretical results which are accurate 
to not better than +4%. 
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The ionic model that has been used in an attempt to explain 
eQq/h data in ionic gases and solids is examined, extended, and ap- 
plied to alkali halide gases. It is shown that the antishielding fac- 
tor, y«, multiplies the unshielded value of g, (0?V/dZ*), produced 
not only by an external charge but by all the external moments, 
and some of these effects are important in alkali halide gases. 
In order to estimate the magnitude of the contributions to g of 
such moments, polarizabilities are calculated that apply to alkali 
halide internuclear distances. These polarizabilities are often 
much smaller than those calculated for the free ion. Polarizabilities 
and y's are calculated using both Hartree and Hartree-Fock 
wave functions and are compared. The values obtained using 
the Hartree-Fock wave functions are consistently smaller. Some 


I. INTRODUCTION 


HE nuclear quadrupole coupling constant (eQg¢/h) 
has been measured in many alkali halide gases and 
ionic solids. To understand the results one would like 
to be able to calculate the second derivative of the 
electrostatic potential evaluated at the nucleus, q. 
This can then be compared to experimental values of ¢ 
obtained from eQg/h if the value of the nuclear quadru- 
pole moment, Q, is independently known. However, if 
one is confident of the calculation of g, values of Q 
can be obtained from these measurements. Much of 
this paper is devoted to calculations that are shown to 
be required if one is to compare experimental values of 
q to calculated ones. Then in the case of Li the procedure 
is reversed and a value of Q is obtained from the 
measured eQg/h and the calculated q. 

Foley, Sternheimer, and Tycko! have shown that g 
of an ion, due to an external charge, c, a distance R 
away can be much larger than the value 2c/R* which is 
found by ignoring the effect of the electrons on the ion. 
Enhancement comes from the perturbation of the ion’s 
electrons by the external charge. Considering the 
perturbation for this ionic model, they showed that g 
can be written as (2c/R*)(1—y.,), where y,. is the 
antishielding factor for the particular ion. They applied 
this model to some nuclear quadrupole coupling data 
of alkali halide gases and showed that the data gave 
some support to the calculations. 

The antishielding factor has been used in explaining 


other experimental data with various measures of 


success. For example, Proctor and co-workers have 
induced nuclear spin transitions in crystals by ultrasonic 
waves.” In ionic crystals one can calculate the g pro- 

1 Foley, Sternheimer, and Tycko, Phys. Rev. 93, 734 (1954); 
R. M. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 (1956) ; 
R. M. Sternheimer, Phys. Rev. 84, 244 (1951). 

2 W. G. Proctor and W. H. Tanttila, Phys. Rev. 98, 1854 (1955) ; 
101, 1757 (1956); W. G. Proctor and W. Robinson, Phys. Rev. 
104, 1344 (1956). 


second order calculations of the polarizabilities and antishielding 
factors are calculated by a direct substitution method. The results 
indicate that for the alkali halide gas calculations perturbation 
theory is applicable to the alkali ions but not to the easily de- 
formable halide ions for the situation considered here. This is 
probably the reason the ionic model has always yielded poor 
results for the halide ions. When the ionic model is extended, as 
described in this paper, and applied to the alkali ions, a set of 
antishielding factors is found for which there is agreement between 
theory and experiment or would be if Hartree-Fock wave functions 
were available to calculate y.. From this model the nuclear 
quadrupole moment, Q, of Li’ is found to be —0.016X 10-4 cm’. 


duced by the ultrasonic waves. This calculation involves 
the enhancement factor. It is difficult to make precise 
comparisons with the measured quantities because one 
must know the ultrasonic energy density which involves 
some uncertain terms. However, the experiments indi- 
cate that g is larger than one would expect from a 
simple ionic calculation where antishielding effects are 
omitted. 

The requirement that one know the energy density 
in this type of experiment has been eliminated by 
Jennings ef al.’ by measuring the ratio of quadrupole 
coupling of sodium and iodine in a Nal crystal. By 
applying the ionic model and using known values of Q 
or Na and I they obtain a ratio of the antishielding 
factor of iodine to that of sodium which is of the order 
of magnitude of the theoretical ratio. 

Nuclear quadrupole spin lattice relaxation times, 7’s, 
have also been interpreted in terms of the ionic model® 
by Van Kranendonk. Wikner et al.° have measured a 
number of 7’s in alkali halide crystals and have shown 
that calculated relaxation times based on the ionic 
model are in agreement with some of the data and the 
antishielding factors are close to the theoretical values. 
However, for other crystals, covalent effects are more 
important in determining the relaxation mechanism 
than the ionic effects. 

Bersohn® has shown, in a number of ionic solids, that 
there is reasonable agreement between measured values 
of eQg/h and those calculated from the ionic model. 

In general, experimental evidence indicates that the 
antishielding factor exists but there is little quantitative 
agreement between the measured values and those 
theoretically calculated. The object of this paper is to 
3 Jennings, Tanttila, and Kraus, Phys. Rev. 109, 1059 (1958). 

4They obtain a ratio of 10.9. Using y. for I of —179 (see 
reference 8) and ys for Na from reference 1 or 7, 32.5 and 35 is 
obtained. 

5 J. Van Kranendonk, Physica 20, 781 (1954); Wikner, Blum- 
berg, and Hahn (to be published). 

6 R. Bersohn, J. Chem. Phys. 29, 326 (1958). 
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re-evaluate the ionic model and to apply it to alkali 
halide gases to compare the values of g measured to 
those predicted by this model. To make this comparison, 
several extensions of the model are shown to be required. 

First, it is shown that (1—y,,) multiplies not only 
the effect of an external spherical charge but the effects 
of all the external moments. These terms can be 
important when considering the alkalies in alkali halide 
gases. To see the effects of these terms, the polariza- 
bilities (dipole ap, quadrupole ag, octupole ao, and 
hexadecapole ay) of Cl- and F~ are calculated for the 
case R equal to alkali halide internuclear distances. It 
is shown that using these values the calculated values 
of eVg/h are now in good agreement with the experi- 
mentally measured ones for Na+ and K+ but not for 
Rb*+ and Cs*. However, investigation of the values of 
7. calculated from both the Hartree-Fock and Hartree 
wave functions shows that the agreement would be 
good for all four alkalies if Hartree-Fock wave functions 
were available for Rb*+ and Cs*+. The polarizabilities 
are also dependent on which type of wave function is 
used. 

Finally, the applicability of perturbation theory is 
examined. Certain second order terms in the polariza- 
bility and antishielding factor are calculated by a direct 
substitution method and considered with other second 
order calculations. The results indicate that in this 
situation perturbation theory is applicable to the alkali 
ions but is not to the easily deformed halide ions. 
Thus, it is reasonable that theory and experiment are 
in good agreement for the alkali ions but not for the 
halide ions. 


Il. ANTISHIELDING 


One can attempt to explain the alkali halide gas data 
by considering the molecule to be strongly ionic and 
that higher order interactions between the ions can be 
treated as perturbations on the spherical ions. The 
zero-order wave functions (Wo) used are those of the 
Hartree (H.) or Hartree-Fock (H.F.) type for free ions. 
In this case g at site A, ga, equals 2c/R*, where c is the 
charge of the ion at site H. (See Fig. 1.) The spherical 
distribution of A’s electrons contribute nothing to ga. 
However, the charge, c, interacts with the electrons on 
A. The potential energy of the interaction is 


1 rcosd r3cos@—-1 Pr 
-e —- +—— -+—P;(cos6) 
R R? R’ 2 R! 


r' 
4 Pa(coss)+- | , & 
R® r<R 

where P,(cos@) is the ith Legendre polynomial. If (1) 
is considered as a perturbation on yo to first order, only 
the term r’°P2(cos#) contributes to antishielding.! This 
term has matrix elements connecting states with s 
orbital angular momentum and those with d, and p 
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Fic. 1. Electron on ion A in field of charge c. 








orbital states are connected to other states with p and 
f orbital angular momentum (s — d, p— p, and p— f). 
The contribution of this perturbation to the field 
gradient is given by 

3 cos*@—1 


squ= fv ——ydr, 
p 


where ¥(=yYo+y) is the wave function of A’s electrons. 
The result is given by —(2c/R*)y,. The antishielding 
factor, Yx; is a pure number depending only on the 
wave functions of the ion being perturbed. Hence, to 
first order, 

ga= (2c/R*)(1—yz). (2) 


This antishielding factor has been evaluated for a 
number of ions by solving numerically the first-order 
perturbed Schrédinger equation.’ It has also been 
evaluated by a variation-of-parameters method.’'* 

Now consider the effect of a dipole yw, oriented 
along the z axis at site H. Besides having a direct 
contribution to the field gradient given by g1=6u/R', 
it also interacts with A’s electrons. The potential 
energy of this interaction is 


ae ” 
-«f +— cos6-++-——P2(cos@)+ : - | ; (3) 
R2 R3 R! 


r<R 


The r’P2(cos#) connects the ground states to the same 
excited states as the point charge calculation of Eq. 
(1). Since the same excited states are involved, one 
need only consider the difference in the constants when 
using (1) and (3) in an antishielding calculation to get 
the difference between (2) and its counterpart for an 
external dipole. The result is 


ga= (6u/R*) (1—y..) (4) 


where this is the same y,, as in the point charge case.® 
In a similar manner the effect of any axial symmetric 
moment at H will be multiplied by the same (1—v7,,).'° 


7T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 

8 E. G. Wikner and T. P. Das, Phys. Rev. 109, 360 (1958). 

9G. Burns, Bull. Am. Phys. Soc. Ser. II, 3, 147 (1958). 

© One can arrive at (4) directly from (2) by placing a positive 
and a negative charge along the z axis, applying (2) for each and 
then going to the proper limit to get a dipole. Since (1—y.) is a 
pure number it factors out and one gets (4). Ina similar manner 
one gets the same type of result for any moment that can be repre- 
sented by an axial charge distribution. One can also get estimates 
of the effect of the nonideal character of the moments by allowing 
the charges to remain apart. The effects of the nonideal character 
of the moments are much smaller than the effects of the moments. 
This can, of course, be treated more formally with equations 
similar to (3). 
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Thus, the total g at site A is 


2c 6u 6eQ 10c0 30eH 
‘ = —_ cS . + eee 
8R’ H 


ga= (1-2) ’ (5) 


i Ae eT 
R3 rR R® R6 
where the subscripts refer to the properties of the 
particular electron distribution" and the moments have 
their usual definition. The moments yp, Q, etc., are 
those induced in the H-ion electron distribution by the 
ion A, 

To facilitate the comparison of this model with 
experimental results, a quantity « is defined as 


(measured coupling constant) 4 
ce —— ee ee Se (6 
(e/h)QO42c/R®+6u/R*+6eQ/R>+10e0/R® 
+30eH/8R'+ +++ Ja 


The quantities x and (1—y,.) should be equal if the 
theory applies to the alkali halides. 

Considering only the contribution «x from an external 
charge, as has been done in the past, the agreement for 
the alkalies between « and (1—y,,) is only approximate. 
However, the x’s are internally consistent. That is, the 
x for a given alkali is relatively independent of its 
neighboring halide. (See column P in Table III.) 
However, the contributions to x of the alkalies from 
the u and Q terms are large and it was not apparent 
that additional terms would cause « to converge. The 
investigation of this point was thus undertaken. 

On the other hand, « for the halides is affected only 
slightly by the u, Q, etc., terms because the polariza- 
bilities of the alkalies are relatively small. However, the 
agreement between «x and (1—y,,) for the halides is 
extremely poor and the values of « in this case are not 
internally consistent. A simple application of the 
Townes and Dailey covalent theory does not help to 
understand g for the halides in alkali halide gases. 
Some calculations of second order effects in Sec. IV 
show why this simple ionic model is inadequate for the 
easily deformable halides. 


Ili. MOMENTS 


As mentioned in the last section « for the alkalies 
did not appear to converge as the effects of the yn, Q, 
etc., moments of the halides were added. It must 
converge if the model is to be useful. Higher order 
polarizabilities were therefore calculated to test this. 
If the x does not converge, either the model must be 


11 For the sake of clarity and simplicity, liberties have been 
taken with the sign of some of the effects of the moments in (5) 
and similar equations that follow. The sign of the effects of all 
the induced moments is the same as the sign of the 2c/R® term. 
Thus, the moments in the electron distribution can be calculated 
without regard to sign. The sign of the contribution to q from all 
the moments at // can then be taken as the same as the sign of 
the charge, c, effect. ia 

12 4 =(r cosd)= fy*r cosbydr, eQ =(r?(3 cos’*?—1)), EO=(r3(5 cos? 
—3 cos0)), eH =(r'(35 cos'@—30 cos’@+3)). 

13 ©, H, Townes and B. P. Dailey, J. Chem. Phys. 17, 782 (1949). 
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abandoned or the reason that the calculated moments 
are too large must be found. 

Two methods of calculation are used here to deter- 
mine the polarizabilities. They are the variation-of- 
parameters method, similar to that used by Das and 
Bersohn,’ and a numerical solution of the first order 
perturbed Schrédinger equation similar to that used by 
Sternheimer.! In all cases, where both methods are 
used to calculate the same polarizabilities, the agree- 
ment is good. The polarizabilities are calculated for 
application to alkali halide gases where R ~2.5 A. 

For details of the type of variation-of-parameters 
procedure used, reference 7 should be consulted where 
ag and y,. are calculated. To calculate a polarizability, 
one need only select the proper term from Eq. (1) to 
use as a perturbation. For example, the P;(cos#) term 
will connect the ground state wave functions to excited 
state wave functions that have the correct angular 
dependence to give first order contributions to ap. 
The P2(cos#) term acts as a perturbation for ag, etc. 
The energies associated with the quadrupole periur- 
bation are given in reference 7. The others are in the 
Appendix. 

Following Das and Bersohn the form of the radial 
perturbed wave function used is (a+$r+-yr?)Hi(r)uo’, 
where H,(r) is the radial form of the perturbation, uo’ 
is the radial ground state wave function, and a, 8, and 
y are variation parameters to be obtained from the 
minimization-of-energy procedure. To see if the assumed 
form of the wave function is a good one the polariza- 
bilities are first calculated using @ only, then using a 
and 8, and finally using a, 8 and y. The addition of the 
parameter y always had negligible effects. When the 
polarizabilities calculated here could be compared with 
other published calculations, the agreement was 
good.’*!6 The results of these calculations are in 
Table I. In this table the contribution from each type 
of excited state wave function is listed for the outer 
electron shell and the polarizability is found by sum- 
ming the contributions from the appropriate states. 
The contribution from the inner shells is negligible. 
Also one can see that the use of Hartree-Fock rather 
than Hartree wave functions has a large effect in 
reducing the values of the polarizabilities. It must be 
remembered that the polarizabilities are obtained by 
using the appropriate terms in Eq. (1) as perturbations 
and it will be shown that one cannot always apply 
these to ions in alkali halide molecules, since Eq. (1) is 
good only for r<R. 
the 
numerical solution of a differential equation in a manner 


The second method used to calculate m’ is 


similar to that described by Sternheimer.“! The per- 


turbed radial wave function with orbital angular 


4 R. M. Sternheimer, Phys. Rev. 96, 951 (1954). 

15 R. M. Sternheimer, Phys. Rev. 107, 1565 (1957). 

16 See Table I of reference 8. However, the angular factors have 
been left out and their values of Z; must be multiplied by the 
proper numbers as in reference 7. 
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TABLE I. Contributions to the polarizabilities from the outer shell electrons.* 


Ion ap(A®) 
(type of wave 
function used)* pod sd pos »?—>?P af 


*-(H.) 3.432 0.110 10.52 11.24 0.0738 
° (HLF. ) 1.237 0.076 1.493 1.384 0.0256 
‘ 1.371 0.1587 0.7541 0.3713 0.0431 
0.9719 0.1211 0.4149 0.1851 0.0294 
12.233 0.6067 43.422 37.350 0.2997 
5.026 0.6174 7.780 5.322 0.3202 
0.1320 0.01013 0.03217 0.02262 

775 0.3405 1.898 0.7892 


2.775 
5.787 1.037 5.057 1.766 


ag (A‘) 


0.1080 
0.4291 


® The inner shells contribute negligibly. 


» References to original calculation of the Hartree and Hartree-Fock wave functions are conveniently summerized in R. 
New York, 1956), Vol. 4, p. 413. 


edited by F. Seitz and D. Turnbull (Academic Press, Inc., 
Phil. Soc. 53, 206 (1957). 


momentum /’ which is connected to the ground state 
radial wave function, mu’, with orbital angular mo- 
mentum / satisfies Eq. (7) when £,=0. 


d? I(l+1) 
|- j ™ 
dr’ ; 


+Vo-Fal’= — Hy(r) uo’. (7) 


r 
By using 


ipa? U(l+1) 
Vo—Eo= -| shiaeteaiatains =|, (8) 
uo’ Ldr* r? 
and 
my (r+8)— 2uy' (ra (r—5) 


du; @)_ 
as (9) 


dr’ B 


for the second derivative, where 6 is the interval 


between the listed values of uo’, one obtains 


rE+1)— UI+1) 


9 


r. 


u;' (r+) =ui9| 2+6 |— 


Ay\ ru r) 
| |-m' oo). (10) 


uy'(r) 


du ()/ ‘dr 


Uo ‘(r) 


This gives u,’ at all values of r if two starting values are 
known. The solution is started with m'(r—6) equal to 
zero at the origin and ;'(r) at r=0.01 is varied until 1’ 
behaves properly at infinity. In practice, solutions of 
(10) are used that diverge slowly to + or —*. The 
difference over the region of interest could be made 


R=3.8 

, =—— = 

RADIUS (au) 

2. R‘u;' vs r for several values of R for the 
O perturbation p — g. 


Fic. 


0.001375 


a ( A”) ay (A®) 
pod 


45.01 
2.340 
0.5275 
0.2254 

214.92 

16.44 
0.009807 
1.665 
5.747 


35.41 
1.787 
0.3731 
0.1569 

167.24 

12.54 
0.007227 
1.152 
3.882 


0.42 
0.0527 
0.0651 
0.0396 
0.877 
0.975 
0.001065 
0.1920 
0.957 


904. 0 
14.81 
1.276 
0.4066 
4745.3 
149.5 
0.01141 
4.758 
20.51 


0.009192 
3.742 
16.08 


Knox, Solid-State Physics 


For the F~(H.F.) results see ec Froese, Proc. Cambridge 


negligibly small and the polarizabilities are then the 
same for the two solutions. The polarizabilities obtained 
by this method are in good agreement with those 
calculated by the variation of parameters method. 

Upon examination, the higher the moment under 
consideration, the larger the contribution to the polar- 
izabilities from the outer part of the electron distribu- 
tion. For example, the Hartree-Fock wave function for 
Cl- has only 2% of the 3 electron distribution at 
distances greater than 5 a.u., yet more than 50% of 
the contributions to ag in Cl come from the region 
past 5 a.u. This percentage increases rapidly for higher 
moments. Thus a calculation of polarizability that does 
not treat the problem accurately for large r will yield 
incorrect results. 

If the polarizabilities are to be applied to alkali halide 
internuclear distances, it must be remembered that 
Eq. (1) is good only for r<R. For r>R the perturbation 
is 
1 Rcosd R? 
-+———+—P,(cos@)+:- | > ap 
r r’ r r>R 


—€C 


This is much smaller than (1) for r>R and gives 
smaller #,"’s and polarizabilities. 

To get polarizabilities that apply to alkali halide 
internuclear distances, so that the proper moments can 
be substituted in (6), «;’ is obtained from (10) as 
before, but the value of H,(r) from (1) or (11) is used 
depending on whether r is smaller than R or larger than 
R. (See Fig. 2.) Then, for example, the quadrupole 
polarizability is calculated from 


4) 


R 1 
ao=Ve| f udrutdr+R® f u'r} (12) 
R 


0 


and similar equations for the other polarizabilities 
where the Y’s are the angular parts of the integrations.!” 
17 The definitions of the polarizabilities are: 4= —apdV/dz 
=apE, eQ=agPV/i, eCO= —apdV/d2, eH =a,0V/dz. This 
makes the polarizabilities independent of R. The Y’s are angular 
factors that appear in the expressions for the polarizabilities in 
the Appendix. 
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TABLE IT. Contributions to the polarizabilities from the outer electron shells for several values of R. 


R (atomic ap(A) ag (A) 
units) p-d sd PF £45 





0.4270 0.0522 0.1759 0.1180 
0.5498 0.0605 0.3079 0.2393 
0.5827 0.0624 0.3557 0.2870 
0.6669 0.0662 0.5222 0.4738 
0.7051 0.0674 0.6304 0.6078 


0.5141 
0.9814 
1.5468 
1.8615 


F(H.F.) 28 


uc’ - 


0.4203 
0.5072 
0.5427 


1.3442 
2.2497 
2.8648 
3.4723 


C1(H.F.) 2.308 
3.010 
3.372 


3.635 


Cn os a 
aocue 





Polarizabilities were calculated for several values of R 
for Cl- and F~ using Eqs. (10), (11), and (12). It was 
noted that the variation of parameters method gives 
good agreement with the above results if all the inte- 
grations are carried up to R instead of «. Thus, the 
electron distribution between R and ~ (2%) is 
ignored. It is reasonable to expect agreement between 
the two methods, since (11) and (12) strongly decrease 
the contribution of the electron distribution at r>R. 
The use of the variation of parameters method to find 
the polarizabilities for various R’s is the simpler of the 
two. 

Polarizabilities of F~ and Cl- for several values of R 
calculated by the variation of parameters method are 
given in Table II. As can be seen, there sometimes is a 
large difference between the results in Table II and 
those in Table I. The results in Table I are applicable 
when the charge, c, is outside the electron distribution. 
Agreement between the two methods of obtaining 
polarizabilities, applicable to alkali halide internuclear 
distances, cannot be expected to be extremely precise, 
since many of the polarizabilities are strongly R- 
dependent and in the region of interest the 6’s are 
relatively large. Also, the two methods only qualita- 
tively have the same effects and there is an inexactness 
associated with the fact that the 6’s in the region of 
interest are relatively large and approximations such 
as Eq. (9) and the use of the trapezoidal method of 
integration introduce errors. However, the numerical 
solution for a given R gave values of polarizability 
closest to the variation of parameters solution for the 
same R. Thus, the two methods are in agreement. 

Some comments are appropriate at this point. 

The polarizabilities calculated from this point charge 
model, as just described, vary with R. Thus, even ap 
for an ion should vary slightly with R. A variation has 
been seen'® but the variation is not in a consistent 
direction. It must be remembered that distortion effects, 
due to closed shell repulsion, are being neglected and 
this may not be reasonable for the easily deformable 
halides and it will be shown that other factors enter 
when second order perturbations are considered. The 


18 W. Klemperer and S. A. Rice, J. Chem. Phys. 26, 618 (1957) ; 
S. A. Rice and W. Klemperer, J. Chem. Phys. 27, 573 (1957). 


ay (A?) ay (A) 
s—f pb—d p—8 $8 p—f bh 


0.00963 0.06585 0.04227 0.00814 0.05460 0.04037 
0.01446 0.1647 0.1057 0.0164 0.1945 0.1438 
0.01580 0.2113 0.1356 0.0195 0.2770 = 0.2047 
0.01916 0.4257 0.2733 0.0293 0.7748 0.5728 
0.02053 0.6202 0.3982 0.0349 1.3786 1.0183 


0.7303 
2.297 
4.377 
7.491 


0.1687 
0.3308 
0.4579 
0.5780 


0.1256 
0.1880 
0.2237 
0.2502 


0.7592 
1.7194 
2.6817 
3.8397 


0.4874 
1.1038 
1.7216 
2.4650 


0.9888 

3.109 

5.925 
10.142 


point charge model can be extended’ but it was felt, 
for this problem, the return would not warrant the 
effort. 

It has been pointed out* that in the presence of inner 
shells having the same orbital angular quantum number 
as the excited state, the variation of parameters pro- 
cedure must be modified slightly to keep the wave 
functions orthogonal. For example, in the quadrupole 
p— p perturbation for a 3p electron, the perturbed 
state must be made orthogonal to not only the 3 state, 
which has been done, but to the 2p wave function also. 
This has not been done because this effect on the 
polarizabilities is small as can be seen by comparing 
the p— p contribution to ag in Table I to that obtained 
by Wikner and Das.'® This effect on a y,, calculation 
is, however, larger and has been taken into account 
for the values of y,, quoted in the next section. In most 
polarizability calculations in this paper it is not neces- 
sary to consider this at all, since the perturbed state is 
orthogonal by virtue of its angular dependence. 

The variation of parameters solution was tried for 
the dipole cases s— p, p—s, and p—d. It worked 
well for all but the p—s where changing u,’ from 
al];(r)uy’ to (a+6r)Hi(r)uo’, etc., resulted in major 
changes in the dipole polarizability. When the numerical 
solution for this case is considered” it is seen that 2,’ is 
much closer to the origin than mo’ and has more nodes. 
This type of function is not expressable in the form 
that has been chosen for the variation of parameters 
u,’. It is fortunate that the p— s and s — p contribu- 
tions to ap as calculated numerically by Sternheimer" 
and this author almost cancel, with the s— p being a 
bit larger. The s— p contribution to ap is decreased 
slightly by use of (11) as has been discussed. Thus, 
ap is even more closely given by the p — d contribution 
alone. This p—d contribution is listed in Tables I 
and II. 

The last point is that (11) should be used in calcu- 
lations of y.. also. However, the use of (1) only, leads 
to much less error than in the polarizability calculations 


19 See the references and work in Hirschfelder, Curtiss, and 
Bird, Molecular Theory of Gases and Liquids (John Wiley & Sons, 
Inc., New York, 1954), Chap. 12. 

20 See Fig. 2 of reference 14. 
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TABLE ITI. Values of x for the alkali ions. 
P+D 
+O +0 


0.487 
0.388 


P+D+0 
+O+H 


0.453 
0.348 


P+D° P4+D+0 


0.594 
0.485 


Mol.*..« 


LiF 1.30 
LiCl 1.43 
LiBr 1.69 
Lil 2.11 


0.788 
0.681 
0.759 
0.875 


oo 


7.26 
10.21 
10.53 
11.12 


NaF 
NaCl 
NaBr 
Nal 


mannn 
° 
St 


Say 


7.47 
9.91 


12.03 
14.56 
14.08 


9.433 
11.93 


KF 15.71 
KCl 22.60 
KBr 23.04 


23.21 
30.91 


28.96 
36.78 


36.07 
43.91 


46.04 
66.02 


RbF 
RbCl 
48.28 38.95 


CsF 76.57 59.90 


* Values of eQg/h can be found in N. F. Ramsey, Molecular Beams 
(Oxford University Press, Oxford, 1956), p. 311 and in Logan, Cote, and 
Kusch, Phys. Rev. 86, 280 (1952). 

+ The values of the internuclear distance, R, are obtained from Honig, 
Mandel, Stitch, and Townes, Phys. Rev. 6, 629 (1954) 

© The values of the nuclear quadrupole moment were obtained from the 
following sources: (1) Li’: the value of O is not known, —0.016 b is used 
since it makes «x agree with 1 2. See Sec. V. (2) Na’: +0.01 b—Perl, 
Rabi, and Senitzky, Phys. Rev. 98, 611 (1955). See also Bersohn's comment 
in reference 30. (3) K®: +0.07 b—P. Buck and I. I. Rabi, Phys. Rev 
107, 1291 (1957). See also K. Murakawa’s comment, Phys. Rev. 110, 393 
(1958). (4) Rb* +0.12 b—B. Senitzky and I. I. Rabi, Phys. Rev. 103, 
315 (1958). (5) Cs'38 -0.003 b—Buck, Rabi, and Senitzky, Phys. Rev. 
194, 553 (1956); K. Althoff, Z. Physik 141, 33 (1955). 

1 See references 1 and 8 


© Values of ap are taken from reference 23. 


since y,, Weights more heavily the internal part of the 
wave function which is relatively independent of R. 
Also, it is known that the self-consistent wave functions 
have too small a value at small r.2! Thus, the use of 
(11) would make y,, smaller and the use of better wave 
functions would make y,, larger so the two errors may 
somewhat compensate. 


IV. RESULTS AND SECOND ORDER EFFECTS 


The polarizabilities applicable to alkali halide inter- 
nuclear distances, as listed in Table II, can now be 
substituted in Eq. (6) so that « can be compared to 
(1—y.,) for the alkali ions. Table IIT shows the results. 
The column labeled P shows « when only a point charge 
is considered at the halide ion site, as has been done in 
the past. It is seen that the «x for a given alkali ion is 
relatively independent of its neighboring halide ion. 
The P+D column shows « for the alkali ions when a 
charge and induced dipole,” using experimental dipole 
polarizabilities,” are considered at the halide ion site, 


21T. Yamanouchi and H. Horie, J. Phys. Soc. (Japan) 1, 52 
(1952). G. C. Dousmanis [Phys. Rev. 97, 967 (1955) ] says the 
Hartree-Fock (1/r’) is 8% too low for oxygen. T. P. Das [J. 
Chem. Phys. 27, 1 (1957) ] calculates 0.216 (atomic unit) for 
1/r’) and compares it to an experimental value of 0.323 (atomic 
unit). See also A. Mukherji and T. P. Das, Phys. Rev. 111, 
1479 (1958) 

2 The moments in one ion are induced by all the moments of 
the other ion [see S. Rittner, J. Chem. Phys. 19, 1030 (1951) ]. 
The effect of Q, O, and H in inducing moments in the other ion 
was small and thus neglected. Rittner shows that a simple ionic 
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Notice that the spread of «x for a given alkali ion is 
reduced considerably. The third column shows « when 
the effects of a charge, induced dipole, and induced 
quadrupole are considered at the halide ion site where 
the polarizabilities are taken from Table II. The next 
two columns consider the addition of an octupole and 
hexadecapole. If the polarizabilities in Table I were 
used « would clearly diverge. 

The values of Q used are those obtained from molec- 
ular beam measurements except in the case of Li where 
no reliable value of Q exists. A value of —0.016X 10-4 
cm? was used. See the discussion in Sec. V. 

A similar table for the halide ions would reveal that 
the addition of the dipole, etc., moment has little effect 
on « because the alkali ions are not very polarizable. 
A table of «x for the halide ions for the charge effect 
alone is given in an article by Townes.™ As pointed 
out, there is a large variation in the value of x and the 
agreement with 1—y,, is bad. Consideration of second 
order terms shows why this model is not applicable to 
the halide ions and thus agreement between x and 
1—y., would not be expected to be good. 

Besides calculating y, by first order perturbation 
theory, certain second order terms were calculated by 
Foley, Sternheimer, and Tycko! in their original paper. 
They calculated the effect on g of Cl- by applying the 
dipole perturbation, rcos#, to the ground states to 
obtain excited state wave functions; then again applied 
the same perturbation to the excited state wave func- 
tions to obtain other excited state wave functions, Wo. 
They also calculated the effect of applying the quadru- 
pole perturbation twice. The contribution of the second 
order effects evaluated for R= 4.46 a.u., i.e., the NaCl 
internuclear distance, was 10.9 and 10.3, respectively, 
as compared to the first order effect of 46.5 (=—y,.). 
Thus, the second order effects are not negligible. They 
add to the first order effect for the negative ions and 
subtract for the positive ions. 

It was felt that second order calculations of the 
antishielding factor and ag for several ions might be 
revealing. A direct substitution method proved simple 
and adequate. It was noticed in the variation of param- 
eters solutions that it was not the a term that was 
important in a,’ but rather the 6r term. If one calculated 
the energy or polarizability using the 8r term, the 
addition of the a and yr? terms made little difference. 
Thus, a solution of the form m'=6rH,(r)u' was 
assumed, substituted in (7) and @6 calculated at a 
number of points. Over a range of r past the last peak 
in uo, 8 was found to be approximately constant and 


model can give satisfactory results for the binding energy, vibra- 
tion frequency, and dipole moment of alkali halide molecules. 

*3Tessman, Kahn, and Shockley, Phys. Rev. 92, 890 (1953). 
These values are used even though they were obtained from 
solids. They are truly an experimental set of polarizabilities and 
they give better agreement with the measured dipole moments of 
the alkali halide gas than the often used Pauling values. 

*4C. H. Townes, Handbuch der Physik (Springer-Verlag, Berlin, 
1958), Vol. 38. 
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TABLE IV. Comparison of values of (r") in atomic units, for K* and F~. The value of (7°) is 1. 
The trapezoidal method of integration is used. 


K*(H.) K*t(H.F.) F~(H.) F~(H.F.) 


s p : p p 5 
1.288 X 10! 1.294 10! 5.676 
1.916 1.957 1.885 
9,045 X 107 9.425107! 1.087 
1.538 1.429 1.446 
2.834 2.411 3.194 
6.077 4.684 10.39 

1.501 10! 1.038 X 10! 4.694 10! 
4.22110! 2.597 X 10! 10.10 27.71X 10! 
13.38 X 10! 7.273X 10! 3.019X10! = 20.34K 10° 
4.724X 10° 2.257 X 10? 11.66 10! 17.87 X 108 
18.41 X 10? 7.689 X 10? 5.658 10? 182.4 108 
7.846 X 108 2.851 X 108 32.22K10? =211.2 104 
3.625 X 104 1.141 10' 20.16% 108 272.1105 


6404 
2.082 
1.163 
4.257 
2.211 
5.248 
1.613 10! 
6.168 X 10! 
2.827 X 10? 
1.502 108 
8.978 XK 108 
5.893 X 104 
4.163 105 


(r oe 
(r~ 6.620 
(7) 1.068 
(r}) 1.319 
(r?) 2.023 
(r’) 3.516 
(r') 6.877 
(r) 1.506X 10! 
(r®) 3.672 X 10! 
(r7) 9.890 X 10! 
(r8 2.922 10? 
(r?) 9.398 & 102 
(ri) 3.265 X 108 


7.987 
1.411 
1.037 
1.320 
2.022 
3.686 
7.901 
1.968 X& 10! 
5.634 10! 
1.833 X 10? 
6.711 10? 
2.741 X 108 


6.265 
1.076 
1.275 
1.879 
3.124 
5.823 
1.21110! 
2.795 X 10! 
7.114 10! 
1.984 10? 
6.027 X 10? 
1.983 & 108 
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equal to the value obtained by the variation of param- 
eters method. Since the nodes occur at small r the 
region of constant @ is the region from which most of 
the contribution to the polarizabilities is obtained. For 
example, the contribution to ap from p—d and ae 
from p—f for Nat and F~ is 0.132 A’, 1.26 A’, and 


0.0321 A®, 1.51 A®, respectively, all of which are very 
close to the values in Table I. 

The same type of guess was made for certain second 
order wave functions. The p— d— p (ground p state 
perturbed to connect to excited d states which are 
perturbed to connect to other p states) and p> d—f 


wave functions were obtained by applying the dipole 
perturbation twice. The p— f— f and p— f— p wave 
functions were obtained by applying the quadrupole 
perturbation twice. In these cases the coefficients were 
approximately constant over the important range. 
Using these second order wave functions, contributions 
to ag and the antishielding factors were calculated for 
Nat and F-. The differential equations necessary to 
calculate the wave functions, and angular factors 
necessary to calculate ag and the antishielding factor 
can be found in reference 1. It was found that each of 
the calculated second order contributions (one contri- 
bution from p — d — f, etc.) to ag for F~ were approxi- 
mately equal to the first order, p — f contribution, while 
for Na+ they were at least a factor of ten smaller. 
Each of the second order contributions to the anti- 
shielding factor for F~ calculated was in approximately 
the same ratio to y,, as the Cl results! (i.e., not negli- 
gible) while for Na* the second order contributions are 
50 to 500 times smaller than the first order effects.”° 
Also, if one evaluates [(y~i|/¥1) }', where yy is the 
perturbed wave function for any of the perturbations 
considered in this paper, one gets 10% to 20% for F~- 
and Cl- while for Nat and K+ one gets 1% to 3%. 
Then the perturbed wave function is not small com- 
pared to the unperturbed one. Thus, for alkalies it does 


25 This direct substitution method is not adequate for all the 
second order effects. For example, the “‘constant”’ in wave function 
for p — s — p by applying the dipole perturbation twice was not 
constant over the important range. 


not appear to be necessary to extend the calculations 
beyond first order. However, it appears that pertur- 
bation theory may not be applicable to the easily 
deformable halides in this situation. This is, perhaps, 
the reason why there is no agreement between « and 
(1—y7..) for the halide ions. This also leads one to the 
conclusion that the values of the polarizabilities of the 
halide ions, as calculated from first order perturbation 
theory, are open to question. Thus, it is felt that the 
x’s in the P+D column are the safest to use since they 
are obtained from experimental polarizabilities, and it 
is these that are compared to (1—7,,). 

When «x is compared to 1—y,, it is seen that the 
agreement is good for Nat and K+ but not for Rb+ and 
Cs*. It was noted that Hartree-Fock wave functions 
were used to calculate y,, for Nat and K* while only 
Hartree wave functions were available for Rb*+ and 
Cst. Thus, calculations were made to see how sensitive 
y, 1s to the wave function used. The ratio of the 
Hartree to the Hartree-Fock contribution to y,, for 
the p— p perturbation” for Al**, Kt, F-,?? and Cl,” 
is 1.15, 1.83, 2.88, and 3.14, respectively. From size 
and charge considerations one would expect the ratio 
for Rb* to be a little larger than K* and for Cs* to be 
even larger, perhaps as large as F~. Thus, if Hartree- 
Fock wave functions were available for Rb*+ and Cs?* 
it is expected that the agreement between x and (1—y,,) 
would be good for these alkalies also. 

Table IV shows how the moments calculated from 
the Hartree and Hartree-Fock wave functions*differ for 
K* and F~-. As one can see there is very little difference 
between the wave functions at small r. However, the 
Hartree wave functions are more external than the 


Hartree-Fock so that the polarizabilities, which are 

26 The difference between Hartree and Hartree-Fock wave 
functions had little effect on the angular contribution to y.. 

27 The previously unreported contributions to y. for F~ are 
given here. The s—d, p—/f and p— p contribution to y.« for 
Hartree and Hartree-Fock wave functions is 0.293, 0.312, — 66.86, 
0.416, 0.390, —23.22, respectively. Adding 0.10 for the 1s shell 
contribution, the best value of y. for F~ is —22.31. The p— p 
contribution to y« for Cl- using Hartree wave functions is — 158.5. 
This is compared to Wikner and Das’ value of — 50.43 (reference 
8) since the two values were obtained in the same way. 
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strongly affected by the electron density in the outer 
regions, are thus much smaller when calculated using 
Hartree-Fock wave functions (see Table I). 


V. SUMMARY AND DISCUSSION 


1. The antishielding factor, 1—y,, for an alkali or 
halide ion, multiplies not only the effect of an external 
charge but the effect of all the moments of the halide 
or alkali ion, respectively. The contributions to the 
field gradient of some of these moments are not negli- 
gible. 

2. The agreement between the results of the variation 
of parameters and the numerical solution of the differ- 
ential equation is good for the polarizabilities calculated 
here. 

3. Previous calculations'** of ap gave results that 
were generally larger than the experimentally measured 
values. The use of Eq. (11) will reduce some of the 
values of ap bringing them in better agreement with 
experiment. Also the use of Hartree-Fock rather than 
Hartree wave functions reduces ap for F~ to bring it in 
better agreement with experiment. A similar effect 
would be noted in Rb* and Cs* if Hartree-Fock wave 
functions were available. The use of Eq. (11) has a 
large affect on the higher moments as can be seen by 
comparing the results in Tables I and II. 

4. The ground-state wave functions used here are 
those calculated by the Hartree or Hartree-Fock method 
for a free ion. Second order calculations give non- 
negligible contributions to the halide ion’s polariza- 
bilities and antishielding factors in this situation but 
are negligible for the alkali ions. This is probably the 
reason the agreement between x and 1—y,, is poor for 
the halide ions. This is also the reason why the best 
value of « for the alkali ions is taken from the P+D 
column in Table III. These values do not require the 
use of the polarizabilities calculated for the easily de- 
formable halide ions. A simple application of the Townes 
and Dailey" covalent theory does not help to under- 
stand gq for the halides in alkali halide gases.” 

5. When « for the alkali ions from the P+D column 
is compared to 1—y,, the agreement is good provided 
Hartree-Fock wave functions are used to calculate 7,,. 
Thus, when estimates of g for positive ions are made*” 
an enhancement factor, x, can be used for which 
agreement between theory and experiment is good. 

6. Controversy exists about the value of the nuclear 
quadrupole moment of Li’. Using the experimental 
observation for Li? in Li, of eQg/h=+0.060 Mc/sec,"! 
several people have calculated g to obtain a value of Q. 
Harris and Melkanoff® have calculated g for three wave 
functions. They have 0.27 ev, 0.48 ev, and 0.51-ev 


% FE. G. Wikner and T. P. Das, Phys. Rev. 107, 497 (1957). 

* See Sec. IV of reference 8. In that paper x should be x<1—J 
rather than x</ in their Eq. (11). 

# G. Burns, Bull. Am. Phys. Soc. 3, 371 (1958). 

31 Logan, Cote, and Kusch, Phys. Rev. 86, 28 (1952). 

82 FE. G. Harris and M. A. Melkanoff, Phys. Rev. 90, 585 (1953). 
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dissociation energy and obtain for Q +0.035 b (barns), 
—0.120 b, and —0.042 b, respectively. Thus, the 
lowest dissociation energy predicts the smallest negative 
value for Q. Sternheimer and Foley* have considered 
the effects of shielding on the Li: wave functions. 
Mannari and Arai* have used a wave function with a 
dissociation energy of —0.96 ev and obtain —0.025 b 
for Q. If shielding effects were considered |Q| would 
be ~15% smaller.*.# 

Using the results of this paper the value for Q of Li’ 
is —0.016 b. This is in agreement with the trend of the 
results from molecular wave function calculations. 
It is also in good agreement with the curve of the 
nuclear quadrupole moments obtained by Townes, 
Foley, and Low*.*4 and the value of —0.013 b obtained 
recently from nuclear calculations.** Then using the 
known ratio of the quadrupole moments of Li® to Li? #78 
the value of Q of Li® is —0.3010~ b. 
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APPENDIX 


The equations required to calculate the polariza- 
bilities by the variation-of-parameters method are given 
here. Atomic units are used throughout. 

The value of (r") is the expectation value of r” over 
ground state wave functions [=f (u’)*r"dr]. The 
energy, £, equals ¢:+¢@2 and for the value of a, 8, and 
y obtained, it can be shown that ¢;= —2¢».” 

Dipole polarizability. 


=> d: 
32 1 
b= — —— Lal) +80) tir) 
3 R 


16 1 
go= — —[5a?+88*(r*)+ 137%(r*)+1208(r) 
oa" 
+14ey(r’)+208y(r°) ], 


Rs 
ap=— —#. 
2 


33R. M. Sternheimer and H. M. Foley, Phys. Rev. 92, 1460 
(1953). 

347. Mannari and T. Arai, J. Chem. Phys. 28, 28 (1958). 

35 Townes, Foley, and Low, Phys. Rev. 76, 1415 (1949). 

36 A. N. Kushnerenko, Doklady Akad. Nauk U.S.S.R. 117, 
963 (1957) [translation: Soviet Phys. Doklady 2, 568 (1957) ]. 

37 N. G. Cranna, Can. J. Phys. 31, 1185 (1953). 

38 P. Kusch, Phys. Rev. 92, 268 (1953). 
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Quadrupole polarizability.—See reference 7. 
Octupole polarizability —For each case 


eo (R® /6)o1. 
s— f: 


a 
d= — ——Lale) +807?) +409), 
7 R 


8 1 
¢2= i [21a*(r*)+288%(r°) +3771") 


+48a8(r°)+ 54ary(r*)+648y(r7) J. 


pod: 
144 1 : 
b= — — Lal) +847?) +-10)] 
49 RS 


72 1 


$.=— 


—[13a(r)+ 208°(r®) + 29-y?(r8) 
49 R® 


+32a8(r*) + 38ay(r*) +486 y(r7) ]. 


192 1 


49 R 


96 1 . 
$2=— —[27a%(r!)-+348%(r°)-+437%(r9) 
49 R® 


La(r*) +B(r?) +7 (r’) |, 


+ 60a8(r*)+ 66ay(r*) + 768y(r7) ]. 


HALIDE 


GASES 


Hexadecapole polarizability. —ayn = — (R'/6)¢1. 


1¢ 


, 4 
b= — = Lalr) +80) + 10} 
0 


9 


8 


1 
o»=- —[36a%r*)+458%r8)+-567%(r") 
( R'0 


+ 80a8(r7) + 88ay(r5)+ 1008-(r°) ]. 


64 1 
= —[a(r*)+8(r°)+(r) ], 
27 R® 


32 1 
aaa tale alae 
+ 60a8(r7)+ 68ay(r5)+ 808(r* )}. 


80 1 
— La(r®)+B(r)+y(r") J, 
27 R® 


40 1 
$2=— —[440%(r®)+5387(r°)+ 6477(r"") 
R' 


27 
+ 96a8(r7) + 104ary(r8) + 1168y(r°) ]. 


The Y’s are the numbers in the polarizability 
equations (i.e., the Y for ap p—d is 16/3, etc.) 
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A further attempt is made to improve the theoretical prediction of the energy of the ground state of atomic 
helium. The nonrelativistic part is treated by the variational method of Stevenson and Crawford which is 
useful for improving the lower bound for the ground-state energy. Linear combinations of up to 80 terms of 
generalized Hylleraas type are employed in the numerical computation. The best trial function gives 
— 2.9037237 atomic units as an upper bound and —2.9037467 atomic units as a lower bound for the ground- 
state energy. It is estimated from the calculated results that the exact nonrelativistic energy of He ground 
state will be found in the neighborhood of —2.9037247 atomic units. Rigorous formulas are derived which 
can be used for calculating the upper limits to the errors in the expectation values of mass polarization and 
relativistic corrections. Although these formulas give very broad limits of error, they are useful in estimating 
the order of magnitude of actual errors in a semiempirical manner. With mass polarization and relativistic 
corrections as well as electrodynamical corrections, the theoretical ionization potential becomes 198310.77 
cm which is in good agreement with the latest observed value 198310.82.+0.15 cm™. 


1. INTRODUCTION 


N recent years there has been renewed interest in 
the eigenvalue problem of two electron atomic 

systems,'~* since it offers an opportunity for a very 
precise test of the present atomic theory which is seldom 
possible except in the exactly soluble case of one electron 
systems. For the He atom, in particular, the latest 
observed value! for the ionization potential of the 
ground state is 198310.8.+0.15 cm™, an accuracy of 
better than 1 in 10°. The best theoretical value has been 
198310.6,; cm which is in good agreement with the 
measurement.” 

However, the theoretical result has not been com- 
pletely satisfactory for precise comparison with experi- 
mental results because: (1) The estimated accuracy of 
the nonrelativistic part of the ionization potential is 
about +0.3 cm™ or possibly somewhat worse. This is 
based on the determination of the exact ground-state 
energy of the He atom by extrapolation from the 
calculated upper and lower bounds. The uncertainty 
arises since the difference between upper and lower 
bounds is quite large (~33 cm™) even for the best 
trial functions. (2) The magnitude of the errors in the 
expectation values of the relativistic and mass polari- 
zation corrections has so far been entirely unknown. 
It has been estimated only from apparent convergence 
of these expectation values as more and more accurate 
trial functions were used. However, this might have 
been only accidental. (3) The magnitude of the electro- 
dynamical corrections! for the He ground state has 


* Partially supported by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

t Permanent address: Laboratory of Nuclear Studies, Cornell 
University, Ithaca, New York. 

1G. Herzberg, Proc. Roy. Soc. (London) A248, 309 (1958). 

? T. Kinoshita, Phys. Rev. 105, 1490 (1957). This paper will be 
quoted as I. 

3§. Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
(1955); J. F. Hart and G. Herzberg, Phys. Rev. 106, 79 (1957); 
E. A. Hylleraas and J. Midtdal, Phys. Rev. 109, 1013 (1958) 
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been estimated to be 1.336+0.2 cm™. Some improve- 
ment in the accuracy of this calculation would be highly 
desirable.® 

In this paper, we attempt to improve the theoretical 
predictions on the first two points. In Sec. 2, trial 
functions of up to 80 terms are determined by a vari- 
ational method for the lower bound which is particularly 
suitable for reducing the discrepancy between upper 
and lower bounds. A method is developed in Sec. 3 
which enables us to determine rigorous limits for the 
errors in the expectation values of the mass polarization 
and relativistic corrections. Although these limits are 
very broad, they are useful in estimating the order of 
magnitude of actual errors in a semiempirical way. 


2. VARIATIONAL METHOD FOR THE 
LOWER BOUND 


In our previous paper,’ it was found that the upper 
bound for the ground-state energy of the He atom 
calculated with a 39-term trial function agrees with the 
observed value within a fraction of 1 cm when the 
corrections due to mass polarization and _ relativistic 
effects as well as the electrodynamical effects are taken 
into account. On the other hand, the corresponding 
lower bound is found to be about 33 cm™ lower than 
the upper bound, indicating a very large uncertainty 
in the accuracy of this calculation. This is not surprising, 
however, since it was obtained by a straightforward 
variational method for A=(¥,Hy), which pays no 
attention to the improvement of the lower bound X_. 
Obviously, if one wants to make the difference \X—Az, 


as small as possible, one should rather try to maximize 


the lower bound of the ground-state energy, 
(HH) — (WY)? 
AL= (Wy, Ay) — 
Ek, — (y,Hy) 
5 An attempt is being made at Cornell to improve the accuracy 


of the Lamb shift calculation of the He ground state [M. Zaidi 
(private communication) J. 


(2.1) 
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TABLE I. The constants of the 39-term ground-state wave function of the helium atom determined by the variational method for the 
lower bound. The trial function is of the form g=e~*/? LY Cimns'-™u™-"t". For convenience, the expansion coefficients Cimn listed are 


multiplied by 10’. For other notations, see Sec. 3 of reference 2. 


2 =3.7098126 
a =0.0000536 


—2.9037200 
—2.9037906 


10! Cimn 10! Cimn 


1.00000000 
—0.27028452 
1.29386710 
—0.10961317 
0.0007 1339 
0.07914980 
0.51627618 
—0.01965337 
— 1.49662980 
0.71060994 


—0.17406605 
0.01212105 
1.79502475 

— 1.31753640 
0.32604973 

—0.34830525 
0.00440996 
1.30616359 

—0.10499914 
0.07443304 


300 
310 
320 
330 
340 


directly, where F; is the exact energy of the first excited 
state having the same symmetry property as the ground 
state.® A variational method useful for such a purpose 
was developed by Stevenson and Crawford some years 
ago.’ Their method is based on a somewhat different 
lower-bound formula, 


AL=$—-[C—2¢(Y,H)+ (Ay, AY) }}, 
where ¢ is a parameter satisfying 


rs (Eot+ Ej) Z. (2.3) 
This is equivalent to (2.1) if ¢ is chosen to be its maxi- 
mum value (£o+)/2. The alternative formula (2.2) 
has the advantage that the best lower bound \, may 
be determined as a solution of the variational problem 


—2¢(y,Hy)+ (Ay, Ay) = minimum. (2.4) 


This leads us to a linear eigenvalue problem which may 
be solved by any known method. 

Since the eigenvalue of (2.4) is known approximately 
beforehand, we have solved our eigenvalue problem by 
converting it to a set of linear homogeneous equations 
in which an appropriate input value is assumed for the 
eigenvalue. Let us call this method A. It is repeated 
for several values of input parameters and the best 
result is then picked up as the solution of the eigenvalue 
problem (2.4). Usually the method A gives a satis- 
factory result for \; but the upper bound obtained this 
way would not be very useful. Because of this, we have 
next tried to improve the result of method A by an 
iteration method* which is designed to minimize the 
upper bound (y,Hy). Let us call this method B. It is 


6 Strictly speaking, since the exact value of £; is not known, a 
lower bound for £; should be used in (2.1) to obtain a rigorous 
lower bound for the ground-state energy. Instead, we use the ex- 
perimental value E,;~—2.146 atomic units in this paper, hoping 
that it will be justified in the future. Recently, N. W. Bazley 
[ Proc. Natl. Acad. Sci. 45, 850 (1959) ] has obtained — 2.165; as 
a lower bound for £;. If we adopt this value, our values for \—Az 
must be increased by about 2.7%. 

7A. F. Stevenson and M. F. 
(1938). 

8 See reference 2, footnote 15. 


Crawford, Phys. Rev. 54, 375 


11.4604114 
108.4707813 
288.1384239 


70.9359074 (K 
14.9663846 —2(Ke¢, 
11.0449667 (Ve, 


= Ke) = 
a Ve)= 
=i Veo) = 

10! Cimn 


—().25236459 
0.01468821 
0.25502650 

—0.04312723 
0.09487272 

—0.11457850 
0.06839501 

—0.04853323 

— 0.003807 29 


10! Cimn lmn 


—0.79438516 
0.42137612 
0.17609233 
0.09723145 
0.05017234 

—0.34517959 

—0.37652043 

—0.04120541 

—0.12748955 
0.59010047 


repeated as long as the upper bound is improved without 
reducing the lower bound. 

The numerical work was carried out on the IBM 704 
computer at the Bell Telephone Laboratories. To 
achieve the accuracy that we want, it was necessary to 
perform the calculation making use of double precision 
subroutines in some parts. 

This scheme of computation was first applied to the 
39-term trial function of our previous work in order to 
test its efficiency. As was found in I, it is convenient to 
represent each trial function y by the corresponding 
two numbers A= (¥,Hy) and o= (Ay, Hy) — (vy, Hy)’. In 
this fashion, the best 39-term function of I is expressed 
by the point marked 39-I in Fig. 1. The new 39-term 
function obtained by method A of this paper is repre- 
sented by the point 39-4. When method B is applied 
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Fic. 1. The expectation value of energy \= (¥,//y), in atomic 
units, versus o = (H1~,Hy) —d*, calculated with various trial func 
tions with 39 and 80 terms. The broken curve is drawn to indicate 
that no point (¢,A) computed with the 39-term function could be 
found below or to the left of it. The dotted curve represents a 
similar boundary for the 80-term function. 
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TABLE II. The constants of the 80-term ground-state wave function of the helium atom determined by the 


variational method for the lower bound. For notations, see Table I. 


k =3.7103976 
@ =0.0000175 


A = —2.9037237 
AL = —2.9037467 


10! Cimn 


— 1.61630470 
1.31529610 
4.92576963 

— 12.79055715 
14.20851302 

— 1.36376722 

—2.59362114 

—0.69083782 
0.456007 12 

—0.92555133 
0.28433621 
0.04526509 
1.81817487 

— 1.96104080 

— 2.98831213 
7.32679987 
1.52473286 

—21.12023497 
11.97252166 
0.50542516 


lmn 


300 
310 
320 
330 
340 
350 
360 
322 
332 
342 
352 
354 
400 
410 
420 
430 
440 
450 
460 
422 


10! Cimn 


1.00000000 
—0.32469073 
1.36614318 
—0.18630540 
0.06456450 
0.00116929 
0.08734721 
—0.03251047 
0.94610249 
—0.50182428 
— 2.29946461 
4.13843882 
— 4.83050787 
1.86311796 
—().00084518 
1.87131113 
— 1.61026996 
1.06628279 
—0.29065885 
—0.00512599 


imn 


000 
100 
110 
120 
130 
112 
122 
132 
200 
210 
220 
230 
240 
250 
212 
222 
232 
242 
252 
254 


to it, A is gradually improved as is shown by several 
points underneath 39-A which represent the results 
obtained at various stages of iteration. The lowest 
point 39-B, which is the best result of this computation, 
corresponds to the following expectation values, in 
atomic units: 


(39) = —2.9037200, 
1 (39) = —2.9037906, 
0(39)= 0.0000536. 


(2.5) 


The corresponding eigenfunction is given in Table I.° 
Comparing (2.5) with the previous result 
\(39-I) = —2.9037225, 
1 (39-1) = —2.9038737, 
a(39-I)= 0,0001146, 


(2.6) 


it is seen that o is improved by a factor 2.1 while the 
new upper bound (39) is still somewhat worse than 
the old one. 

At this stage, it was felt that it was necessary to use 
trial functions with more terms in order to make any 
substantial improvement. Thus, a function with 80 
terms was chosen as the next trial function, taking 
the capacity of the IBM 704 into account. The point 
80-A of Fig. 1 represents the best 80-term function 
obtained by method A. Points below it are those 
obtained at various stages of Method B. The final 
result of this computation, expressed by the point 


® The quantities (y,¢), (y,K¢), and (¢,V¢) given in Table I 
are about twice as large as the corresponding quantities N,M,L 
of Table I of reference 2. The latter must be doubled except for 
the case of the 10-term trial function which needs no correction. 
This does not affect other parts of reference 2, 


(K¢,K¢) = 11.4370760 
—2(K¢,V ¢) =108.2456675 
(V¢,V ¢) =287.5468521 


(¢,¢) = 70.8093643 
(¢,Ky) = 14.9349951 
(¢,V ¢) =110.8295383 


10! Cimn 


—0.24814779 
1.10322720 
—0.11346410 
—0.00511734 
— 1.11270472 
1.49911742 
—7.14058346 
14.15689206 
0.05447900 

— 3.72560170 
—0.07921601 
—0.68065722 
—0.04133793 
0.06975662 
0.29940277 
—0.43360089 
0.52570078 
—3.67222989 
0.65235496 
0.19887392 


lmn 


432 
442 
444 
466 
500 
510 
540 
550 
560 
570 





0.02362966 
0.03855044 
—0.17396807 
1.31210251 
0.00053868 
—0,00960332 
0.04012495 
—0.01233493 
0.06897135 
—0.37520909 
0.00090133 
—0.02374592 
—0.00727984 
0.05385645 
—0.00150642 
—0.00522167 
0.00044411 
—0.00317963 
0.00052020 
0.00271715 


776 
800 
840 
880 
844 
888 
930 
990 
962 
996 
10,0,0 
10,10,0 
10,4,4 
10,10,10 


80-B, is summarized by 
\(80) = — 2.9037237, 
\1(80) = — 2.9037467, 
o(80)= 0.0000175. 


(2.7) 


The corresponding trial function is given in Table II. 
It is seen that the ground-state energy of the He atom 
is now determined with an absolute accuracy of 8X 10-6 
(corresponding to A—A,=5.0 cm) compared with the 
previous value of 5.2X10~-%. Although this is an ap- 
preciable improvement, there is still a long way to go 
if one wants to achieve an absolute precision of order 
210-7 which corresponds to an accuracy of measure- 
ment +0.15 cm™. 

In general, the lower bound obtained from (2.1) or 
(2.2), although mathematically rigorous, lies too low 
for most problems and thus the actual energy eigenvalue 
is expected to be close to the upper bound. In I, an 
empirical method was proposed which helps us to guess 
the exact eigenvalue of the ground state. From in- 
formation then available, it was inferred in I that the 
actual ground-state energy will be close to the value 
— 2.9037237. Our new result (2.7) shows however that 
this estimate was actually too conservative. It would 
still be fair to say that this method, which is nothing 
but a linear extrapolation from available data, gave an 
estimate of the exact ground-state energy that is 
reasonably good though not accurate enough. With the 
somewhat better data now at hand, it would be inter- 
esting to speculate about the exact eigenvalue of the 
He ground state. 

For this purpose, let us express the trial function y 
as 


v= (1-9) Yotnf, (2.8) 
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_TaBLE III. Relativistic and mass polarization corrections evaluated with the new 39- and 80-term trial functions. Values evaluated 
with the 6-term function is included here for the purpose of comparison. Figures are given in units a*ry except for the last two columns. 
# ion(= —4.000 a*ry) is the relativistic correction for the ground-state energy of H,'*. For notations, see Sec. 6 of reference 2. 


Number 
of terms Ey’ Ey” 


a —27.25 22.83 
39 — 27.0341 22.7455 
22.7516 


80 — 27.0463 


Ey” +Ey” 
0.70 
0.6682 





where yo is the exact eigenfunction and f is defined by 
(fo) — 0, 
(A=1. 


The parameter 7 is thus a measure of the deviation of 
y from Yo. According to (1.5.5), if two trial functions 
have the same value for the quantity [(/,Hf)—Fo]/ 
[(Hf,Hf)—2Eo(f,Hf)+Ee] and differ only in the 
magnitude of 7, a straight line going through the points 
of Fig. 1 corresponding to these functions must intersect 
the A-axis at A=. The difficulty of this method lies 
of course in the fact that it is impossible to tell whether 
a given pair of points satisfies this condition or not. If 
one blindly chooses the points 39-B and 80-B for this 
purpose, the linear extrapolation gives the value 
— 2.9037254. From the limited information contained 
in Fig. 1, however, this value seems to be too low 
compared with the exact eigenvalue. This may be 
discussed in the following manner: 

In Fig. 1, we have drawn a broken curve which runs 
just below the points 39-A and 39-I. This is done to 
indicate that no point (o,A) computed with the 39-term 
function could be found below or to the left of this 
curve. Although this curve is incorrect in detail, being 
drawn mostly by guesswork, it is probably not too far 
wrong as a whole. It is to be noted that the vertical 
part of the curve is close to the actually computed 
points. This is probably reasonable because (a) suc- 
cessive points obtained by the iteration method are 
found on an almost vertical line, and (b) it was found 
very difficult to improve the A of the point 39-B further 
even though it is still not as good as that of 39-I. 

Similarly, the dotted curve of Fig. 1 represents the 
boundary for the points (¢,4) computed with the 80- 
term function. This curve unfortunately is much less 
reliable than the broken curve for the 39-term functions, 
since it is determined by only one point 80-B.!° Here 
we have taken account of the fact that (a) successive 
points obtained by the iteration method move slowly 
towards the left, and (b) the value of \ at 80-B is better 
than that of 39-I. This seems to imply that lower bounds 
for some 80-term functions can be appreciably better 


(2.9) 


10 We have tried to find a different set of points by the ordinary 
variational method with the 80-term trial function but without 
much success. This is due to the unfortunate situation that the 
input-output instruction of our coded program of method A was 
written in single precision. This has been sufficiently accurate for 
the purpose of the lower bound variational calculation but has 
turned out otherwise for the upper bound variational calculation. 


0.29. 
~0.2782 
~0.2782 


Erei — Eiion E: 
(in cm~) (in cm™) 
—0.06 4.95 
0.593 4.785 
0.557 4.786 


Ey Erei — Eion 


0.01 
0.1015 
0.0953 


than that of 80-B although the corresponding upper 
bounds may be somewhat worse. This is why the 
vertical part of the dotted curve is drawn far to the left 
of the computed points. 

From these considerations it appears that the pair 
39-B and 80-B are not the proper choice for the purpose 
of extrapolation." In fact we feel that the correct 
ground-state energy most probably lies above the 
extrapolated value mentioned above. In view of the 
improvement of the upper bound from 39- to 80-term 
functions, on the other hand, it would not be too un- 
reasonable to imagine that the upper bound might be 
pushed down by extensive calculation at least half of 
the way to the extrapolated value. We shall therefore 
choose 


A*(80) = — 2.9037247, (2.10) 


as our best guess for the exact nonrelativistic energy 
of the ground state of the He atom. If our reasoning is 
not too wrong, the value (2.10) will probably be ac- 
curate within the limits +0.0000005 (or +0.11 cm™). 

Finally, let us estimate the accuracy of our 80-term 
function, which is possible since both the upper and 
lower bounds of its energy eigenvalue are known. Mak- 
ing use of the formula (1.5.11), one finds that 


m=0.0055 (2.11) 


can be chosen as a rigorous upper limit for the accuracy 
n of the 80-term trial function. If one assumes that the 
ground-state energy Eo is exactly given by A*(80), the 
upper limit (2.11) may be replaced by” 


n= 0.00115 12) 


according to (1.5.10). It is likely that (2.12), although 
this is not a rigorous limit, gives a closer estimate than 
(2.11) for the accuracy of the wave function. 


3. ERROR ESTIMATION OF CORRECTION TERMS 


In Table III are given expectation values of the mass 
polarization and relativistic corrections computed with 
the new 39- and 80-term functions. They are in good 


1 This will also be inferred from the fact that the expectation 
value of the relativistic correction evaluated with the trial 
function 39-B is somewhat different from those evaluated with 
the trial function 39-I or 80-B, as is seen from Table IIT. 

12 The value of n2 given by (2.12) is somewhat larger than the 
best n2 in Table II of reference 2. This is partly due to the different 
assumption on the exact value of the ground-state energy Eo and 
partly to the arithmetical error in the latter in which a multi- 
plicative factor 1.148 was overlooked. 
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agreement with values calculated with the old 39-term 
function. It therefore seems that they are already close 
to the exact values corresponding to the correct eigen- 
function. If one wants to determine how much the 
calculated values differ from the exact values, however, 
it turns out that there has so far been no method 
available for such a purpose. Here we would like to 
report on a search for rigorous methods that can be 
used to estimate the accuracy of calculated correction 
terms. 

Our main result may be stated as follows: There is 
always a finite limit for the difference of expectation 
values evaluated with any trial function and the exact 
eigenfunction, provided the trial function satisfies the 
boundary condition (1.2.6). Furthermore, this limit will 
converge to zero as the trial function converges to the 
exact eigenfunction.” It is to be noted that, for trial 
functions that do not satisfy the boundary condition 
(1.2.6), the relativistic corrections can actually be 
infinitely large. But (1.2.6) is needed to prove that the 
Hamiltonian of the He atom is a Hermitian operator 
in a strict sense.'* Thus, the same condition which 
guarantees the existence of eigenstates of the He atom 
also serves to keep the correction terms finite. 

Let us first note that the inequality 


(1—n’) (Ayo, Bo) — (AY, BY) | <C, (3.1) 
with 

C=9(OLV, 1 OL/W) +°OLL,11 
and 


OLg,h]=| (Ag,Bh)|, (3.3) 


holds for any function y and operators A and B for 
which the inner products are finite. The parameter 7 
and the function f are defined by (2.8). Thus our 
problem will be solved if it is shown that C has an upper 
limit when A and B represent the operators of the mass 
polarization and relativistic corrections. We shall now 
see that this is the case if one can find upper limits for 
n(f/,Kf)* and ||Kf||, where K is the kinetic energy 
operator — (A;+A,2)/2. 

It is trivial to show this for the mass polarization term 


E.= —pl¥, Vi: Vy), (3.4) 


where p is the mass ratio of the electron and He nucleus. 
Choosing A=1 and B= ¥,- Vo, one obtains 


Ql fv J=e| (f, Vi: Vy) vi Vyil, 
OL f, f=! (f, Vi Vef)| Sef, Kf). 


Spl fll - 
sia (3.5) 


Thus 
C= pL 2Pn+n°(f,K f)], 
with 
P= | Vi Vy 


‘8’ Throughout this paper, we use the phrase “convergence of 
the trial function y to the exact eigenfunction yo” to imply that 
o—0, where o= (//y,Hy)—(y,Hy)*. This definition is stronger 
than the usual definition ||~—yol|—-0 [or »—-0]. The condition 
o—0 is sufficient to guarantee the convergence of expectation 
values discussed in this section. 

4 T, Kato, Trans. Am. Math. Soc. 70, 195, 212 (1951). 
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may be chosen as an upper limit of error for E2, which 
is finite if 7°(f,Kf) is bounded. Note that P can be 
evaluated explicitly for any given y and is finite if the 
boundary condition (1.2.6) is satisfied. 

To prove it for the relativistic corrections, it is 
convenient to express them as the expectation value 
of the operator 


A,e=Wy+Hut+Hint+Hiwt+Hy, (3.8) 


rather than the formula (1.6.2), where 

Ay= —4e®lVi- (Vit V2)9i+- V2: (Vit V2) 2], 
Hyy=40°A,A2, 
Ayr= —a? V 2Ax, 
Ayy=e'l (V1-@)Vi2(4- V2)+ (V2: A)Vi2(0- V3) |, 
Hy=40°Eo(A;+4:), 


(3.9) 


with V,y=—2/r;, Ve=—2/re, Vie=1/ri2, and 
fi=(reo—r,)/|ro—1r|. This has the advantage that it 
does not contain 6 functions explicitly.’® Starting from 
(3.8), it can be shown that an upper limit for C can be 


chosen as 


Crei= a? Rn(f,K f)?+Sn||K f | 
+ (9/2)n?(f,K f)4\|K f|| +40°||K f|l2], 


where R and S are finite numbers defined by (B.6, 9, 
16, 19). The derivation of (3.10) is given in Appendix B. 

The last step is to show that n(f/,Kf)! and n||K f|| are 
in fact bounded. This is carried out in Appendix A. Our 
result is therefore proved. 

As is seen from (A.14) and (A.19), n(/,K/f)! and 
n | Kf}, converge to zero when y approaches Yo." It then 
follows from (3.6) and (3.10) that the expectation values 
FE, and Eye, converge to exact values when y converges 
to Wo. It is to be noted that the coefficients P of (3.6) 
and R, S of (3.10) have well-defined upper limits 
independent of individual trial functions. 

Although our error estimation is rigorous, it is not 
likely that it gives useful and accurate estimation of 
errors in practice. However, it would be interesting to 
see what estimate can actually be obtained with these 
formulas. The bounds C2 and C,«; have therefore been 
calculated for 1-, 3-, and 6-term functions of Hylleraas 
type. The results are listed in Table IV. It is assumed 
that the ground-state energy Eo is given by (2.10). 
Table IV shows clearly that the limits of error evaluated 
with formulas (3.6) and (3.10) are extremely large, 
which is of course not unexpected. 

In the last rows of Table IV, C2 and C,.) are given 
for the 39- and 80-term trial functions. In this calcu- 
lation, we have used quantities P, R, and S of (3.6) 
and (3.10) evaluated with the 6-term Hylleraas func- 
tion, since they will be approximately equal to the 
values evaluated with better trial functions. Also, we 

15 Tt is to be noted that those arguments developed in this 
section as well as in the Appendixes are also useful in estimating 
the accuracy of expectation values of the 6 functions. 


(3.10) 
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have chosen (2.12) as an upper limit of n. It is seen that, 
even for the 80-term function, errors estimated with 
our formulas are still very large, being +0.11 cm™ and 
+1.78 cm™ for mass polarization and relativistic 
corrections, respectively.!® 

The following will be the major factors contributing 
to this situation: (a) In calculating expectation values 
of H,.1, strong cancellation occurs among various terms 
of (3.9). In the calculation of C1, on the other hand, 
no cancellation occurs since errors always accumulate. 
In effect, Cre: would thus represent the error in a 
quantity whose magnitude is much larger than Eye 
itself. (b) To derive C, and C,.1, Schwartz’s inequality 
has been used repeatedly. Each application of this 
inequality would contribute to the overestimation of 
errors. Thus the final formulas will overestimate the 
C’s by some orders of magnitude. 

However it is possible to find semiempirically the 
extent to which the use of formulas (3.6) and (3.10) 
causes overestimation of errors, if it is assumed that 
errors are overestimated more or less uniformly for all trial 
functions considered here. Let us first note that the exact 
value of Eye, for instance, certainly lies in the range 
—22.81+1.78 cm™ as evaluated with the 80-term 
function. But the calculated value of Eye) is well within 
this range even for the 6-term function. This would 
imply that the true accuracy of E,.) evaluated with this 
function is more adequately given by the above range 
rather than that evaluated with rigorous formulas 
(3.10). If this were actually the case, the upper limit 
Crei must have overestimated the error in £1 by a 
factor of order 20~30. This situation would be the 
same for all cases listed in Table IV, if the above 
assumption of uniformity is valid. In particular the 
accuracy of Ey. evaluated with the 80-term function 
would be of order +0.09 cm@ rather than the calcu- 
lated value +1.78 cm. Similarly, the accuracy of F2 
would be about +0.006 cm™ rather than +0.11 cm“. 
We believe that these estimated accuracy limits are 


TABLE IV. Rigorous limits of error for the expectation values 
of the mass polarization and relativistic corrections calculated 
with formulas (3.6) and (3.10). 


Number 
ot terms 


1 


3 
6 


References Ce (in em™) Cre} (in cm™!) 


a See reference 2. 


‘6 These values are, strictly speaking, not rigorous limits of 
error since they depend on the assumption that the upper bound 
of n is given by (2.12) which in turn depends on the assumption 
that the exact energy is given by (2.10). If the exact energy were 
— 2.9037245, Cre; would be +1.61 cm™. If Ey were —2.9037249, 
on the other hand, Cre; would be +£1.93 cm™!. Thus our error 
estimation is not very sensitive to the value of the exact ground- 
state energy. 
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still conservative and would be surprised if the exact 


expectation values turn out to be outside of these limits. 


4. DISCUSSION 


As was shown in Sec. 2, the exact nonrelativistic 
energy of the ground state of the He atom will be found 
close to the value (2.10). Taking account of the finite 
mass of the He atom, this corresponds to the ionization 
potential 198317.45 cm™. When one includes corrections 
due to mass polarization and relativistic effects as well 
as electrodynamical effects, the final theoretical pre- 
diction for the ionization potential becomes 


I.P.theory= 198310.77 cm~!, (4.1) 


Rigorous limits for the error in (4.1) have been evalu- 
ated to be (_2,3+?-3) cm7! which consists of (—o,23+4-*) 
cm for the nonrelativistic energy, +0.11 cm™ for the 
mass polarization effect, 1.78 cm™ for relativistic 
corrections, and (_9.2*°®) cm™ for electrodynamical 
corrections.!” These limits, however, are very likely to 
have been overestimated by a large factor. As we have 
discussed, a more reasonable measure for the accuracy 
of (4.1) is of order +0.40 cm™ where +0.11 cm™ 
comes from the nonrelativistic energy, +0.006 cm™ 
from the mass polarization, +0.09 cm from relativistic 
corrections, and +0.2 cm™ from electrodynamical 
effects. Within this probable accuracy, the agreement 
of our result (4.1) with the latest experimental value,! 


1. P experiment = 198310.82+0.15 cme, (4.2) 


is quite satisfactory. 
Except for the electrodynamical corrections, the 
largest source of error in (4.1) is still the calculation of 


the nonrelativistic energy. The estimated error of 
+0.11 cm™ is probably less reliable than those for the 
mass polarization and relativistic corrections. It is 
therefore desirable that the accuracy of the non- 
relativistic energy should be improved still further. As 
was indicated in Sec. 2, it would be possible to improve 
it to some extent even with the same 80-term function 
if the shape of the dotted curve of Fig. 1 is studied in 
more detail. It would be worth mentioning here that 
this could be most easily achieved if one employed an 
iteration method for the Jower bound rather than that 
for the upper bound which was used in this work. For 
really significant improvement of the theoretical pre- 
diction, however, it would be necessary to work with 
trial functions with a larger number of terms or those 
of an entirely different nature from the Hylleraas-type 
functions. 

Very recently, Pekeris!* has developed an interesting 
approach to this problem which is based on an expansion 
of y into a triple orthogonal set of three perimetric 


‘7 The quoted error in the electrodynamical corrections is not a 
rigorous one, but almost certainly the actual value would lie 
between these limits. See Sec. 4 of the paper of Kabir and Salpeter, 
reference 4. 

18C. L. Pekeris, Phys. Rev. 112, 1649 (1958). 
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coordinates. Making use of these trial functions with 
up to 210 terms, he obtained the value A= — 2.9037243 
as the upper bound of the ground-state energy of the 
He atom in the nonrelativistic limit. This value lies 
just on the upper edge of the estimated accuracy of 
our extrapolated result and thus eliminates the possi- 
bility that the exact ground-state energy lies above the 
limit which was chosen somewhat arbitrarily. On the 
other hand, it is still possible that the exact ground- 
state energy lies outside our estimated lower limit, since 
no better lower bound than (2.7) is yet available. It 
would be very interesting to see whether this situation 
is greatly improved if a rigorous lower bound is calcu- 
lated with Pekeris’ 210-term function. Finally it is 
noted that the mass polarization and relativistic cor- 
rections evaluated with his 210-term function agree 
with the values evaluated with our 80-term function 
within our semiempirical limits of error. 
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APPENDIX A. UPPER BOUNDS FOR 
n(f,Kf)t AND 9)\Kf| 

We shall discuss the derivation of upper bounds for 
n(f,Kf)' and n\|Kf\| where f is a function defined by 
(2.8) and thus satisfies the boundary condition (1.2.6). 
To begin with, we shall derive several inequalities 
which hold for amy function f(1,%2) that satisfies our 
boundary condition. Let us first prove the inequality 


Vefs(iKf)', (A.1) 


where K is the kinetic energy operator and Vj.=1/rjp.. 
To show this, note that the quantity (/,Vi2f) 
= fdr(1/u)f? may be transformed into — fdr(a/f) 
‘(V.f) by partial integration. Applying Schwartz’s 
inequality, one finds easily that 


| 
- faran-(wuf s| far] | farconns| . (A.2) 


Now formula (A.1) follows immediately since (¥,,/)? 
<3[(¥.:/)?+(¥2f)*]. The same consideration applied 
to Vi+ V2 leads to 


—4(f,Kf)'is(f, (Vit V2)f/) (A.3) 


KINOSHITA 
noting that V,;+V2 is negative everywhere. Because 
VitVeSV SV yp, one obtains the relation 

—4(/,Kfis(fVAS(LKS)'. 


Thus, for any function f for which the expectation 
value of the kinetic energy K is finite, it is impossible 
to make the expectation value of the potential energy 
V arbitrarily large. 

We shall consider next inequalities concerning the 
square of the potential energy V. Let us first show that 


(Vif, Visf)S4(f,Kf). (A.5) 


This follows from the relation’: 


fe(-)- -afaray-vs 
fe) Jorn]: 0s 


which is easily proved by means of partial integration 
and Schwartz’s inequality. Similarly 


VifAViAs 16(/,Kf), 
To find an inequality for V as a whole, we note that 
V?SVP4+V24+VWV2tVi2? (A.8) 


holds everywhere as a consequence of r;+r2.2u. Thus 
we have only to find an inequality for ViV2, which 
may be derived as follows": 


(A.4) 


(A.7) 


t=1, or 2. 


1 1 
(Vif, Vef)= -2 far] —tap-walt—ap-wl] 


rT) To 


olfol CMM 


3 
x| farco.n+cv.n] 


<8(f,K/f), (A.9) 


where (A.7) is used in the last step. From (A.5), (A.7), 
and (A.9), one finally obtains 


(Vi,Vf)S44(7,Kf). 


We are now ready to show that (f,K f)! and »|/K f|| 
have upper bounds if f is defined by (2.8). Let us first 
consider n(f,K f)'. For this purpose, we note that the 
function f defined by (2.8) satisfies 


nr (ff) ns (A— Eo) +n’Eo, 


(A.10) 


(A.11) 


The quantities 7;, f2, and @ are defined by ri/|m|, r2/|re|, 
and (r2—r,)/|re—ri|, respectively. 

* It is possible to derive a formula slightly more accurate than 
(A.6). The numerical results listed in Table IV are obtained using 
this improved formula. However, the change is only of the order 
of 3%. 
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where A\=(y,Hy). Combining this with (A.4), one 
obtains 
WSK f)—40(f,Kf)'s (A— Eo) +10. (A.12) 
Solving this for n(/,K f)}, one finds immediately that 
n(f,Kf)'Sa, (A.13) 


where 


a=2n+[(A—Eo)+ (44+ Eo)n? }}. 
Since \ and the bound of n are known for given y, a is 
certainly a finite number and thus n(/,K f)! is bounded. 
In order to estimate n||K ||, it is sufficient to know a 
bound for n||V f\| since the relation 
IKfISAAI+IV SI 
holds for any f, while ||H || is given by 
nl|H f\|=Lo+¥— (1— Ee}, (A.16) 
where o=(Hy,Hy)—). Now a bound for n||V || is 
given by 


(A.14) 


(A.15) 


(A.17) 
as is seen from (A.10) and (A.13). Thus one finds 


n||K f\| $8, (A.18) 


n||V fll $ (44)%a, 


where 

b= (44)'a+[o+n?— (1— EP}. 
Obviously 6 is a finite number for given ¥ and thus 
n||K || is bounded. 


(A.19) 


APPENDIX B. ERROR ESTIMATION OF 
RELATIVISTIC CORRECTION TERMS 


We shall derive formulas which give upper bounds 
for the errors in the expectation values of the relativistic 
correction terms (3.9). Let us first consider Hy. To find 
an upper bound for the C corresponding to Hy [see 
(3.2) ], one has to estimate the quantity 


| _ 
Oly, fJ= 20° fe(—+—) 
'* rT) 2 


| 
X{ (vi) (Wif+(vH)-(V2/)}|. (B.1) 
This can be carried out easily if one notices that 


1 1\2 4 
olv.iste| far(—+—) ((ow)+ (04) | 


r; 12 


4 
x| fern] (B.2) 


holds for any y and f satisfying the boundary condition 
(1.2.6). To evaluate Q,[ f,f], on the other hand, one 
may rewrite it as 


“tet alo) (ee wrt re WON) 


+(Ve2f)-{(Ai- Vite V2)(Ve2f)}J, (B.3) 
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and apply Schwartz’s inequality. In this manner, one 
is led to 


OLS, f}s20°(f,K f)'||K ||. 


If one denotes by C; an upper bound for C corresponding 
to Hj, it is evident from (B.2) and (B.4) that C; may 
be chosen as 


(B.4) 


Cy=a"(aR;+2ab], (B.5) 
where a and 6 are defined by (A.14) and (A.19) and 


r 3% } 
= [2 far(—+—) ((ow)+ (9409 . (B.6) 
Lal T2 


The quantity R; is finite under the boundary condition 
(1.2.6) and can be evaluated explicitly for any given y. 
In the case of Ary, the integrals to be evaluated are 


1 
OrvL¥,fJ= ie? fart (4:-VwW)(a-Vof) 
Uu 


Hawane-w.0)), (B.7) 


and Qrv[_f,f]. Using the same method as above, it is 
easy to show that an upper bound for C may be chosen 
as 

Cy v=a"[ aRiy+3ab |, (B.8) 


where 
1 1 ‘ 
Rwv=| fapaowy+(e-v99] Se 
2 uv? 


It is to be noted that there are many alternative ways 
to derive the upper bounds. Our C; and Cjy are selected 
in such a manner that their leading terms (linear in 7) 
depend only on (/,Kf). This would give the best result 
since possible effects of fluctuation in the curvature of 
the function f are thus minimized. 

For Hy; or Hi, however, it seems to be impossible 
to find an upper bound Cy or Crm whose main terms 
depend on (/,K/f) only. As is seen below, the main 
terms of Cy; and Cy contain ||K f|| and thus depend on 
the curvature of the function f more strongly than do 
C; or Cyy. The integrals to be considered here are 


es i~— f drAWAsf|, (B.10) 
4 | 


| 
and 


1 | 
Omnly.fI=e°| far WAS, 
| u } 

(B.11) 


| 1 | 
OnLfyl=e fe fAaw). 
| u 
As is seen at once from (B.11), an upper bound Cry 
may be chosen as 


Cin =e2[ aRi1+bSin+ 246 ], (B.12) 
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where 


Rin=2/|A.y||,  Sm= (B.13) 


Viw 


In order to find an upper bound Cy; corresponding to 
Hy, let us note the following inequality: 


| } } 
J arswacs s| farawas | farausass , (B.14) 


which can be proved using Schwartz’s inequality in a 
slightly modified manner. From this it follows that 
Cy may be chosen as 


Co=eLbSi+ 48" J, 


1 i 
Sn= | farssvsey ° 
a. 


The last term Hy may be treated completely differ- 
ently from the others, being proportional to the kinetic 
K. In this case, the left-hand (3.1) 


(B.15) 


where 


(B.16) 


energy side of 


becomes 


PHYSICAL REVIEW VOLU MI 


135, 


KINOSHITA 


(1—n°) (Yo, vo) — (YH w) 
= —}a? El A— Eo(1—7°) ], 


where it is assumed that the trial function y satisfies 
the virial theorem. Since this is the case for w’s con- 
sidered here,’ the accuracy of (¥,Hvp) is obviously 
just as good as that of the variational calculation of the 
nonrelativistic energy eigenvalue A. We may therefore 
regard (Wo, yo) as exactly known"and omit it from 
our considerations. 

Collecting the results obtained, one may therefore 
choose 


(B.17) 


Cri=a'LaR+bS-+(9/2)ab+26%],  (B.18) 
with 
R=R\+ Rint Riv, 
S=Sn+Sin, 


as an upper bound for the error in the expectation value 
of the entire relativistic correction Hye). 


(B.19) 


*1 This is because our trial functions are always chosen so that 
the upper bound A is minimized with respect to the scale parameter 
k. For details, see Sec. 3 of reference 2. 
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A classical theory of inelastic atomic collisions is given. It is shown that inelastic scattering, ionization, 
excitation, and other interactions between charged particles and atoms are due to the Coulomb interaction 
with atomic electrons and depend in a first approximation on their binding energy and momentum dis- 
tribution. All cross sections can easily be calculated by means of differential cross sections o(AE) and 
o(AE,9) derived in the binary encounter approximation. Numerical calculations have been made for 
several cases and are in very good agreement with the experimental results. 


I. INTRODUCTION 


HE difficulty of explaining on the basis of classical 
mechanics some experimental facts observed in 
atomic collisions and the sufficiently good results 
obtained by wave mechanics have been viewed as 
proof of the nonvalidity of classical mechanics for 
processes involving the interaction of charged particles 
with the atomic shell.!? Consequently the explanation 
of all such processes has been sought by using wave 
mechanics without investigating the possibilities of a 
classical interpretation of these phenomena. The 
slowing down of charged particles in a medium had 
also been treated in this way. In a recent paper* the 
author analyzed this process on the basis of classical 
1H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), p. 9. 
2N. F. Mott and H. S. W. Massey, The Theory of Atomic Col 
— (Clarendon Press, Oxford, 1949), second edition, pp. 200, 
~ 9M. Gryzitiski, Phys. Rev. 107, 1471 (1957). 


mechanics and showed that the disagreement between 
the first classical theories!® and experiment, particu- 
larly in the low-energy range, was the result of an 
approximation which neglected the orbital motion of 
the atomic electrons. It was noted that the effect of the 
interactions in a Coulomb field varies as the fourth 
power of the relative velocity. 

The excellent agreement of the classical stopping 
theory given by the author with experiment auto- 
matically gave rise to the suggestion that other processes 
occurring in atomic collisions, which, after all, make 
up the stopping process, should be treated in this way. 
Thus, employing the results of Chandrasekhar® and 
Williamson and Chandrasekhar’ on the collisions of 
gravitational masses, we shall construct in the binary 

*N. Bohr, Phil. Mag. 25, 10 (1913); 30, 581 (1913). 

5H. A. Bethe, Ann. Physik 5, 325 (1930). 

6S. Chandrasekhar, Astrophys. J. 93, 285 (1941). 

7S. Chandrasekhar and R. E. Williamson, Astrophys. J. 93, 
308 (1941). 
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encounter approximation a classical theory of inelastic 
atomic collisions. 


II. TRANSFER OF MOMENTUM AND SCATTERING 
OF PARTICLES INTERACTING THROUGH 
A COULOMB FIELD 


Consider the encounter between particles with 
charges qi, g2, Masses m1, m2, and velocities vy, and vo, 
respectively, interacting with each other through a 
Coulomb field. All results are also valid for bodies 
interacting through gravitation if we take qi=m/G 
and g2=m2/G, where G is the gravitational constant. 

If we idealize each encounter as a two-body problem, 
then the parameters defining such an encounter in 
laboratory frame of reference are (see Fig. 1): (i) the 
angle 6 between the two vectors ¥; and ve, (ii) the 
azimuthal angle ¢ referred to a system of coordinates 
in which the z-axis coincides with the direction of vo, 
(iii) the impact parameter D, and (iv) the angle © be- 
tween the orbital plane and the fundamental plane con- 
taining the vectors v; and Ve. 

As a result of the encounter, the directions and the 
magnitudes of vectors v,; and v2 are changed. These 
changes, which can be measured experimentally, are 
given by the relations 


Kis 
han =AE+ aie { Eo— FE, +40,02[ (my — mo) cos0 
1 9 


x2 


+ (m,+mz) sind cosOx |} =0, 


1 | 1AE 
a Yn ( ve Soe ) 
(14AE/Ey)t|\ 2B 


m, V\2 1 
-2( -)(-) —| 0, 
mitmet \vo 7 1+22 


where AEF is the change in energy of particle 2, 3 is the 
change in the direction of velocity of particle 2, £, and 
Fk» are the energies of particles 1 and 2 before the col- 
lision, V= (02+ 22’— 22,22 cos)! is the relative velocity, 
pw is the reduced mass, and 


(1) 


x=D(u/qig2)V*, Ki2=4mym2/(mi+m.)*. (3) 
Equations (1) and (2) have been derived using the 
results of the Chandrsekhar and Williamson®? (Ap- 
pendix). 

Now, the cross section for the encounter defined by 
6, y, ©, and D is 


1 d@®) 
f(0)d0XdyeX—X 2xDaD, 


Qn 


(4) 
4a 


where /(@) is the relative angle distribution function 
between vectors v, and vp». Integrating over the range 
for which condition (1) is fulfilled, we obtain the cross 
section for a collision in which particle 2 undergoes a 
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Af 
ij 


particle 2 





particle 1 








Fundamental plane 





Fic. 1. Space diagram for encounter between charged particles. 
The fundamental plane is defined by the vectors v; and ve repre- 
senting the velocities of the two particles before the encounter. 
The velocity of the mass center denoted by V,, remains constant 
during the encounter. In a frame of reference in which the center 
of gravity is at rest, the two particles describe hyperbolas or 
parabolas in the orbital plane which, in general, is inclined at 
some definite angle © to the fundamental plane. 


change in energy AE, 


1 
a (AF) ane Pf f roetisn.0,07 
4 


d® 
xX dbd¢ In DdD. 


2r 


(5) 


In a similar way, the cross section for the scattering of 
particle 2 in the direction @ with the change of energy 


AE is 


1 
o (AE) = [ff frortivee,o 
dr 


d@® 
Xx d6d ¢-—2xrDdD. 


2r 


(6) 


b _ Sf (Xe) 
J f(x)oCo(x) Wx= 


P | 
go (X,) 


where the sum is taken over all roots of the equation 
y(x)=0 in the interval a, b, we obtain, after integrating 
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Fic. 2. The loss of energy of impinging particle as the function 
of the energies and masses of colliding particles and the collision 
angle 6. 


Eq. (5) over the angles ¢ and 0, 


1 2\? 
o(AE)= (= ) 
2N u 


f(6) 
xf f a ——d(x?). (7) 
V*  {4a°x*—[b+AE(1+2°) ?}! 


In the last expression we have introduced the symbols 


x1 


d= p02 sind, 


§= K yo Eo— E143 (my — my) 0,02 cosé |. 


(8) 


Since the differential cross section must always be real, 
the integration over x* must be performed over the 
range for which 


4a°x?—[b+AE(1+22) #>0. (9) 


As a result, we obtain 


T/q2\" 1 #2 £(0) 42a’ 
(an="(“*) — f (<——s) ao (10) 
2\ u AF? Je, V4 \AE 
By Eqs. (3) and (8), the condition (9) may be readily 
rewritten: 
Ky2.E, E>, 
AF? 


m,— mys (Ky2k\E2)} 
cos*@ — 2 — = 
m,+my» AE 


cosé 
Kyk\ FE Ky.k K 9 J 
( ee (11) 


3 Ap ccsnsnr ee ‘-1) 30. 
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Therefore the limits of integral (10) are 
O1,2= (tot) if —1<a%ta1<1 
=0 if 1< Xot4X 
if —1>x%+%, 


(12) 
=F 

where 
mM,— Me AE 


mi+m2 (Ki2k,E2)* 


AE AE\}} 
+{(1-—)(1+—)]. (13) 
Ey E 


Equation (11) gives us the maximum change in energy 
of the colliding particles as a function of the angle 
between their velocity vectors. Solving (11) with 
respect to AE, we have 


AE Mm,— Me Ky2k; } Ky Ey 
oe ae —) cout (- ) 
E> m,+m»s FE, 2 Fo 
2fKivki\} 
= (- ‘) cos0 
m+m\ Es 


E\\P Kwkh ; 
-=)] +— sin . (14) 
E, E> 


The graph of the ratio AE/E, as a function of the angle 
6 is given in Fig. 2. The maximum loss of energy of 
particle 2 is 





XotxX =— 


1 m,— mz V2 
if —1<-—— 
2m +m 2 


= — Ky.Eo(1+24/v2) (1 —myr,/mer2) 


AE max= —E, ee 


(15) 


1 m,—mbz V2 
if —1>-———____, 
2m+me 2 


and the collision angles corresponding to AEmax are 
respectively, 


1 Ve M,— Me 
Ones arc cost — ————— J, 
2 v1 m,+m»s 


In a similar way, by integrating Eq. (6) over ¢, 9, 
and D, we obtain 


(16) 


Ons ae 


a (AE) 





2 (q1g2)? —/ my E 
- gi m,+mes T 
f(0)d0 
§{4a°w;—[4a2+ (b+ AEm)2]} 
1AE AE\! 
gu }4-— -(:-=) cos’, 
2E Fo 


= 2(m/my+m2)?(V/v2)?(1/E). 





(17) 


where 


Lo 
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In the case of a particle 2 moving through the collec- 
tion of particles 1 having an isotropic distribution of 
velocities the angular distribution function is 
f(0)= (sin6) V/v2, (18) 


and therefore the cross section for the encounter with 
a change in energy AE is 


AE? |AE| 


ea 1 —) 
es sLAA], 


My" 


{a00- | (—3a)(an)? 


1 
2(1+2Ax-+)?) 


my, 
+(aa)[sa499a+(1-"")] 
me 


m 
+{(1- m) c-be)4 4 (0-3 


Mo 


my, 
= | 
Mo 


( (tora) |xo+ax1 21 


1 
iliac 21. 


|2 
| (xo+%1), | to+ 21 | € 1 
€ 


| ' ‘ 
| (xo— x1)/ | Xo— %} 


In the last expressions we have introduced the symbols 
A=E,/AE and \= 22/2. Substituting in Eqs. (10) and 
(17) the mean relative velocity V=(v2+2,2)!, we 
obtain expressions more convenient for further calcu- 
lations and which lead to a better approximation of 
the real process of interaction of charged particles with 
atomic electrons. This is a result of the elimination of 
collisions with a long interaction time; such collisions 
do not occur in fact owing to the curvature of the 
electron track in the field of the nucleus. 

In this approximation the function (20) is given by 





((1+AE/E,)} 1 
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Fic. 3. Values of functions g[A,A] and 2[4,A] for AE=—E,, 
Mm, = Me, and m<me versus the ratio 02/2. 


if * \3 1 m\ 
anj-(——) | aayr+—(1-—) 
2\\7+1 2d My 


(xo+21)/|xo+%;| 21 
baeeee | xo+ a1 | < 1 


i | xo— 24 | < 1 


(xo—41)/|xo—%1| 21. 


The comparison of the exact function g[A,A] with the 
approximative function 2[A,\] for AE=—F), mi=mo, 
and m,<mz is given in Fig. 3. 

Similarly, in the approximation given above, for f(6) 
given by Eq. (18) and for particles of equal mass 
m,= mM, we obtain the cross section for the scattering 
of particle 2 at the angle @ with a change in energy AE, 





2m(qig2)? 1 1 
o(AE,Y) =—— - ——— 
(mov2")? 2v2 myv;02| 





tf (1—2(v2/V)?)! 





378 MICHAL GRYZINSKI 


In two limiting cases, mj= m2 and m“<m», where AE<0, the explicit expressions for o(AE) are 


ky 4&, 
1— + if AE< F.— EF, 


Qn(qigz)? 1 f¢ vet \3 t, 3AE , 
o(AE)= ( ) (23) 


mv. AF?\v2+0;? KE, AE &, AE AE\}} 
+4—-+2—— yIG+ )(-—=)| if AE> E.— Fi, 
Ly AE Es EF. Ey FE, 


| 
i+ if AES Kyko(1—2 ‘vYe) 
3 AE 


Qe(qgs)? 1 ¢ vt \8I1 AE\4/1 4B, 4AE 4 E, 
cant YN et HS oie 
mv AE \v2+0/ 2 FE, 3 3AE Kyk> 3 AE 


AE 571, AF 





+3 + : sei | if AE> Ky»F(1—2 Ve). 
(Ki: FF 2)! 6 Ve Ky.EF,F2 

In the last two expressions and henceforth AE indicates the absolute value of the energy loss. 
The cross section for a collision with energy loss greater than U is 


A Emax 
QO(U)= f a(AF)d(AE), 
allt | 
or in explicit form in the case mm» 


Jy 
O(U)=—2,E./U; E,/U], 
U7 


2E, Us E U\? 
+ (:- )-( ) if ULE, < E> 
1136, EN Ep) \Byi 


where 


gi F2/U; F2/U] ( ) 
ve +o? |2 E, U E, Uy? U U\7 
| — (:- )-( ) C+ )(:- )] if U+E\2 F., 
3LE. Fo Fy Ey E, FE 


and oo= (m2/m,)(Z,Z2)?X6.56X 10-4 cm? ev?. The function g;[ £2/U; £,/U ] is plotted in Fig. 4. 
Similarly, the cross section for an encounter with loss of energy in the interval U;\C AE< U2 is 


QO(U2; U) f a(AFE)d(AE)=Q(U2)—Q(U}), 
U 


if (U,.—U,)/U <1, the last expression may be rewritten in the form 
O(U,,U2)—~a(AE)(U,— U2), 
where AE=U). 
The stopping cross section of particle 1 with the minimum excitation energy U is given by 
4 Emax 
((cAE)) f o(AE)AEd(AE). 
U 


For heavy charged particles slowing down on light particles (mm) the stopping cross section is 


( Ky» 4 Ey 2 V1 2 
[2+ 4 o ( ) if U< Ky.ko(1—2;/2) 
U 3U 3X 


=a ee) Vo" i AE q 1 Vv) 2 4 AE 1 [1+(AE ‘F) }'-1 2 FE 
((aAE) )w™— ( ) : = ( ) ie | in( az )- —- 
Fo \02-+-0/ FL 3 3N- 3 Kykot 2 [1+ (AE/F;) }!+1 3 AE 


if U2 Kpki(l-y V0). (31) 
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Fic. 4. Plot of the function g;. 


III. INELASTIC COLLISIONS OF CHARGED PARTICLES 
WITH ATOMS AS A PROCESS OF BINARY 
ENCOUNTERS WITH ATOMIC 
ELECTRONS 


Now, by means of the calculated o(AF) and o(AE,v), 
we can give at once a quantitative interpretation of 
inelastic collisions as a result of binary encounters with 
atomic electrons of given binding energies and ve- 
locities. 


(i) The Ionization and Excitation of Atoms 
by Charged Particles 
Denoting by NV‘(v,) the velocity distribution of 7 
shell electrons of an atom and by U;;“® their ionization 
potential, the ionization cross section of an atom is at 
once seen to be 


QO; -r [ N©(2,)Q(U 5) do, (32) 
(a 0 
and the cross section for the excitation of the level 


x 


Qexe"= >, N' 


(1) 9 


(v)O(U ny; Un™)de,, (33) 


where U, (Uns,) is the excitation energy of the 
level 2 (n+1) from the shell 7. 


(ii) The Atomic Stopping Cross Section 


The theory of the atomic stopping cross section, 
obtained in a similar way, was given previously by the 
author. At present, however, the theory is more con- 
sistent. We have eliminated the parameter D which was 
not very well determined, and the process of slowing 
down of charged particles is only a special case of the 
general theory of inelastic collisions. According to the 
above results, we have 


(34) 


1 0 
(dE/dx) = (cAE)xy** =>, f (GAE) wN © (2). 
N 


(v) 0 
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(iii) The Angular Distribution of Inelastically 
Scattered Electrons from Atoms 
This angular distribution is found at once to be 
g(AE,#) -{ a (AE,W)N (2,)dv-. 


0 


(35) 


In a similar way we can interpret by means of the 
cross sections o(A#) and o(AF,d) a number of other 
phenomena arising during atomic collisions. 


IV. COMPARISON WITH EXPERIMENT 
To test the theory and illustrate its application we 


shall give some numerical results. 


(i) Velocity Distribution of Ejected and Scattered 
Electrons of Primary Energy 100 ev 
from Helium Atoms 
If it is recalled that the kinetic energy*® and the 
ionization potential of the helium atom are 79 ev and 


4D 
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{ ,guantum theory 
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Fic. 5. Velocity distribution of ejected and scattered electrons 
resulting from ionizing collisions with helium atoms. 


24.6 ev, respectively, the energy distributions of scat- 
tered and ejected electrons are given by the Eq. (23), 
where we have substituted -,=39.5 ev, E.=100 ev, 
U ;=24.6 ev and AE=EF,— Ey for scattered electrons 
and AE= U;+E,,; for ejected electrons. Fx is the energy 
of the scattered electrons and F,; is the energy of the 
ejected electrons. The velocity distribution of electrons 
in a helium atom has been assumed to be Nue(v-) 
= 26[0.— (2E/m)!]. The results of the computations are 
in very good agreement with the experimental data of 
Goodrick® (Fig. 5). The slight asymmetry of the experi- 

8P. Gombas, Theorie und Lisungsmethoden des Mehrteilchen 
problems der Wellen Mechanik (Birkhaiiser, Basel, 1950), pp. 167, 


181. 
9M. Goodrick, Phys. Rev. 49, 422 (1936). 
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Fic. 6. Ionization cross sections of Hz and He 
by electron impact. 


mental curve is due to the excited Het; therefore the 
number of high-energy electrons decreases and the num- 
ber of low-energy electrons increases slightly. It should 
be noted here that quantum mechanics" does not give 
as good agreement with experiment, especially at the 
extremes of the energy distribution where the disparity 
is not only of a quantitative character, but of a quali- 
tative nature as well. 


(ii) Ionization Cross Sections of H, 
and He for Electrons 


The ionization cross sections of He and He for elec- 
trons are given by Eqs. (26), (27), (32) where we have 
substituted E,= U;=15.6 ev and 


Nuo(v,) = 26[0.— (2U ;/m)* ] 


for the hydrogen molecule and £,= 39.5 ev, U ;= 24.6 ev, 
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Fic. 7. The ionization cross section of Ag K shell 
by electron impact. 


reference 2, pp. 236, 237. 


GRYZINSKI 


Nute(0-) = 26[0.— (2E,/m)!] for the helium atom. 


Q;(H2)= 5.51 10-g,[ E2/15.4; 1] cm2, 
Q;(He) = 2.20 10-*g ,[ E2/39.5; 1.6] cm’. 


Comparison of theoretical and experimental results!” 
are given in Fig. 6. 


(iii) K Shell Ionization of Ag and 
Ni by Electron Impact 


We assume that the velocity distribution of K elec- 
trons is V*(v,) = 26[v.—v-* ]. Since their kinetic energy 
(Z;) is equal in the first approximation to the ionizing 
potential of shell K (UA#*=25 500 ev, U;NiX =8350 
ev), we obtain immediately 
Q;* (Ag) = 202 10-g,[ E2/U Ae*; 1] 

Xr Eo/U ek; U At*/me*), 


Oj" (Ni) =18.8X10-%g,[ Eo/U Si*; 1] 
Xr E2/U Nik; UNiK/me?]. 





Eaperimental data. 
© ‘elotive volue 


= - absolute value of 5 











rai 
# EE, /u,] 


Electron energy (Uj +8350er) 


Fic. 8. The ionization cross section of Ni K shell 
by electron impact. 


The function r is due to relativistic effects and is 
defined as the ratio Qj rei/Qj; where Qj rei is calculated 
from Eq. (26) using relativistic formula for 01, v2, m1, mo. 
Clearly in the nonrelativistic energy range r~1. The 
theoretical results with and without the relativistic 
correction are plotted in Figs. 7 and 8. There is very 
good agreement with the experimental data of Webster 
et al.,'8 Clark,“ Smick and Kirkpatrick,!® and Pockman 
el al.'® 

11 P, Smith and J. Tate, Phys. Rev. 39, 270 (1932). 

2 R. L. F. Boyd and G. W. Green, Proc. Phys. Soc. (London) 
71, 357 (1958). 

13 Webster, Hansen, and Duveneck, Phys. Rev. 43, 839 (1933). 

4 J. C. Clark, Phys. Rev. 48, 30 (1935). 

16 A, E. Smick and P. Kirkpatrick, Phys. Rev. 67, 153 (1945). 

16 Pockman, Webster, Kirkpatrick, and Harworth, Phys. Rev. 
71, 330 (1947). 
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(iv) Excitation Cross Sections, 4p'P,, of He and, 
6p *P:, of Hg Levels and the Sodium D 
Lines, by Electron Impacts 

Because the excitation energy of levels 4p'P; and 
5p 'P; are 23.7 ev and 23.95 ev, respectively, and other 
data for the helium atom are the same as in (i) we have 

Qexe(He 4p 'P1)—~2{0(23.7) —Q(23.95)}. 

In the excitation of Hg the two outer electrons (6s) 
of Hg are the most effective because of the strong 
dependence on the excitation energy (Q~1/U exe" where 
2<n<3) therefore 

Qexe(Hg 6p *P1)~2X [0 (4.86) —0(5.43) ], 
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Fic. 9. The excitation cross sections of Hg 6p *P, 
and He 4p '!P, by electron impact. 


5.43 ev and 4.86 ev are the excitations energies of 
levels 6p *P; and 6p *P2, respectively. 

Taking into account the fact that the majority of 
transitions from high-energy levels of Na pass through 
the levels 2p ?Py and 2p 7/4, the excitation cross section 
of the sodium D lines is 

Qexe? 1 XQ (2.1). 

The theoretical and experimental results!*~* 

plotted in Figs. 9 and 10. 


are 


(v) Atomic Stopping Cross Section of 
Helium for Protons 
The atomic stopping cross section of helium for 
protons is (cAE)sp4*=2(cAE)y, where (cAF)wp is 
17R, Dépel, Ann. Physik 16, 1 (1933). 
18 G. Haft, Z. Physik 82, 73 (1933). 
19F, L. Arnota and G. O. Baines, Proc. Roy. Soc. (London) 


A151, 256 (1935). 
” W. Christoph, Ann. Physik 23, 51 (1935). 
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Fic. 10. Excitation of the D lines of sodium by electron impact. 


given by (31) and U is the first excitation potential of 
the helium atom. The experimental data of Reynolds”! 
and Weyl” are in very good agreement with the theo- 
retical results (Fig. 11). 


(vi) Angular Distribution of Inelastically 
Scattered 200-ev Electrons from H:, 


The angular distribution of electrons of energy E: 
scattered by electrons of energy F, with the loss of 
energy AF is given by Eq. (22). In our case we have 
F,=15.7 ev, E2=200 ev, and AE= 150, 100, and 50 ev. 
The obtained angular distributions are given in Fig. 12. 
It is seen that the range of scattering is contained in 
an angular interval whose value and position depends 
on £, Ee, and AF. The above results concern collisions 
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Fic. 11. Comparison of the theoretical calculations of the stopping 
power of He for protons with experimental data. 


a Reynolds, Dunbar, Wenzel, and Whaling, Phys. Rev. 92, 
742 (1953). 
2 P. K. Weyl, Phys. Rev. 91, 289 (1953). 
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Fic. 12. The angular distribution of inelastically scattered elec- 
trons from He for various loss of energy (50,000, and 150 ev). 


with free electrons. In scattering on electrons bound in 
a molecule or atom the distribution is strongly deformed 
by the field of the nucleus, but the character of the 
curve and the position of the maximum on the theo- 
retical curve coincide, in principle, with the experi- 


mental data.” 

The above examples do not exhaust all the possi- 
bilities of the theory presented here nor is there a claim 
to great accuracy, although in many cases the accuracy 
may be considerably improved by a careful analysis of 
each problem. 


V. CONCLUSIONS 


From comparison of the theory with experimental 
results, it follows that the interaction of charged 
particles with the atomic shell can be interpreted solely 
on the basis of classical mechanics; the binary encounter 
approximation is suffic iently good to describe the 
majority of inelastic processes and compares favorably 
with experiment. The approximation is relatively 
inaccurate for describing the angular distributions of 
inelastically scattered particles; this is because of the 
strong influence of elastic scattering in the field of the 
entire atom which does not change the energy distri- 
bution strongly affects the angular distribution. The 


8C. B. O. Mohr and F. H. Nicoll, Proc. Roy. Soc. (London) 
A138, 469 (1932). 
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above theory, however, can be used to explain the 
diffraction pattern of scattered electrons. 

In a similar way, the theory of elastic collisions can 
be built on the basis of classical mechanics. It should be 
noted that the scattering of charged particles by an 
atom cannot be treated as scattering by the static field 
of the atom, but this process must be treated dynami- 
cally. With such an approach to the problem it is clear 
that the occurrence of maxima in the scattering curve 
is the result of mechanical resonance of the impinging 
particles with atomic electrons of the same velocity. 

Probably the Ramsauer effect is due to such mechan- 
ical resonance, but not due to the wave nature of 
interaction process. Figure 13, where the total scat- 
tering cross section of argon for electrons and the 
velocities of its 6s and 6p electrons are shown, is very 
impressive. The lack of, or very weak, Ramsauer effect 
in the case of scattering by e.g., He or He is the result 
of a large asymmetry in the charge distribution of the 
atom and the resulting large cross section for multipole 
scattering, which masks the Ramsauer effect. 


APPENDIX 


Equation (1) of our paper can be easily obtained by 
means of the relations given by Chandrasekhar.® Ac- 
cording to Chandrasekhar, the change in energy AE 
suffered by a star as a result of an encounter is 


AE=—2uV,V cos(¢—w) cosy cost. (I 16) 
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Also Hence Eq. (I 16) may readily be rewritten 


cosy = 1/[1+ D?V4/G?(mi+mz)* |, 5 mm» 1 
AE=—4 
cosd cosi=cos, sind cosi=sin® cos, (m,+my)? 1+[D?2V4/G? (m+ me)? | 


1 mV mV 1 : 
V2=—_—_—_ (m+ m0? x ———--+~—9 02] (m,— mz) cosd 
(m,+m»)? 2 2 2 


+2mym2212»2 cos6), (I 30) DV? | 
+(m +my) sind cosO— —||, 


V2=0,;2-+ v2? — 20302 cos6, (I 31) G(m,+mye 


cosh = [myv2?— myv;?+0102(m1— m2) cos6 ]/ which is our Eq. (1). ; 
ViV(mi+m2), (I 33) Similarly, it follows from the results of Williamson 
and Chandrasekhar’ that the change in the direction 
sin? = (2,02/V,V) sind. (I 36) of the star resulting from the encounter is: 
2m,(v2—2; COSA) cos*~+2my2 sind siny cosy cosO — (m+ mz) r% 
cos2V = ~s ———________—__—_— i —_——_—_———.. (II 30) 
{ (my+my)?022— 4g (move? — myv;") + (m1 — me) 0122 Cosé | cos*p 
—4m,(m,+mz)2;22 sind siny cosy cosO}! 





Solving Eq. (1) for cos, substituting in Eq. (II 30) and taking into account Eq. (I 5), we obtain Eq. (2) 
of our paper where we have replaced 2¥ by #. 
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Spin-Orbit Contributions to the H*-He*’ Magnetic Moments 
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The contributions to the magnetic moments of the triton and He?’ from the Signell-Marshak and Gammel- 
Thaler phenomenological spin-orbit potentials have been calculated using the Pease and Feshbach wave 
functions. The results indicate that the isotopic spin dependence of the spin-orbit potential should be of the 
form (3+ %;-%,) and also that the spin-orbit potential contributions are too small by an order of magnitude 
to account for the approximately 0.2 nm anomalies in the H*— He* magnetic moments. 


I. INTRODUCTION 


HE success of the Signell-Marshak! and Gammel- 

Thaler? phenomenological potentials in producing 
theoretical agreement with the nucleon-nucleon scatter- 
ing data, has led to application of these potentials to 
various other nuclear problems. The potentials are still, 
however, somewhat ambiguous, in particular, with 
respect to the isotopic spin dependence of their spin- 
orbit parts. Feshbach* has shown that both the Signell- 
Marshak and Gammel-Thaler spin-orbit (S.O.) po- 
tential terms in their original forms give rise to too large 
a contribution to the magnetic moment of the deuteron, 
and Sessler and Foley* have pointed out a similar 
difficulty in the hfs of deuterium. However, de Swart, 
Marshak, and Signell® have shown that the scattering- 
data agreement is relatively insensitive to the choice 
of S.O. interaction in the singlet isotopic spin state 
and therefore adjustment of this potential can be made 
so as to yield no magnetic moment contribution in the 
deuteron. They have proposed that the tail of their 
S.O. potential be reversed in the singlet isotopic spin 
state at a radial distance such that the integrated 
contribution to the deuteron magnetic moment is zero. 
Another procedure which maintains the agreement with 
the scattering data® is to set the S.O. potential equal 
to zero in this state. 

A calculation of the S.O. potential contribution to the 
magnetic moments of H* and He* can be expected to 
help resolve the question of the nature of the isotopic 
spin dependence, if, as in the deuteron, the contribution 
from a non-isotopic-spin-dependent potential in the 
singlet-isotopic-spin-state part of the ground state is 
again too large. Then the difference between the radial 
H*— He® 


functions would make it unreasonable to expect that 


dependences of the deuteron and wave 
the same choice made by de Swart, Marshak, and 
Signell’ for the deuteron would cause the magnetic 
moment contribution to vanish in all three nuclei. Thus, 
> S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 


L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 
1. Feshbach, Phys. Rev. 107, 1626 (1957). 


1] 
2 
3} 


4A. M. Sessler and H. M. Foley, Phys. Rev. 110, 995 (1958). 


5de Swart, Marshak, and Signell, Nuovo cimento 6, 1189 
(1957). 


®R. E. Marshak (private communication). 


one might conclude that the isotopic spin dependence 
is a multiplicative term in the potential. 

In addition, there will be a magnetic moment 
contribution from the triplet-isotopic-spin-state parts 
of the H® and He* wave functions which must remain. 
It would be of considerable interest to determine 
whether these contributions have the character and 
magnitude to account for the deviations of the H® and 
He*® magnetic moments from the Schmidt limits (or 
odd-nucleon magnetic moment value). These deviations 
are approximately 0.2 nuclear magneton in H® and 
—0.2 nm in He*. Actually, Sachs and Schwinger’ have 
shown that if the ground state has about 4%D state 
then the magnetic moment deviations to be accounted 
for are increased to approximately 0.25 nm in H® and 
—0.25 nm in He’. 

The usual explanation for these magnetic moment 
deviations has been that they are due to magnetic 
moment contributions arising from meson exchange 
currents.® The possible forms and magnitudes of these 
exchange moments has been derived phenomeno- 
logically® and it has been shown that they can give rise 
to fairly large primarily isotropic contributions to the 
deuteron photodisintegration cross section.” Such a 
contribution would not be consistent with the calcu- 
lations of deuteron photodisintegration by de Swart 
and Marshak" based on the Signell-Marshak potential. 
Their calculation accounts for the large experimentally 
observed isotropy in the differential cross section 
without including any exchange moment effects. Thus 
a calculation of the H* and He* moments indirectly 
tests the consistency of these phenomenological 
potentials. 

Therefore, calculations of the phenomenological S.O. 
potentials contributions to the magnetic moments of 
H® and He’ nuclei have been made using the Signell- 
Marshak potentials and the Gammel-Thaler potential 
7R. G. Sachs and J. Schwinger, Phys. Rev. 70, 41 (1946). 
8See J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1952), p. 252, 
for references. 

9 J. M. Berger and L. L. Foldy, Technical Report No. 18 of the 
Nuclear Physics Laboratory, Case Institute of Technology, 
Cleveland, 1952 (unpublished); also R. K. Osborn and L. L. 
Foldy, Phys. Rev. 79, 795 (1950); also R. G. Sachs, Phys. Rev. 
74, 433 (1948). 


10 J. M. Berger, Phys. Rev. 94, 1698 (1954). 
1 J. J. de Swart and R. E. Marshak, Phys. Rev. 111, 272 (1958). 
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with the Pease and Feshbach” H*— He’ wave functions. 
The calculations were performed for both a non- 
isotopic-spin-dependent S.O. potential and for the 
isotopic spin dependence of }(3+,-+;) which vanishes 
in the singlet state. These two forms exhaust the choices 
consistent with charge independence since any other 
suitable form may be obtained by a linear combination 
of these two. Various other calculations were performed 
to examine the effects of altering the potentials by 
either inverting the tail or changing the range, and also 
of altering the wave function. All of these additional 
calculations were done only with the Signell-Marshak 
potential. 

In the following section a description of the calcu- 
lations is given and in the final section the results are 
presented and discussed. In the Appendix are given the 
detailed integrals which were numerically evaluated. 


II. CALCULATION 
The spin-orbit potentials, V., used in the calculations 
are of the form 
Vso= V(x)3(L-ST+7L:S), 
=0, x<xo 


x> Xo (1 ) 


where 

L-S=3(r;—r;) X (p:— p;)- (eo: +-@;), 
and r;, p;, and o; are the position vector, momentum 
vector, and ordinary spin operator, respectively, 
referring to the ith nucleon, and T is the isotopic spin 
operator’ which takes either of the two forms consistent 
with charge independence: 


The resultant magnetic moment operator for the three- 
nucleon system is 
3 e 
Mt= > —V(x)3{L(o:+e,)- (7,?r;—7;?r;) (:—2,;) 
i>j=1 4c 


= (r;—r,) . ( Teh 7;?¥;)(Gi2z—Oj2) |Ti;* 


+Hermitian conjugate}, k=1,2, (2) 


where the static magnetic field is in the gz direction, e is 
the charge of the proton, c is the speed of light, and 7? 
is the proton projection operator. 

The primary calculations were done for V(x) given 
by the following: 


(a) the latest® Signell-Marshak potential, where 


Vo d fexp(—ax) 
x dx x 


and x=7;;/r., rijz=|ti—1;|, a=2, r. is the m-meson 
Compton wavelength, Vo=21 Mev, and a o=0.37. 


12. R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952). 
18 Blanchard, Avery, and Sachs, Phys. Rev. 78, 292 (1950). 


(3a) 
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(b) the Gammel-Thaler potential, where 
V (x) = Voe-7/x, (3b) 
and x= yri;, y=3.7X 10 cm, x= 1.48, and Vo= 7300 
Mev. 

The wave function for the three-nucleon system that 
was used in the calculations was that obtained by 
Pease and Feshbach using a variational method for 
a noncentral Yukawa potential. This wave function 
gave essentially exact agreement with the triton 
binding energy, but a discrepancy of 25% in the 
Coulomb energy in He’. The calculations were actually 
performed with the fully antisymmetrized wave 
function, which for the triton may be written as 


Vu 5=Yyoninoest+Wosnonsti t+Wainsmées, (4) 
where yY», following the notation of Pease and Feshbach, 
is given by 
Ye=AsWsitA sWsot [A pt+pA p*+ (ritre)A vp’ Wp 

+[A p+pA pt+(ntrn)An*Wot+Anowo, (5) 


where 
s=12 


¥si=xs expl—4Ai(rit+r2+p)], 

Yo=Xxo expl—}u(ritretp)], 
Vo =Xxp'(ni—re) expl —4v(ritretp) |, 
Yo" =Xxp" (n1—1r2) exp[ —4w(ritretp) |, 


and 
xs= 6-![a(1)8(2)—B(1)a(2)Ja(3), 
xv=([rPSistre2So3 lxs, 
xp’ = [rr Sis—r2S23 ]xs, 
xp =[3(o1-81X 2) (03-11 Xr) 
— (a,-@3) (1X2) (11X42) xs, 


and 
Sis=177[3 (0;-1;) (0-14) J— 0, 0, 


where 7; is the neutron state isotopic spin wave function 
for the ith particle, £ is the proton state, a(z) and A(7) 
are the spin wave functions of particle 7, and r, is 
the vector distance from particle 3 to particle 1, rz is the 
vector distance from particle 3 to particle 2, @ is the 
vector distance from particle 1 to particle 2, and the 
unit of distance is r= 1.184X10-" cm. The magnetic 
moment operator must be rewritten in this coordinate 
system, but it was more convenient to keep the two 
coordinate systems until after the isotopic spin and spin 
operations had been performed. 

The values of the parameters used in the calculations 


A pD*= 0.45, 
deve 


Agi=1.08, 
Ago=3.01, 
Ap=100, 

A p= —1.29, 


Ap =0.91, 


A p' = —().27, 


A p»=0.20, 
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In calculating the expectation value of M* with the 
totally antisymmetrized ground state wave function, 
it is necessary to consider only one of the three terms in 
M corresponding to any single pair of the particles 1, 2, 
and 3. The performance of the isotopic spin and spin 
operations yields the following interesting results. The 
expectation value of M! with the isotopic spin depend- 
ence T;;!= }(3+;-2;), has the following properties: 


Ws M' Ws H?* = (Ws M!' Vs)ne'=0, 
(Ws M' Vp) He’ = —(Ws M! Vp H', 


(6a) 
(6b) 


where both (6a) and (6b) hold for any of the S-state 
parts of the total wave function, and (6b) is also true 
with Wp replaced by yp or Pp. 

Another somewhat surprising result was that the 
terms in M! corresponding to TL-S in Eq. (1) do not 
contribute at all to the matrix elements indicated in 
(6a) and (6b). The symmetrized form was used in order 
to have a Hermitian magnetic moment operator in 
isotopic spin space. That this is required is readily seen 
from Eq. (2) where the 7”, which arises in L through 
the replacement of p by p—r?(eA/c), does not commute 
with 7". The matrix elements of M' between the strictly 
D-state parts of the total wave function were not 
calculated because of the small percentage of D state. 
Their contributions would be expected to be small 
compared to those arising from the S- and D-state 
parts. 

In the case of the expectation value of M?, the purely 
S-state terms do not vanish, and these contributions 
are identical for H* and He’. That is 

Vs| M? Ws)n*= Ws| M?\Ws)ne3¥0 (7) 
for any combination of Ys; an Wse. In this case no 
further terms were calculated since the S-state terms 
will clearly dominate. 

The six integrations over the center-of-mass co- 
ordinates and the three angular variables may be done 
quite simply, yielding the seven triple integrals for M! 
and the two triple integrals for M? that are given in 
Appendix I. These integrals still exhibit the explicit 
exponentials appearing in the wave functions. Also 
given in Appendix I are the complete normalization 
integrals after reduction to triple integrals. The triple 
integrals can, in principle, be evaluated analytically ; 
however, the algebra involved is prohibitive. Therefore, 
all of the integrals were evaluated numerically on the 
IBM 704. Since high accuracy was not desired, the 
integrals were evaluated to within one percent using 
the trapezoidal rule over 50 points in each dimension, 
with an interval A=0.3. The accuracy was checked by 
comparison to the analytic evaluation of the S-state 
normalization integrals and by repeating parts of the 
calculation using a smaller A, and more points. The 
results of the computations, expressed in nuclear 
magnetons, are: (a) for the Signell-Marshak potential 
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given in (3a), 
M)y3= — M'y.:=0.008 nm +10% ) 


(8a) 
M?y3= M?y.:= 1.11 nm +10%; 


and (b) for the Gammel-Thaler potential given in (3b), 


M'y!= —M'y.5=0.004 nm +10%, 


; ; (8b) 
M?y.3= M?q2= 1.35 nm +10%. 


III. DISCUSSION AND RESULTS 


The results of the calculations described in Sec. II 
together with the results of supplementary calculations 
are summarized in Table I. The supplementary calcu- 
lations were undertaken in order to determine the 
degree of reliability of the conclusions drawn from cases 
1 and 2, and are discussed below. 

1. Cases 1 and 2.—These calculations of the S.M. 
and G.T. spin-orbit potential moment 
contributions are those described in detail above. From 
the results for M? we conclude that the isotopic spin 
dependence T of the spin-orbit potential must be 
essentially T=}(3++;-2;) since the M® results are 
two orders of magnitude too large. The alternative to 
this conclusion is that the radial dependence of the 
potential is different from that given above for the 
isotopic spin singlet states of the nuclei, such that there 
is a null contribution to the magnetic moment. This 
could be accomplished by reversing the sign of a part 
of the potential® to give cancellation in the integrals. 
However, the same behavior is required in the deuteron 
and it would seem to be fortuitous if the integrals of the 
same function vanished when weighted in one case by 
the wave function of the deuteron and in the other 
case by the triton-He* wave function. It is likely that 
hfs measurements‘ can distinguish between these two 
possibilities. It is worth noting that either interpre- 
tation appears consistent with the present fit of the 
scattering data.® Cases 3 and 4 summarize two calcu- 
lations bearing on this question. 

The results for M' are interesting in that they have 
the proper behavior to account for the magnetic 
moment discrepancies but are unfortunately at least 
an order of magnitude too small. Numerically, part of 
the smallness of these terms is due to cancellations from 
among the various D-state parts. Thus, it might be 
hoped that a different wave function would yield 
considerably different results. This question is examined 
in cases 6-12. It appears unlikely that the results can 
be appreciably changed. If that is the case it raises a 
further question about the S.M. potential. The argu- 
ment proceeds as follows. If the spin-orbit potential 
contribution to the magnetic moment of H* and He? 
is insufficient to account for the discrepancies in the 
moments, then one must still resort to exchange 
moments for this effect. Phenomenologically one can 
construct exchange moments that will account for the 
observed moments of the light nuclei; however, these 
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TABLE I. Summary of the calculated results. ‘Wave function modification” describes the changes made in the parameters of the 
Pease and Feshbach wave function, and Pp gives the percentage D state for the wave function used in each case. The magnetic moment 
results are expressed in nuclear magnetons. The accuracy of all calculated results is +10%. 


Wave function 
modification 


S.O. potential 


S.M. 
CT. 
S.M. with tail reversed 
at 1.4 fermi 
Old S.M. with tail reversed 
at 1.4 fermi 
Old S.M. (a=1, o=30 
Mev, xo=0.15) 
S.M. 
S.M. 
S.M. 


S.M. 
S.M. 
S.M. 
S.M. 


exchange moments will, in general, also contribute in 
the photodisintegration of the deuteron and primarily 
to the isotropic part. This isotropic term contribution 
to the total cross section has been estimated! to be 
about 30 microbarns for photon energies above 20 Mev. 
These contributions if added to the terms calculated 
by de Swart and Marshak" from the S.M. potentials 
would lead to a theoretical estimate of the isotropy of 
the differential cross section of deuteron photodisinte- 
gration that would be considerably larger than that 
observed. 

2. Cases 3 and 4.—M? as calculated has contributions 
only from the singlet isotopic spin states. Therefore, to 
test the degree to which cancellation is obtained in the 
He’— H? case, these terms were calculated with the tail 
of the S.M. spin-orbit potential reversed in sign for 
distances greater than 1.4 fermis (1 fermi=10-' cm). 
This was the procedure adopted by de Swart, Marshak, 
and Signell’ to overcome the deuteron magnetic 
moment difficulty using their original spin-orbit 
potential. In case 3 we have used the newer S.M.S.O. 
potential and in case 4 we have used the original 
S.M.S.O. potential. The results in both cases are still 
too large, although the possibility of this method, or 
some variation, for obtaining satisfactory cancellation 
of the deuteron, H*, and He* moments is not necessarily 
precluded. 

3. Case 5.—In this case the calculations were made 
using the older S.M.S.O. potential in which the range is 
about twice and the core cutoff distance is about one- 
half those of the current potential. The insensitivity 
of the results to these changes together with the agree- 
ment between cases 1 and 2 leads to the speculation 
that any of the S.O. potentials yielding agreement with 
the scattering data will yield essentially these same 
magnetic moment results. 

4. Case 6.—In this case, a part of the S state of the 
P.F. (Pease-Feshbach) wave function has been modified 
by increasing the range by an amount approximately 


A= 1.4, Ag,=3.23 
Ap=2.0, Ap= 
Ap: = —0.645 
Ap*= 1:35 
Ap =0 
Ap:=0 


Ap'=0, Ap =0 


M'13 = — M'ne8 
(nm) 


0.008 
0.004 


M2y3 = M48 
(nm) 


1.1 


None 
None 


None 0.008 


None 0.007 
0.007 
0.010 
0.029 


None 


p=2.0 

—0.135, 
0.041 
0.030 
0.024 
0.027 
0.039 


equal to that of the hard-core radius, while keeping 
the percentage D state fixed. This was done to com- 
pensate for the fact that the P.F. wave function is 
based on the Yukawa potential and therefore there is a 
greater concentration of S state near the origin than 
would be expected in a wave function derived from a 
hard-core potential. Thus, one would expect a greater 
S—D state overlap in the case of the hard-core potential, 
and therefore a larger magnetic moment contribution. 
The results reflect this effect but the smallness of the 
change leads to the conclusion that even with a proper 
hard-core wave function, this effect will not be sufficient 
to obtain agreement with the magnetic moment data. 

5. Cases 7—12.—As already noted, the smallness of 
the results for M' occurs partly through cancellations 
among the contributions from the different D-state 
terms in the wave function. It might therefore be 
argued that a different wave function with a different 
distribution of the D-state terms might give a signifi- 
cantly larger result. In order to obtain some insight into 
this possibility, cases 7 through 12 were calculated. In 
these calculations the D-state parts of the P.F. wave 
function were arbitrarily altered in such a way as to 
remove the cancellation between terms. In Table I the 
column headed “‘Wave function modification” indicates 
which of the wave function parameters were changed 
and what new values were used. The column “Pp” 
shows the percentage D state corresponding to the 
modified wave function. It is seen from Table I that no 
alteration chosen yielded a result nearly large enough 
to account for the magnetic moment discrepancy and 
with the exception of case 11, all corresponded to much 
too large a D-state probability. Such calculations as 
these cannot, of course, be conclusive and it would be 
desirable to recalculate with a wave 
function derived from the new phenomenological po- 
tentials. However, these results make it appear unlikely 
that such a calculation will yield qualitatively different 
results. 
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APPENDIX 
The expectation value of M‘y: is given by 
—er? 


Miy= > A si(ApliitAptlat+A pls: 


6he (V|W) i=! 


+Ap'Tait+Ap'*Isit+Ap'T6itAn’Tr), (A-1) 


where 


L w (rit+re) 
i= f rdrsf rer: f Ffi(11,72,p) V12(p) 


Xexpl—aji(rit-retp) ldp, (A.2) 


= V(x) with ri;=p, r-=1.184X 10-8 cm, and 
fi=[—1/6)rit— (1/6)ro8+ (1/3272? 
+(1/2)p'—riet—ree"), 
fr {rogitnige}, 
gi=[(1/4)ret— (5/12)ri4+ (1/6)ri?r2? 
+ (1/4)p*+ (1/6)r,2p?— (7/6)ro*p? |, 
go=[ (1/4)ri4§— (5/12)rot+ (1/6)r7r? 
4+-(1/4)p!+ (1/6)rs2p?— (7/6)r120")], 
fs= {(ptri)git (ot+12)g2}, 
Si={ (ri—p) gst (p—r2)ga}, 
gs=[(1/4)ret— (5/12)rs4+ (1/6)ri?r2? 
+ (1/4)p*— (7/6)rs2p?+ (1/6)r2%p? |, 
&=LO '12)ro4— (1/4)rit— (1/4) p* 
(1/6)r2r2+ (7/6)re2p?— (1/6)ri2p? ], 
f= {r2(11—p)gst+ri(o—re)gs}, 
fe={(r?—p*) gst (0? —12")g4}, 
fr= (ri— re) — (1/12)718+ (1/12)r28 
+ (1/4)ry{r2— (1/4) rPret 
— (1/12)r2pt+ (1/12)r2?p4 
+ (1/6)ri4p?— (1/6)re4p? ]. 


and V 12(p)= 
a= 3 (Ai +n) 


A5i>— A4i, 
Agi Aq, 


ani=}(Ai+e), 


9 


dre r,? 
M?y3= - ry 
3he (YW |W) i= 


(A siA siKi), 


j=1 


(A.3) 
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where 


(rit+r2) 
K;; ua fran f ‘rdrsf 
|ri—re| 


and 


pV r2(p)e-sii(rrtr2t)dp, 


aig=3 (Adj): 


The normalization integral is given by 


9 
(v|W)=8m Yo Jy, 
N=1 


where 


LD (rit+re2) 
Jn -f rin rodr: ‘f pF y(r1,ro,p)e 8X “+2 dp, 
0 0 |r 


1—re| 
with 
F\=Asy, 
F,= 2A sid 82, 
F;=As?’, 
Fy= 6. 1 p+pA p*+ (rit+r2)A yp? 
X[rit+rot+r2r2(1—3 cos*#) J, 
F5= {OLA pt pA p++ (ni +12) A vp] 
[A p'+pA v'*+ (ritr2)A p’ | 
X (ri— 12) (ri'—1r2')}, 
Fe= —3[A p+pA p*t+ (ri +r2)A p’ | 
X Ap" (n—?fe2) (r2—r2)ryere? 
X (1—cos?6), 
F7= 6LA p’+pA p’*+ (rite) A pf 
XK (ni— re)? Lr tre —ryr? 
X (1—3 cos*#) ], 
‘= —3{L. 1 p’+pA p’ t+ (ry+92). )A p’ o] 
XK An (n—n)P (re+re rer? 
X (1—cos*6)}, 
Fy=6A p'2(1—12)*[ "re? (1— cos’) P, 
(ry2+122—p*)?/(4rr-”). 


Bi=Ai, 
Bo= 3(Ai+A2 »), 
B3=)a, 


Bs=n, 


Bs=}(ut+»), 


Be= 3 (ute), 


Bs=}(v+e), 


cos’6= 
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A total of thirty-three angular distributions of elastically scattered protons have been measured in the 
energy range from 3.49 to 6.42 Mev with the targets V, Cr, Fe, and Co. It was observed that the angular 
distributions measured with V and Co have similar shapes at all energies. Likewise the angular distributions 
with Cr and Fe are similar, but qualitatively different from those with V and Co. By using the optical 
model it has been possible to obtain fits to some of the data for V and Co, but the large cross section at 
large angles prevents an adequate fit to the Cr and Fe data. Calculations are presented which indicate that 
this failure of the optical model is due to the presence of compound elastic scattering from Cr and Fe. 





I. INTRODUCTION 


N recent years there has béen considerable interest 

shown in the elastic scattering of protons and 
neutrons from nuclei over a wide range of energies of 
the incident particles. In the energy range below 15 
Mev the wavelength of the incident particles is com- 
parable to the size of the target nucleus. Under these 
conditions the incident particles cannot be localized to 
a region in space small enough to allow a large proba- 
bility for direct interaction with individual nucleons, 
and what is observed instead is the result of the inter- 
action of the protons or neutrons with the nucleus as a 
whole. This is equivalent to saying that the large 
incident wavelength requires that the direct nucleon- 
nucleon interaction be averaged over many target 
nucleons. 

For the case of nuclei of medium and heavy mass, 
the low-energy scattering experiments reach a region of 
excitation of the compound nucleus in which the 
resonance levels of the compound system overlap or are 
not resolved by the experimental apparatus. In this 
case the elastic scattering experiments determine only 
gross structure features of the nucleus. In the frame- 
work of this type of interaction the nucleus has been 
characterized as a “cloudy crystal ball.”’ The application 
by several authors!” of this picture of the nucleus to 
low-energy elastic scattering of neutrons has resulted 
in the so-called optical or complex potential model of 
the nucleus. In this model the nucleon-nucleus inter- 
action is represented by a potential well with both a 
real and an imaginary part. 

Attempts by LeLevier and Saxon’ and Chase and 
Rohrlich* to fit proton elastic scattering with the square- 


* Parts of this work are taken from a thesis submitted by one 
of the authors (C.A.P.) in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy at the University of 
Rochester. 
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well optical model resulted in fair fits to the data for 
light elements, but essentially no agreement at all for 
medium and heavy elements. By rounding the potential 
well at the nuclear surface, Saxon and Woods® were 
able to obtain a considerably better fit to the data for 
heavier nuclei, and subsequent application of this well 
shape by Melkanoff et al.6 and Glassgold et al.7:'* has 
resulted in remarkably good fits to the data for several 
cases. The existence of other cases, however, in which 
these authors find difficulty in getting fits indicates 
that further investigation is necessary before it can be 
said that the optical model is really successful in 
explaining elastic scattering of protons. 

It was in the light of the aforementioned successes 
and failures of the optical model in explaining elastic 
scattering of protons that the authors undertook the 
present measurement of the energy variation of the 
scattering. Other attempts to look for a dependence on 
energy have been made by Schneider et al.® and Green- 
lees ef al. In addition to these experiments there have 
also been several measurements at fixed energies in 
which a survey of the periodic table was made. The 
most accurate of these is that of Dayton and Schrank"! 
at 17 Mev. In addition, measurements have been made 
by Cohen and Neidigh at 22 Mev,!* Waldorf and Wall 
at 7.5 Mev," Bromley and Wall at 5.25 Mev," Green- 
lees ef al. at 9.37 Mev,” Kinsey at 14.5, 20, and 31.5 
Mev," and Hintz at 10 and 40 Mev.'® The proton 
angular distributions at energies above 10 Mev showed 
rather smooth variations with atomic number in which 
the maxima and minima of a diffraction-like pattern 
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were observed to shift to smaller angles as the atomic 
number was increased. The data at 7.5 and 5.25 Mev, 
however, showed significant qualitative differences be- 
tween the angular distributions from the neighboring 
nuclei cobalt, nickel, copper, and zinc. It thus appeared 
that a systematic examination of the energy variation 
would be useful in understanding the elastic scattering 
at low energies, especially with respect to the large 
differences between neighboring nuclei. 


II. EXPERIMENTAL APPARATUS AND 
EXPERIMENTAL METHOD 


A. The Cyclotron 


The source of protons used in this experiment was 
the Rochester variable-energy cyclotron. This cyclotron 
is a single-dee machine with a variable-frequency oscil- 
lator capable of delivering protons of energies from 
about 2 Mev to about 7 Mev. The electrostatic deflec- 
tion system and magnetic focusing and analyzing 
system will normally extract and analyze protons to 
produce a current on the target of about 0.05 ya with 
an energy resolution of 0.2%. Careful alignment of the 
deflection system will produce currents up to about 
0.3 wa. Poorer energy resolution may also be obtained 
by increasing the widths of the defining slits in the 
analyzing system, and in the measurements described 
here a beam energy spread of approximately 1% was 
used. The beam energy is fixed by the field of the 
analyzer magnet. This magnet is a 60-deg deflection 
double-focusing wedge magnet in which the magnetic 
field is measured with a proton nuclear resonance probe. 
The energy calibration was done with natural alpha 
emitters and by (p,m) threshold measurements to cover 
most of the energy range of the magnet. With these 
calibration points the beam energy could be determined 
to an absolute accuracy of about 20 kev. 


B. Particle Detection and Pulse 
Analyzing Systems 


The basic unit of the particle detecting system used 
in this experiment was a 36-in.-diam scattering chamber, 
containing two independently movable rms on which 


TABLE I. Data on target nuclei. 


Energy of first 
excited state 


(Mev) 


0.23 
0.32 


Stable Abundance 
isotopes (%) 


ve 0.28 
ys 99.72 
Cr 4.4 
Cr® 83.8 
Cr8 9.5 
Cr® 2.3 


1.45 
0.54 
0.84 
Fe* 5.9 1.41 


Fess 91.6 0.84 
Fes? 2.2 ae 0.014 
Fe®® 0.3 +- 0.805 
Co*® 100.0 ; 1.10 
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an ionization chamber and a 1}-in. photomultiplier 
were mounted. The scattered protons were detected by 
a 0.020-in.-thick CsI(Tl) crystal, bonded directly to a 
Dumont 6291 photomultiplier. When used with an 
aperture defining a §-in.-diam spot on the crystal, this 
system had an energy resolution of 3% for 5-Mev 
protons. Pulses from this system were amplified and 
analyzed into energy groups by a Radiation Instrument 
Development Laboratory 100-channel pulse-height ana- 
lyzer. 

A monitor counter fixed at an angle of 45 deg was 
used to normalize the various measurements in an 
angular distribution. This counter was another photo- 
multiplier-CsI(Tl) detector located in a fixed port on 
the scattering chamber. Pulses from this detector were 
amplified and then counted after being processed by 
an integral discriminator which rejected all pulses 
except those in the elastic proton group. 


C. Targets 


The elements vanadium, chromium, iron, and cobalt 
were chosen for the present experiment mainly because 
each has a high concentration of a single isotope, be- 
cause the set contains pairs of neighbors with large spin 
differences, and because the first excited states occur 
high enough to allow an easy separation of the inelasti- 
cally scattered protons from those which are elastically 
scattered. 

Self-supporting targets of the pure metals were pre- 
pared by electrical processes for each of the four 
elements. Targets of chromium and cobalt were made 
by electroplating, and those of vanadium and iron were 
made by electropolishing, which is essentially the in- 
verse of an electroplating process. The physical and 
nuclear properties of the four targets used in the 
present measurement are given in Tables I and II. 


D. Experimental Technique 


The experimental technique which was used in this 
work was essentially the same as that used by Wall and 
Waldorf. This technique yields a direct measurement 
of ¢:/acour at each detector angle by measuring the 
ratio of the scattering from target X to that from an 
element exhibiting pure Coulomb scattering at the 
bombarding energy. Normalization to the function 
sin'(6/2) of several experimentally measured angular 


TABLE II. Energy spread data for experimental targets. The 
total energy spread which is given includes the finite resolution 
of the incident proton beam. 


Total energy 
Weight spread 


Target (mg/cm?) 


V i 
Cr # 
Fe 1. 
Co i: 











ELASTIC SCATTERING OF 
distributions of protons elastically scattered from gold 
showed that this element exhibits pure Coulomb scat- 
tering at the energies encountered in this experiment, 
and targets of one or more thicknesses of gold leaf were 
therefore used as the comparison targets in these 
measurements. The thicknesses of the gold targets were 
chosen so as to give approximately the same scattering 
rate as the vanadium, chromium, cobalt, or iron targets 
with which they were paired. 

In making a measurement the counter was locked at 
a fixed angle and a count was taken from both the 
target of interest and the gold comparison target. In no 


case were fewer than 4000 elastically scattered protons 
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Fic. 1. Angular distributions of protons elastically scattered 
by vanadium. For clarity, only a few typical experimental points 
are shown. 
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counted, and the usual run consisted of about 6000 to 
8000 counts from each target for angles greater than 
100 deg and 8000 to 25 000 counts for angles less than 
100 deg. In all cases the number of monitor counts was 
greater than 12 000. 

The counting rate was monitored by frequent refer- 
ence to a counting-rate meter. In order to eliminate 
any error due to counting losses, a run at a given angle 
was taken with the beam current held constant to give 
the same counting rate for both the target of interest 
and the gold comparison target. This was easily done 
by making small adjustments of the arc voltage in the 
cyclotron ion source. 

Angular distributions were always taken by starting 
at large angles and continuing down in a random fashion 
to about 20 deg. This random choice of angle was made 
in order to detect any slow systematic changes which 
might affect the normalization of the angular distribu- 


tions. An example of such an effect might be a slow 
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Fic. 2. Angular distributions of protons elastically 
scattered by chromium. 
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1G. 3. Angular distributions of protons elastically 
scattered by iron. 


chemical deterioration of one of the targets under 
bombardment. Measurements down to 90 deg were 
made in reflection geometry with the target fixed at 
45 deg with respect to the beam, and measurements at 
angles less than 90 deg were made with the target at 
the same angle with respect to the beam, but in the 
mirror position, In this way the thickness presented by 
the target to the beam was the same over the whole 
angular range. The data were plotted as they were 
accumulated and the spacing of points in angle was 
chosen to eliminate points that were not needed to 
define the shape of the curves. 


III. EXPERIMENTAL RESULTS 


A total of thirty-three angular distributions were 
measured for the four nuclei studied and are presented 
in Figs. 1-4. A tabulation of the actual experimental 
results is given in Tables III through VI. 
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Fic. 4. Angular distributions of protons elastically 
scattered by cobalt. 


Examination of the experimental data given in 
Figs. 1-4 discloses several characteristic features of the 
angular distributions. In particular, it will be noticed 
that the distributions from vanadium and cobalt show 
similar shapes but are characteristically different from 
those of chromium and iron, the essential difference 
being a considerably larger ratio to the Coulomb cross 
section at large angles for chromium and iron. This 
characteristic prevails over the entire energy range 
studied and is similar to observations made on several 
nuclei by Bromley and Wall at 5.25 Mev and by 
Waldorf and Wall at 7.5 Mev. It should be noticed that 
in the present measurement, as well as those at 5.25 
and 7.5 Mev, the large ratio to the Coulomb cross 
section appears to be characteristic of the data from 
even-even target nuclei. In addition to this, the present 
experiment indicates a more rapid change with energy 
for these nuclei than for the odd-even nuclei studied. 


IV. DISCUSSION OF ERRORS 


The mathematical analysis of the comparison method 
of determining the ratio of the cross section to the 
Coulomb scattering cross section has been given by 
Waldorf.'’ This analysis shows that 


o(¢) _ o(9) i. -O%* 
2,1) 
ou(8) OCoul (6) A Ay 
FE. Waldorf, thesis, 
aie 1956 (unpublished). 
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where 6 is the center-of-mass angle corresponding to a TABLE IIT. Measured values of o()/ocou(@) for vanadium. 
laboratory angle ¢, o,(@) is the scattering cross section. = 
for the gold comparison target, ¢coui(@) is the pure Ee.m., Mev 
Coulomb scattering cross section, O(1/A —1/A,)? repre- vad alates dieses eeentiteass taeaatiatena ice naa: 
sents angle-dependent terms of order (1/A—1/A,)? hy i, ae 
and higher, and K is an angle-independent constant. vss see 1.010 0.990 1.000 1.010 --- 1.000 
° . tee 1.000 1.000 0.980 1.005 1.000 0.990 
The fact that the conversion from a(¢)/o,(¢) to 0.985 1.005 0.990 1.015 0.990 1.000 1.005 
o(8)/ocou1(8) is nearly independent of angle means that ; ee os oo — yo — re yr 
iessoesiagt Ss “gg naan theme O15 1.005 1. 065 1. . 030 1.130 
the comparison method is rather insensitive to small ‘ es = 1,000 1.105 1.115 1110 1.130 1100 1.165 
errors in the measurement of the scattering angle. In| 50 = 1.015 1.015 1.135 1.110 1.150 1.105 1.130 1.170 
the present experiment the accurac 0.5 deg i " a oe 1.035 1.100 1.090 1.145 1.090 1.110 1.170 
P periment the accuracy of 0.5 deg in the 1.005 1.025 1.055 1.030 1.030 1.010 1.015 1.085 


angle measurement has a negligible effect on the ratio 5 0.980 0.960 0.945 0.960 -» 0.925 0.870 0.895 
to the Coulomb cross section. 7 1.015 0.865 0.855 --+ 0.830 0.755 0.735 0.720 
SE AN a ee 5 1000 +--+ +++ 0.790 0.655 0.605 0.580 0.610 
Since the same counting rate was used with both 0.960 0.755 0.720 0.710 0.595 0.545 0.480 0.500 
targets in a run at a given angle, the comparison method -++ 0.740 0.675 0.695 0.555 0.500 0.460 0.475 
also eliminates any significant error due to counting 0.925 0.705 0.675 0.620 0.555 0.530 0.475 0.495 
loanes -++ 0.680 0.650 0.655 0.560 0.560 0.505 0.565 

— ; ee ; 100 0.860 0.695 0.665 0.680 0.635 0.665 
The error in the normalization of the various runs 105 0.865 0.700 0.720 0.765 
that might arise from target nonuniformity was elimi- ro pet none 0.780 0910 
nated since the runs were normalized to a fixed number 1420 0.865 0.820 0.940 1.030 0.915 1.105 
of counts in a monitor detector. This had the effect of 0.870 pod eee = : 
aliot i tama 3 , ai _- ' ‘ oes : ‘ 166 .150 
normalizing to a constant product of total beam charge 435 995 ... 14155 1270 1190 
times number of target nuclei, instead of just total beam 140 0.975 1.015 1.230 1.315 1.250 
145 , 1.090 1.280 1.315 1.260 


tee -++ 0.690 0.835 
0.770 0.850 0.860 1.020 

. 1.005 1.195 
1.200 1.400 
1.260 1.500 
1.310 1.520 
1.335 1.510 
1.315 1.435 
1.290 1.420 
1.270 1.385 
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charge as would be done with the usual current in- 455 19 1/120 1280 1330 1230 
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A final check on the accuracy of the measurements ro et 
was possible due to the fact that the cross section is __ 


known to equal the Coulomb cross section at small 


TABLE LV. Measured values of o (8) /ocou1(6) for chromium. 


Ee.m., Mev 
5.24 





, 0.995 eae 0.980 Piés ays 
tee tee 1.000 1.010 1.005 1.005 1.000 0.995 
1.015 0.995 see 0.985 0.990 0.985 0.980 0.990 1.000 
0.980 0.980 1.020 0.990 1.015 1.005 0.995 1.015 1.020 
tee tee 1.015 0.980 1.000 1.060 1.030 1.090 1.015 0.985 
1.015 1.000 1.000 1.005 1.010 1.130 1.080 1.145 1.070 1.045 
tee tee 1.015 0.985 1.085 1.195 1.155 1.135 1.115 1.080 
1.000 0.990 1.000 1.005 1.130 1.185 1.155 1.150 1.100 1.035 
1.020 1.000 1.035 1.050 1.115 1.180 1.100 1.085 1.070 0.985 
1.000 0.995 0.980 1.000 1.100 1.100 1.045 1.010 1.020 ao 
0.995 0.965 0.975 0.950 1.050 1.045 1.000 osha 0.900 0.850 
1.015 0.900 0.920 0.870 0.950 0.980 tee 0.885 0.865 0.750 
1.000 tee 0.850 0.815 - 0.885 0.910 0.775 +. 0.690 
see 0.855 0.850 0.760 0.900 0.810 0.895 0.730 0.700 0.605 
0.945 0.800 0.805 see 0.850 0.775 0.880 0.695 0.675 0.565 
0.955 0.785 0.795 0.735 0.865 0.735 0.885 0.710 0.670 0.595 
0.905 0.750 0.765 0.770 0.870 0.750 0.945 0.780 0.770 0.665 
0.905 0.765 0.780 0.815 0.945 0.830 tee tee 0.815 tee 
0.885 0.795 0.820 tee see tee 1.065 0.950 0.940 0.845 
0.900 0.845 0.845 0.905 .065 0.980 tee 1.000 tee 0.965 
0.905 0.850 0.900 0.955 BK th tee 325 1.105 1.185 1.075 
tee 0.925 0.975 1.050 a 085 sew 1.145 1.295 : 
0.955 0.980 0.990 vee 4 Ads 568 sere 1.485 
tee 1.000 1.045 1.165 BF A 653 1.325 1.600 
0.985 1.035 1.135 1.230 685 tee ; tee tee 
tee 1.065 165 1.290 8! me 965 1.405 1.780 
1.040 tee tee ; : : ee 1.855 
1.040 LA75 .265 1.365 03: Rs ans 1.570 1.975 
1.060 1.215 de 1.460 14: wee ae 1.600 2.005 
1.100 1.230 tee 1.500 oe 688 2. 1.630 2.090 
eee 1.280 Sade a sate oon ee wore 
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TABLE V. Measured values of o(@)/ocoui (0) for iron. 


Ee.m., Mev 
5.17 5.55 5.85 5.99 6.14 6.42 


0.990 
0.985 1.005 
1.010 1.000 
0.990 1,050 
1.050 .095 
1.100 .105 
1.085 .070 
1.055 O15 
0.910 tee 

0.800 810 
0.725 725 
0.700 660 
0.715 665 
0.740 .720 
0.805 


1.000 1,000 
1.020 
1.000 
1.045 
1.085 
1.090 
1.080 
1,000 
0.855 
0.765 


0,995 
1.020 
0.995 
0.985 
1.045 
1.090 
1.090 
1.020 
0.955 
0.865 


1.000 
1.010 
0.985 
1.010 
1.050 
1.035 
0.995 
0.895 


0.990 
1.015 
1.000 
0.980 
1.040 
1.040 
1.040 
0.995 
0.940 
0.840 
0.785 
0.730 
0.720 
0.690 
0.715 
0.710 


0.990 
0.980 
1.000 
1.015 
0.995 
1.015 
0.980 


see 0.980 
1.005 tee 
eee 1.005 
0.985 one 

. 0.980 
1.015 
1.000 
1.015 
1.000 
0.935 


1.020 


1.000 0.930 0.770 
0.565 
0.510 
0.515 
0.590 
0.685 


0.740 
0.685 
0.690 
0.720 


0.650 
0.625 
0.620 


0.995 0.805 
0.740 
0.710 
0.720 


0.895 
0.845 
0.850 
0.850 
0.870 
0,860 
0.915 


1.010 
0.980 0.670 see * 840 

tee 0.885 see 1.000 see 
0.845 0.935 see .070 
0.985 


0.760 
0.790 
0.855 


0.975 
0.970 
0.980 


1.045 
1.165 


0.835 
0.960 
1.050 


1.180 at 400 
eee eee 1.320 coe 
1.005 1.310 1.470 " 490 
1.100 
1.230 


0,990 


1.000 
. 1.060 


1.250 
1.345 
1.495 
1.600 
1.660 
1.740 
1.870 


1.550 495 
1.570 45 .550 
1.625 395 .530 
eee 495 
1.635 7 470 
1.640 a 410 


1.030 eae 1.450 
1.440 1.510 
1.545 
1.635 


1.740 


1 . 
1.255 
1.175 1.360 
1 1.400 


1.650 
1.660 


angles. series of runs was therefore taken at low 
energy over this angular range and the deviations from 
Coulomb scattering were studied. It was found that 
the deviations from Coulomb scattering were deter- 
mined by the statistical accuracy down to the point 
where the statistical accuracy reached 2%. Points 
taken with better statistical accuracy were found to 
scatter by about 2% regardless of how good the 
statistics were. This limit to the accuracy was con- 
sidered to be acceptably small and probably was the 
result of residual motion of the beam spot on the target 
due to instabilities in the cyclotron operation. It was 
felt, therefore, that the over-all accuracy of the experi- 
ment was 2%. 

No correction to the data for light-element con- 
tamination was made since it was observed that the 
intensities of these groups were negligible. The scatter- 
ing from carbon and oxygen could be seen at large 
angles with an intensity of 5% or less of the elastic 
scattering from the principal target element. The per- 
centage of these contamination groups was observed 
to decrease with decreasing angle and at 50 deg, where 
the carbon group could barely be resolved, the per- 
centage was 1% or less with the targets used in the 
measurements reported here. 

In all cases the inelastic scattering could be separated 
from the elastic scattering so that no subtraction was 
necessary for inelastic scattering. 


V. ANALYSIS OF EXPERIMENTAL RESULTS 


In order to understand the significance of the experi- 
mental angular distributions, calculations were done 
based on the optical model and the statistical model of 
the nucleus, and an attempt was made to find sets of 
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model parameters with which a fit to several of the 
experimental curves could be obtained. Since reliable 
results could be obtained only by making an exact 
calculation of the scattering, a program was written 
for the IBM 650 electronic computer with which the 
scattering could be calculated for a central potential. 
The potential energy is written as the sum of three 
parts, 
Vo 

V (r) = V(r) +—___——_ 

1+exp[(r—Ro)/a] o 

0 


1+exp[(r—Ro)/a] 


In this calculation the Coulomb potential, V,, is taken 
to be the potential of a uniformly charged sphere of 
radius Ro. 

The results of the calculations are given in Figs. 5 
and 6. Since insufficient computing time was available 
to analyze all of the experimental data, the principal 
computing effort was put into obtaining a good fit for 
the cobalt distribution at 6.41 Mev. An attempt was 
then made to use the same set of optical model param- 
eters to obtain fits to other cobalt distributions and 
distributions from vanadium, chromium, and iron. The 
analysis of the 6.41-Mev cobalt distribution was pre- 
ceded by several computer runs in which the effects of 
changing the various optical model parameters were 
studied. The general rules which these calculations 


TABLE VI. Measured values of ¢(@)/ocou(0) for cobalt. 


Ee.m., Mev 
5.18 5.66 5.94 6.41 


1.010 
1.000 
1.000 
1.025 
1.080 
1.105 
1.050 
0.945 


1.000 
0.990 
1.000 
1.025 
1.040 
1.030 
0.945 
0.995 0.960 0.885 
0.925 0.870 0.800 
0.860 tee 0.775 
tee 0.715 0.675 
0.650 0.615 
0.600 0.555 
0.600 0.545 
0.640 0.580 
0.685 0.655 
0.755 . 


1.005 
1.015 
1.000 
1.040 
1.050 
1.010 


1.000 
1.010 
0.990 
0.995 
1.035 
1.035 


0.985 eee 

1.005 
0.985 
1.005 
1.010 
0.985 
1.000 
0.990 
0.945 
0.900 
0.835 
0.810 
0.765 
0.770 
0.760 
0.765 
0.800 
0.810 


0.995 
1.015 
0.990 
1.005 0.735 
0.570 
0.530 
0.580 


0.755 
0.700 
0.685 
0.685 
0.715 
0.770 


0.945 
0.925 
0.920 0.725 
0.910 . tee 
0.925 tee 0.795 0.890 
0.855 , 

0.895 


0.865 oe 
0.890 1.045 
1.090 
15 1.075 


0.920 tee 0.920 
0.855 tee tee 

0.940 1.0 
0.945 025 
0.955 1.010 
0.940 
0.910 


0.970 
0.980 
0.980 
0.965 
0.960 


0.960 
0.960 
0.980 


0.910 —- 
0.975 0.970 
0.820 
0.745 
0.690 
0.645 


0.970 
0.905 
0.870 
0.825 


0.960 
0.985 
0.960 
0.935 


0.980 
0.875 
0.845 


0.910 
0.890 


1.000 
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suggested were very useful in choosing new sets of 
parameters with which to attempt a better fit to a 
particular angular distribution. These rules were found 
to be essentially the same as those quoted by Glassgold 
and Cheston® in their detailed analysis of higher-energy 
elastic scattering. 


1. Increasing V».results in an over-all increase of the 
scattering and a shift of the diffraction pattern toward 
smaller angles. 

2. Increasing W, results in a damping of the oscilla- 
tions of the distributions. 

3. Increasing @ results in a clockwise rotation of the 
diffraction pattern about a value at some small angle 
and has the effect of broadening the maxima and 
minima. 

4. Increasing ro has the same effect as increasing Vo 
and the effect of an increase of one can be nullified by a 
decrease of the other if the product of VoR? remains 
constant. 


In all cases the fit to the experimental curves was not 
considered to be the best obtainable, but was rather 
the result of making a compromise between the number 
of analyses desired and the available computing time. 


VI. DISCUSSION AND CONCLUSIONS 


The fitting of the cobalt and probably the vanadium 
results with an optical model is quite satisfactory. It 
then remains to explain the large deviations from 
“optical model” behavior exhibited by chromium 
and iron. 

It seems unlikely that these differences can be at- 
tributed to differences of spin of the target nuclei, or to 
differences in level densities in the compound nucleus. 
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Fic. 5. Optical-model fits to three of the angular distributions 
from cobalt. The solid curve is the cross section calculated with 
the parameters indicated. 
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Fic. 6. Optical-model fit to one of the angular 
distributions from vanadium. 


Since the completion of these measurements, angular 
distributions of elastically scattered deuterons have 
been measured! for all these targets, and all are found 
to exhibit the same general behavior. The polarization 
of 6-Mev protons elastically scattered from these nuclei 
has also been measured,” and is found to be similar in 
its magnitude and angular variation for all targets. 
From these results it is concluded that spin-dependent 
effects are not likely to be the cause of the differences 
observed here. It has been shown that level 
densities in the compound nucleus are such that in 
these measurements at least 20 levels would be excited 
at a given proton energy.”:*! Fluctuations in level 
density and widths will produce fluctuations in com- 
pound nucleus effects, but it seems unlikely that the 
effect of_a single level would be very important. 

A more probable explanation of the observed differ- 
ences is that compound elastic scattering is much more 
important for,Cr and Fe than for V and Co. Since the 
complex potential model predicts only the results of the 
shape elastic scattering, and since the shape elastic and 
compound elastic scattering are incoherent,’ it follows 
that any compound elastic scattering will increase the 
measured cross sections above the predictions of the 
optical model. 
 Qualitatively, it is easy to see that the compound 
elastic scattering should be more important for Cr and 
Fe than V and Co. Neglecting (p,y) and (p,a) reactions, 
we can write for the compound elastic cross section 


Oce= Con) oa ( lot Pat); r; - 


where ocn=cross section for compound nucleus forma- 
tion, while the T’., I';, and T’, are the widths for decay 
of the compound state via elastically scattered protons, 
inelastically scattered protons, and neutrons, respec- 
tively. For the even nuclei studied, the low-lying states 
are widely spaced in energy, and only two or three of 
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the T'; have appreciable magnitudes. In the course of 
these measurements it was noted that at energies up to 
about 6 Mev, inelastic scattering to the first excited 
states of Cr®? or Fe®* (the most abundant isotopes) was 
comparable with the elastic scattering at back angles, 
while scattering to all higher excited states was less 
than 50% of that to the first excited state alone. Also 
the (p,m) thresholds for Cr®? and Fe®® are at 5.52 and 
5.38 Mev, respectively, so that over most of the energy 
range studied I’, is zero. Hence, it is to be expected that 
Oe would be large for the even nuclei up to the neutron 
threshold and would then become less important at 
higher energies. This is consistent with the results 
shown in Figs. 2 and 3 in which the cross section at back 
angles appears to be smaller at energies above the (p,m) 
threshold than below it. On the other hand, for the odd 
nuclei the (p,m) thresholds are at about 2 Mev so that 
I’, is large over the whole energy range studied. At the 
same time, the nuclei have a much higher level density 
near the ground state so that many of the T'; may be 
comparable with I's. Observations of the inelastically 
scattered protons for these nuclei showed that the cross 
section to any one excited state was much smaller than 
the elastic cross section, and that cross sections for the 
first five or ten excited states were all of comparable 
magnitude. 

A further quantitative check on the importance of 
compound elastic scattering for Cr and Fe became 
possible following the completion of measurements of 
proton inelastic scattering to the first excited states of 
these nuclei by Seward.*? He found that the angular 
distributions of the inelastically scattered protons were 
essentially isotropic at energies up to 7 Mev, so that the 
excitation functions shown in Fig. 7 for a 90-deg 
scattering angle actually represent the total cross sec- 
tions. It is to be noted that the minima in the Cr 
cross section at 5.3 and 5.8 Mev coincide with the 
relatively small elastic scattering cross sections at back 
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¥ Fic. 7. Differential cross section at 90° for the inelastic scat- 
tering of protons to the first excited state of Cr®. The curve is 
proportional to the total cross section for excitation of the state, 
since angular distributions measured at several energies were 
essentially isotropic. Bars show the thickness of the targets used 
in the measurements. 
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Fic. 8. Calculated angular distributions of compound elastic 
scattering of protons by Cr® at 3.94 and 5.52 Mev. 


angles observed at 5.24 and 5.84 Mev. Below 6 Mev, 
inelastic scattering to higher states was no more than 
50% of that to the first excited state and it appeared 
worthwhile to make a calculation of o. using the 
statistical theory of nuclear reactions. 

The differential cross section for compound elastic 
scattering of protons from a nucleus of spin zero is 
given by Feshbach, Porter, and Weisskopf? as 
Oen'W(l) 

—=> — [2 i, 14+}, 1,144;3,) 
dQ 1, 8r(21+1) 


+2Z2(1, 1-4, l, 1-4; 3, L)]P1(cos8), 


do c0 


where 


Gen! = WA? (2/+-1)T), 


gives the cross section for compound nucleus formation 
and the factors W(l) give the relative probabilities for 
the decay of the compound nucleus via particular 
channels of orbital angular momentum /. They are 
given by Feshbach as 


W(D=T\(E)/ > T,(E,’). 


PQs 


The sum in this expression is taken over orbital angular 
momenta, channel spins, and possible final states of the 
system. Penetrabilities were calculated using an optical 
model potential with parameters Vo=—55 Mev, 
Wo=—5 Mev, ro=1.33f, a=0.4f [1f (fermi)=10-" 
cm]. This well is somewhat wider and shallower than 
that used for earlier calculations of elastic scattering 
angular distributions. Distributions calculated with this 
well were almost identical with the earlier ones, but 
Seward had found the larger radius necessary to fit the 
(pp’) excitation function for Cr and Fe. 

To simplify the calculations it was assumed that at 
energies below the (p,m) threshold the compound 
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nucleus could decay only by proton emission to the 
ground state or first excited state of the original nucleus. 
It is estimated that the neglect of inelastic scattering 
to higher excited states makes the calculated compound 
elastic scattering cross sections too large by 5 to 10%. 
Figure 8 shows compound elastic scattering angular 
distributions at two energies, 5.52 Mev and 3.94 Mev. 
The marked anisotropy is a result of the fact that for 
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Fic. 9. Angular distributions of protons elastically scattered 
from Cr showing the effect of subtracting the compound elastic 
contribution. A calculated cross section is also shown at 4.90 Mev 
for the same optical model parameters as were used to calculate 
the penetrabilities for the estimation of the compound elastic 
scattering. 
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compound elastic scattering on a spin-zero nucleus, 
conservation of angular momentum and parity require 
that incoming and outgoing protons have identical 
orbital angular momentum as noted by Feshbach 
et al.? Figure 9 shows the measured elastic scattering 
cross sections for Cr at 5.52, 4.90, and 3.94 Mev, both 
before and after subtraction of the compound elastic 
contribution. An angular distribution calculated using 
the same optical model potential as was used for the 
calculation of the 7; is also shown at 4.90 Mev. The 
agreement with the data is felt to be satisfactory, con- 
sidering the fact that the cross section for compound 
nucleus formation and for compound elastic scattering 
will show variations about the smooth statistical be- 
havior of the same magnitude as displayed by the 
inelastic scattering cross section (Fig. 7). 

It therefore appears likely that the compound elastic 
scattering can satisfactorily account for the observed 
differences between the Co and V results on the one 
hand and the Fe and Cr results on the other in these 
measurements. It was noted by Seward that, even well 
above the (p,m) threshold, proton inelastic scattering to 
single states was much more intense for even-A than 
for odd-A nuclei. This can also be observed in pulse- 
height spectra shown by Greenlees!” for 9.37-Mev 
protons scattered from Ni and Cu. It thus seems likely 
that compound elastic scattering is important at back- 
ward angles, at least for even-A nuclei, up to 10 Mev. 
This probably would account not only for the energy 
variation of the cross sections observed in some cases,” 
but also for the difficulties experienced in fitting the 
backward scattering with an optical model calculation.” 
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The scattering of neutrons in He‘ has been investigated for neutrons with energies of from 16 to 23.4 Mev 
with a helium-filled ionization chamber. A pronounced resonance has been found at a neutron energy of 
22.15+0.12 Mev. This resonance corresponds to an excitation energy in He® of 16.72+0.10 Mev which is the 
same excitation energy as that obtained for the maximum in the T(d,n)He‘ cross section. The neutron 
scattering experiments indicate that the level in He® has a width of about 100 kev which is much narrower 
than the ground state of He°. This state in He’ probably has angular momentum and parity of 3* and is made 
up of two neutrons and a proton in the S shell and one proton and one neutron in the P shell. Such a con- 
figuration would explain the large deuteron reduced width of the T(4.”)He‘ reaction and the small neutron 


width. 


INTRODUCTION 


RESONANCE in the scattering of 1-Mev neu- 

trons by He‘ was first observed by Staub and 
Stephens! and this was interpreted as due to a state in 
He’ which is unstable for neutron emission. A detailed 
study of the total cross section for neutron scattering in 
helium was carried out by Bashkin, Mooring, and 
Petree? for neutrons with energies of 0.04 to 5.0 Mev. 
The angular distribution of the scattered neutrons from 
He‘ has been investigated in the energy range of 0.4 to 
2.7 Mev by Adair,* who used a proportional counter 
filled with He‘. Similar experiments have been carried 
out by Striebel and Huber‘ in the energy interval 3 to 4 
Mev, and by Seagrave’ for neutrons with energies of 2.6, 
4.5, 5.5, 6.5, and 14.3 Mev. Smith® has used a cloud 
chamber to study the angular distribution for the 
scattering of 14.1-Mev neutrons in He’. Dodder and 
Gammel’ have analyzed the existing data on proton-He* 
scattering and have used these results to predict the 
phase shifts for n-He! scattering. The experimental data 
have been explained in terms of a ground state of He? 
which is a P; configuration that is unstable for neutron 
emission by 0.95 Mev and has a width of 1.4 Mev. The 
first excited state (P) occurs at an excitation of 3-6 
Mev and has a width of ~3-5 Mev. 

Evidence for an excited state in He® at 16.69 Mev has 
been obtained’ from studies of the yield of the reaction 
H*(d,n)He*; a pronounced resonance is observed at a 
deuteron bombarding energy of 109 kev. An alternative 
explanation of the variation in the cross section of the 
H'(d,n)He* reaction has been proposed by Flowers*® 


t Supported in part by the U. S. Atomic Energy Commission. 
* Preliminary report of these experiments was given at the 1957 
Washington meeting of the American Physical Society [ Bonner, 
Prosser, and Slattery, Bull. Am. Phys. Soc. Ser. IT, 2, 180 (1957) ]. 
t Now at the University of Kansas. 
1H. Staub and W. E. Stephens, Phys. Rev. 55, 131 (1938). 
2 Bashkin, Mooring, and Petree, Phys. Rev. 82, 378 (1951). 
3R. K. Adair, Phys. Rev. 86, 155 (1952) 
‘H. R. Striebel and P. Huber, Helv. Phys. Acta 30, 67 (1957). 
5 J. D. Seagrave, Phys. Rev. 92, 1222 (1953). 
R. Smith, Phys. Rev. 95, 730 (1954). 
7D. C. Dodder and L. J. Gammel, Phys. Rev. 88, 520 (1952). 
§ Conner, Bonner, and Smith, Phys. Rev. 88, 468 (1952). 
* B. H. Flowers, Proc. Roy. Soc. London A204, 503 (1950). 


which does not make use of a state in He®. One of the 
purposes of the present experiments was to see if there 
was a resonance in the scattering of 22-Mev neutrons in 
He‘; the presence of such a resonance would verify the 
state in He® and the absence of such a resonance would 
cast doubt on the level interpretation. Another object 
was to see if there were any other excited states in He® 
in the energy interval of 12 to 17.5 Mev. 


EXPERIMENTAL PROCEDURE 


In order to use high pressures in the He* counter and 
in order to reduce electron attachment, an ion chamber 
was used in place of a proportional counter. The 
cylindrical chamber was 27 cm long and 12 cm in diame- 
ter, and was filled with high-purity He‘ to a pressure of 
20 atmospheres. The collecting electrode was 0.87 cm in 
diameter. The distribution of pulse sizes from a source 
of a particles was used to test the apparatus. Consider- 
able trouble was experienced in reducing the impurities 
of the gas such that electron attachment did not badly 
distort the pulse distributions. A high pressure was 
necessary in order that the wall correction for the high- 
energy recoil-He particles was not very large. Figure 1 
shows the curves of the pulse-height distributions taken 
with neutrons with energies of 15.94 and 16.95 Mev. 
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Fic. 1. Typical pulse-height distributions obtained for the scat- 
tering of 15.94- and 16.95-Mev neutrons in He’. 
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SCATTERING OF 
These curves show a peak for backward scattering of the 
neutrons which is similar to the results obtained at 14 
Mev by previous investigators.*:* The pulse distribu- 
tions are distorted a considerable amount by the nature 
of fast collection in an ion chamber of this type and also 
to a certain extent by amplifier noise and electron 
attachment in the gas. Data taken with neutrons of 
higher energy will have a larger distortion due to the 
wall effect. Data were usually not taken below 50% of 
the maximum pulse size, since the neutron source in- 
cluded some lower energy neutrons. The high-energy 
neutrons were obtained from the H*(d,v)He‘ reaction 
using a Zr-T target mounted on a gold backing. At high 
bombarding energies a considerable fraction of the 
neutrons from this source are not from the d-T reaction. 
The principle sources of neutrons of lower energy are 
from the break-up of the deuteron and from the reac- 
tions N(d,n)O” and D(d,n)He®. The N™ was present as 
ZrN and the deuterium increased with the deuteron 
bombardment of the target. At the highest deuteron 
energy of 6.2 Mev, the maximum energy of the neutrons 
from N'(d,n)O" is 11.3 Mev, which is 48% of that 
obtained from the H*(d,v)He? reaction. 

The energy loss in the Zr-T target varied from 42 kev 
at a deuteron energy of 0.5 Mev to 15 kev at 6 Mev. The 
angular spread in energy of the neutrons at different 
positions in the chamber was ~ 100 kev at the higher 
energies and the total energy resolution which was 
obtained was about the same at all energies and was 
approximately equal to 120 kev. 


EXPERIMENTAL RESULTS 


The pulses from the ionization chamber after amplifi- 
cation were treated in two different ways. The first ex- 
periments made use of four single-channel analyzers. 
Three of the channels were used as discriminators and 


NEUTRON 


118° 180° 


PER 


137%180° 








NEUTRON ENERGY IN MEV 


Fic. 2. Scattering of neutrons in He?‘ in the region of the resonance 
at 22.15 Mev. 
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Fic. 3. Scattering of neutrons with energies of 16-21 Mev in Het. 


set on baselines such that they recorded all the pulses 
approximately 13%, 26%, and 39% below the maxi- 
mum pulse size. The fourth channel was used to monitor 
the number of large pulses in order to notice any change 
in the amplification of the system. As the bombarding 
energy was increased, the percentage change in the 
neutron energy was calculated and the discriminator 
changed accordingly. Data were obtained with this 
method over the entire range of neutron energies and the 
results in the range of energies 21.7 to 23.3 Mev are 
shown in Fig. 2. A second series of experiments were 
carried out using a 20-channel analyzer. A graph was 
made of the pulse-height distribution at each neutron 
energy and an end point selected. The area under the 
curve was then computed for three different percentages 
of the maximum energy. The results which extend over a 
neutron energy of 16 to 21.7 Mev are shown in Fig. 3. 
The data given in Figs. 2 and 3 show a slowly decreasing 
cross section for neutron scattering as the energy is 
increased from 16 to 21.9 Mev. However, in the region 
of 21.9 to 22.3 Mev a pronounced resonance is observed. 
The effects of the resonance are different for three 
different values of the integral bias used to obtain the 
curves of Fig. 2. The backward scattering (~ 137°-180°) 
shows a dip centered at 22.15 Mev while the scattering 
from 102° to 180° shows a dip and then a rise in the 
cross section. The region near the resonance has also 
been investigated using a 20-channel analyzer and the 
results of the differential cross sections are shown in 
Fig. 4. The cross section of backward scattering (0.9 to 
1.0 maximum pulse size) shows a dip at the resonance 
while the cross section of the most forward scattering 
which was measured (0.6 to 0.7 maximum pulse size) 
has an increase in the scattering at resonance. The 
magnitude of the scattering at intermediate angles (0.7 
to 0.8 maximum pulse size) first has a dip in the cross 
section and then a rise. The pulse-height distribution 
near the center of the resonance (22.15 Mev) and well 
below the resonance (21.86 Mev) are shown in Fig. 5. 


The energy of the resonance is 22,15+0.12 Mev, 
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Differential pulse-height spectra in the region of the 
22.15-Mev resonance. 


which corresponds to a neutron energy in the center-of- 
mass system of 17.67 Mev. The shapes of the resonance 
curves indicate a level width of about 100 kev which is 
much less than that of the ground state of He. If a 
binding energy of He'= —0.95 Mev is used, the excita- 
tion energy of He® is computed to be 16.72+0.10 Mev. 
There is little doubt that this is the same state in He® 
which is responsible for the peak in the H*(d,n)He* 
reaction at 109 kev. An energy of 109 kev corresponds to 
a level in He® at 16.69 Mev. There is evidence from the 
magnitude of the H*(d,7)He‘ cross section at resonance 
that the state in He® is produced by S-wave deuterons 
and has a total angular momentum of 3 and even 
parity®; the state decays with D-wave neutron emission. 
The neutron width and the deuteron widths must be 
nearly equal in order for the experimental cross section 
to be as large as 5 barns. The reduced width for deuteron 
emission is much larger than for neutron emission,*:”” 
and so the level in He® clearly cannot be the shell model 
D, state, (1s)*(1d)'. The very small width of the state 
for neutron emission and the large width for deuteron 
emission can be explained if the state is assumed to be a 
core excitation of the nucleus where there are 2 neutrons 
and 1 proton in the § shell and 1 proton and 1 neutron 
in the P shell. This configuration of He® is the same in 
the P shell as the ground state of Li® which has 1 proton 
and 1 neutron with a combined angular momentum of 
1 unit. The ground state of Li® is stable against deuteron 
emission by 1.48 Mev which shows that this nucleus is 
only slightly more stable for deuteron emission than the 
16.69-Mev state of He®. If the similarity between the 
two nuclei continues for higher excitations, the next 
excited state of He’ would have an angular momentum 
of 3 units in the P shell and $ unit in the S shell, and 
might be expected at about 2 Mev above the level at 


0 Porter, Roth, and Johnson, Phys. Rev. 111, 1578 (1958). 


PROSSER, 


AND SLATTERY 

16.69 Mev. Recent experiments of Bame and Perry" 
and Galonsky and Johnson” show an anomalously large 
cross section for the reaction H*(d,n)He* at deuteron 
energies of 3-6 Mev, which indicates a broad level in 
He® with an excitation energy of about 20 Mev. 

The expected change in angular distribution in the 
region of the 22.15-Mev resonance has been examined 
using the extrapolated phase shifts of Gammel and 
Dodder,’ and those obtained from Brockman’s" analysis 
of 11-18-Mev proton scattering in He’. The best com- 
parison of theoretical cross sections with the experi- 
mental curves is probably for backward scattering where 
the general shape of the resonance curve will not depend 
strongly on the resolution of the counter. The calculated 
differential cross section for backward scattering into 
the angular aperture of 150° to 180° first decreases in 
magnitude as the 6:~ phase shift increases in magnitude, 
then rises sharply to a maximum and subsequently falls 
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Fic. 5. The pulse-height spectra at the center of the resonance 
(22.15 Mev) and well below the resonance (21.86 Mev). 


to the original value. This result is to be compared to the 
experimental curves which only show a dip in the cross 
section for backward scattering. The initial decrease in 
the cross section agrees with the calculation, but the 
predicted increase in the cross section near the center 
of the resonance is not experimentally observed. This 
lack of agreement is not unexpected since we know that 
this excited state of He® breaks up with nearly equal 
probability into Het+-n and into H*+H? at the peak of 
the resonance. In the region of the resonance the 
deuteron width is increasing rapidly for a small increase 
in the energy of the neutron. The calculated change of 
differential cross section, based on the phase shift 
analysis, assumes that only elastic scattering takes 
place; this is clearly not even approximately true in the 
region just above the 22.15-Mev resonance. 

1S, J. Bame, Jr., and J. E. Perry, Jr., Phys. Rev. 107, 1616 

iam 
ey salonsky and C. H. Johnson, Phys. Rev. 104, 421 (1956). 

13K. W. Brockman, Phys. Rev. 108, 1000 (1957). 
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A description is given of an angular correlation apparatus, using two Nal (T]) scintillation spectrometers, 
which has been used to study cascades of y radiation following thermal neutron capture. The elements 
studied were magnesium, silicon, phosphorus, and sulfur. The following new spin assignments were made: the 
4.93-Mev level of Si, }; 6.38-Mev level of Si, $; 1.15-Mev level of P, 1; and 3.26-Mev level of P*, 2. In 
addition, the spins of the 3.41-Mev level of Mg and the 3.22-Mev level of S®3 have been confirmed to be 3. 


Other aspects of the decay schemes are discussed. 


I. INTRODUCTION 


EASUREMENT of the angular correlation be- 
tween cascade y rays following either 8 decay or 
charged particle reactions is a common technique of 
nuclear spectroscopy. Such measurements, under favor- 
able circumstances, may give information concerning 
the spins of nuclear levels and sometimes may lead to 
the determination of the magnitude and sign of the 
multipole mixture parameter of one of the y rays. The 
technique is also applicable to the study of y-y cascades 
following neutron capture but to date only limited use 
has been made of it in this field. Recksiedler and 
Hamermesh,! Segel,? Trumpy’ and Kennett ef al.4 have 
made coincidence measurements between cascade y rays 
following neutron capture but only Trumpy’ has re- 
ported angular correlations between these radiations. 


II. APPARATUS 


A diagram of the apparatus used for the present 
measurements is shown in Fig. 1. A neutron beam from 
an experimental hole in the Chalk River NRX reactor 
was diffracted from a lead crystal and used to bombard 
the target to be studied, which was placed inside a 
shielded enclosure. The cascade y radiation from the 
target was detected by two scintillation spectrometers 
used in a coincidence arrangement. One detector was 
held stationary and the other could be rotated about the 
axis of the target over the range of angles from 90° to 
approximately 220° with respect to the fixed detector. 

The neutron beam was diffracted in order to remove 
the epithermal neutrons present in the initial beam. The 
beam was diffracted from the (111) planes of a 1}-in. 
thick lead crystal at a Bragg angle of 12.5 degrees. This 
angle was chosen empirically to maximize the y-ray 
yield from the target. The diffracted neutrons had a 


* Present address: Norman Bridge Laboratory of Physics, 
California Institute of Technology, Pasadena, California. 

1A. L. Recksiedler and B. Hamermesh, Phys. Rev. 96, 109 
(1954). 

2R. E. Segel, Bull. Am. Phys. Soc. Ser. IT, 2, 230 (1957). 

3G. Trumpy, JENER (Joint Establ. Nuclear Energy Research), 
Publs. No. 13 (1957). 

‘Kennett, Bollinger, and Carpenter, Phys. Rev. Letters 1, 76 


(1958). ot, 


wavelength of 1.2 A corresponding to an energy of 
0.054 ev. The neutron flux at the target position was 
approximately 6X 10° neutrons cm~ sec~ and the beam 
diameter was 1.6 in. The targets used were 1 in. or less 
in diameter, which tended to ensure that they were 
uniformly irradiated. When powder targets were used 
the powder was contained in a Lucite capsule with 75- 
inch thick walls. 

The thermal neutrons scattered from the target were 
absorbed by a cylinder of Li® metal approximately 4- 
inch thick placed around the target, Fig. 1. The Li® 
metal was protected from moisture by a thin stainless 
steel cylinder on the outside and by a Lucite cylinder’ 
on the inside. The Li® metal was pressure-molded in 
position between the protective walls with the aid of a 
mechanical press. The Li® screen attenuated the thermal 
neutrons by a factor of about 10® but was practically 
transparent to the majority of y rays studied. No 
difficulty was found in working with y rays with energies 
as low as 80 kev. 

The scintillation spectrometers were four-inch diame- 
ter, six-inch long Nal (T1) crystals mounted on five-inch 
diameter 6364 Du Mont photomultiplier tubes. The 
crystals were encased in lead shielding approximately 1 
inch thick with conical lead collimators mounted be- 
tween the target and the crystals; see Fig. 1. This 
shielding is effective in reducing the counting rate 
caused by various spurious coincidence effects. Among 
these unwanted events are those in which one of the two 
coincident y rays is detected by one crystal while the 
other strikes the walls of the enclosure and produces 
secondary radiation which is detected by the other 
crystal. Another spurious event involves the detection 
in one crystal of annihilation radiation or Compton 
secondary radiation produced by the interaction of one 
¥ ray in the other crystal. For events of the latter type 
the lead shielding encasing the crystals becomes almost 
ineffective as the angle between the detectors ap- 
proaches 180°. The collimators defined an entrance 
aperture 3 inches in diameter at the face of each crystal. 

5 The 2.23-Mev y-ray following capture in the hydrogen of the 


Lucite cylinder and target holder proved to be a useful calibration 
line which accompanied all spectra studied. 
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Fic. 1. Apparatus used to study 
angular correlations between cascade 
y radiation following thermal neutron 
capture. The upper part of the figure 
shows the general arrangement of 
counters and shielding, the lower part 
shows some details of the shielding 
close to the counters. 
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The crystal faces were situated 4 inches from the target 
axis so that the solid angle subtended by each detector 
at the center of the target was 3.5% of 42. Both 
photomultiplier tubes were surrounded by y-metal 
shields. The energy resolution of the spectrometers de- 
pended upon the energy of the y rays detected and was 
about 12% for energies near 0.7 Mev and about 7% 
near 2 Mev. The detectors were shielded from general 
pile background by a lead box with 5-in. thick walls 
surrounded by a neutron shield consisting of a mixture 
of paraffin wax and boracic acid, some 10 inches thick. 

To take coincidence spectra, pulses from the movable 
detector in coincidence with a narrow pulse-height range 
in the stationary detector were recorded in a 100- 
channel pulse-height analyzer.’ A block diagram of the 
electronics used is given in Fig. 2. The coincidence 
arrangement is a typical fast-slow system (see Bell, 
Graham, and Petch**) with a resolving time, 7, of 
2X 10-8 sec. 

The apparatus was designed so that it could be 

® Full width at half peak intensity of the full energy peak. 

7F. S. Goulding, Natl. Acad. Sci.—Natl. Research Council, 
Publ. No. 467, 86 (1957). 

§ Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 

® The present circuit differed from that described in the reference 
mainly in the treatment of the pulses between the photomultiplier 
and the fast coincidence circuit. Before entering the coincidence 
circuit the pulses were amplified in three distributed amplifiers in 
series with a total voltage gain of 600 and a band width of 100 
Mc/sec. The pulses were clipped at 10~’ sec with a shorted cable 
at the output of the first distributed amplifier. 


operated automatically. The operation was controlled 
by a programing circuit which made it possible to 
preselect any sequence of as many as 15 positions for the 
movable counter and the time for counting at that 
position. The 15 positions were chosen so that the angle 
between the counters could be changed in units of 0.1 in 
cos’6, where 6 is the angle between the counters. At the 
end of each counting time the following information was 
recorded by an electric typewriter: the angle between 
the counters, the counting time at that angle, the 
spectrum in the 100-channel pulse-height analyzer and 
the number accumulated in a scaler. The scaler was in 
general used to record the number of counts within the 
narrow pulse height range accepted from the stationary 
detector. The spectrum from the 100-channel pulse- 
height analyzer was simultaneously punched on eight- 
channel paper tape. The normal method of programming 
the equipment was to repeat observations taken at the 
angles selected in cyclic order, counting for a fixed time 
at each angle. A typical time was 30 minutes. The paper 
tape was read into a digital computer at the end of each 
complete run and the spectra for each angle were 
summed channel by channel. The computer printed a 
100-channel spectrum for each angle, summed over the 
many observations made at that angle. In this way only 
one final spectrum was analyzed at each angle but 
random fluctuations such as changes in efficiency of the 
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Fic. 2. Block diagram of electronic apparatus. The apparatus is a conventional fast-slow coincidence arrangement 
with a resolving time, 7, of 210-8 sec. 


coincidence system, small variations in pile power,!° 
small changes in the energy calibration of the detectors, 
etc., were averaged out. 

For targets of 1-in. diameter which were black to 
thermal neutrons, source strengths of about 10’ y rays 
per second could be produced. In general this was more 
than sufficient and source strengths of 10° y rays per 
second, or less, were normally used. The neutron flux at 
the target position was sufficiently high to allow ma- 
terials with cross sections as low as 30 mb to be studied 
without difficulty. 

In the absence of a sample, the background counting 
rate above a lower bias equivalent to an energy loss of 
100 kev in the crystals was about 6000 per sec. The 
majority of this counting rate was due to activity built 
up in the sodium iodide crystals by neutron bombard- 
ment. The neutrons were present largely because, due to 
lack of space, the neutron shielding surrounding the lead 
box was not complete. However, this high background 
rate was of little trouble in coincidence measurements 
since the coincidence counting rate obtained without a 
target and with typical energy ranges accepted by the 
detectors was less than one per minute. This rate is 
negligible compared to the counting rates used in the 
experiments described below. 


0 The pile power was monitored and if changes greater than 
+2 occurred during an experiment the results were not accepted. 


III. GEOMETRIC CORRECTIONS AND 
TEST EXPERIMENTS 


Spurious asymmetries in the counting rate of the 
rotating detector as a function of angle may be caused 
by displacement of the target, or the neutron beam, 
from the axis of rotation, or by small changes in mag- 
netic field which might affect the performance of the 
moving photomultiplier. Careful tests made using vari- 
ous y-ray sources showed that the change in counting 
rate due to these effects was less than 0.5%. As a further 
test, the correlation function between the 1.28-Mev and 
0.51-Mev annihilation radiation from a Na*” source was 
measured. The correlation should be isotropic in the 
absence of the effects mentioned above. A least-squares 
fit to the observations made at 6 angles between 90° and 
180° gave 


W (0) = 1+ (0.0140.02) P2(cos@).!! 


In general an observed correlation function must be 
corrected for the finite angle of acceptance of the de- 
tectors and the finite target size. Feingold and Frankel" 
calculate these corrections for the case of a long thin 
source on the axis of rotation of the movable detector. 
For a target length of one inch and the geometry used in 
the measurements described below (viz., a detector 3 
inches in diameter 4 inches from the axis of rotation), 


1! P,(cos@) is the second order Legendre Polynomial. 
12, A. M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 
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Fic. 3. Typical direct ‘antiiin spectrum observed with one 
of the detectors using a magnesium target. The background 
spectrum has not been subtracted. The 2.23-Mev y ray results 
from neutron capture in the hydrogen in the Lucite target support. 
The range of pulses accepted for the coincidence measurements is 
shown. 


these corrections change a distribution of the form 


”(0) = 1+ a2P2(cosd)+a4P4(cos6) 
into 


W (0) =1+-0.84a2P2(cosé)+0.54a4P 4(cos8). 


(It has been assumed that the efficiency of the detectors 
is independent of the point and direction of entry of the 
y ray in the crystal. This approximation is reasonable in 
the present arrangement since the lead collimators be- 
tween the target and the crystal limit the point of entry 
of the y ray to the central 3 inches of the 4-in. diameter 
crystals.) 

A further correction is necessary because of the finite 
radius of the target. No exact theory has been published 
for this effect but it can be shown to a first approxima- 
tion, that a small negative P2(cos@) term is introduced in 
the observed correlation function. For a 1-in. diameter 
target and detectors 4 inches from the target axis, the 
P» coefficient, a2 is replaced by (a:-0.02) for a distribu- 
tion normalized to unity at 90°. The correction depends 
upon the square of the radius of the target and is only 
—0,.005 for a }-in. diameter target at 4 in. from the 
detectors. The inaccuracy resulting from the approxima- 
tions used in the derivations of the geometric corrections 
is not considered serious as the full magnitude of the 
corrections to be applied is in general less than, or of the 
same order as, the statistical accuracy of the determina- 
tion of the coefficients in the correlation function. 

The equipment was tested, and the corrections 
checked, by observing the relative coincidence rate at 
180° and 90° for cascades in which the correlation func- 
tions are well known. The y ray cascades used were the 
1.17- and 1.33-Mev transitions in Ni® and the 2.75- and 
1.37-Mev transitions in Mg’ following the 6 decay of 
Co® and Na”, respectively. In both cases the correlation 
functions are known to be W(@)=1+0.102P:(cos@) 
+0.009P;(cos@). The test experiments were made with 
point sources and with sources 1 inch in diameter and 1 
in. long. For the point source the correlation function 
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expected, after corrections for geometric effects, is 


W (0) =1+0.084P.2(cosé)+0.005P4(cos6), 


which gives the intensity ratio at 180° to that at 90° as 


T380/I90= 1.14. 


The corresponding values for the extended source are 


W (6)=1+0.069P2(cosd)+0.005P;(cosd), 


and 


T130/I90= 141. 
The observed values, averaged over several separate 
experiments are 
Point source: I1s9/Z99= 1.14+0.01. 
One-inch diameter source one inch long: Jg0/J90= 1.12 
+0.01. 
These results are in good agreement with the computed 
values and are taken as confirmation of the corrections 
applied. 
IV. MAGNESIUM 

The spins of the levels, and the decay scheme of Mg*® 
are of considerable interest because of the marked suc- 
cess of Litherland e¢ al." in explaining the level structure 
of Mg™® and Al** in terms of the collective model. It 
therefore was considered worthwhile to make coinci- 
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Fic. 4. Mg®® decay scheme. Only those levels and y rays relevant 
to the present experiment are shown. The level energies” (in Mev) 
and the neutron orbital momenta!® (J,) obtained from (d,p) 
measurements are given to the left of the diagram. The y-ray 
energies and intensities,!’ in brackets in y rays per 100 captures in 
natural magnesium, are shown on the lines representing the 
transitions. 


18 Litherland, McManus, Paul, Bromley, and Gove, Can. J. 
Phys. 36, 378 (1958). 
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dence measurements to confirm some aspects of the 
decay scheme of Mg” and angular correlation measure- 
ments to confirm the spin of the 3.41-Mev level. 

The y-ray spectrum following thermal-neutron cap- 
ture in magnesium has been investigated by Kinsey 
etal.,'4 Kinsey and Bartholomew," Braid,'*and Campion 
and Bartholomew." Holt and Marsham'* have measured 
the proton angular distributions in the Mg**(d,p) Mg” 
stripping reaction and conclude that the 3.41-Mev level 
has negative parity and a spin of 4 or $. Cox and 
Williamson” conclude from a study of (p,7) correlations 
in the Mg*(d,py) Mg” reaction that the 3.41-Mev level 
has a spin of 3, a result which was also deduced by 
Kinsey and Bartholomew" from the neutron capture 
y-ray decay scheme. 

The measurements to be described were made with a 
sample of pure magnesium metal 1 inch in diameter and 
2 inches long. A sample of this size was necessary be- 
cause of the low neutron cross section of magnesium, 
viz., 63 mb. Approximately 46% of the neutrons cap- 
tured in natural magnesium form Mg* and hence the 
effective cross section for formation of Mg** is only 30 
mb per atom of natural magnesium. Figure 3 is a 
typical direct spectrum from one of the detectors. Some 
of the more prominent y rays can be identified. Figure 4 
shows the relevant parts of the Mg*® decay scheme. 
Other aspects of the decay scheme are given in the 
compilation of Endt and Braams.” The differential 
discriminator for the stationary detector was set to 
include pulses corresponding to an energy loss of 3.7 to 
4.2 Mev in the crystal (see Fig. 3). The predominant 
y ray accepted from this detector was then the 3.92-Mev 
primary y ray to the 3.41-Mev level. The differential 
discriminator for the movable detector was set to in- 
clude the energy range 0.1 to 6 Mev. Coincidence 
measurements were made at angles of 90° and 180° be- 
tween the two detectors. The spectrum obtained at 90° 
summed over 14 separate one-hour runs is shown in 


TABLE I. Experimental and theoretical values of a2/ao for the 
3.92-3.41 and 3.92—2.82 Mev cascades in Mg*®, No £1/M2 mix- 


tures are considered. 


Theoretical values of a2/ao 

Spin of 3.41- Spin of 3.41- 
Cascade Mev level Mev level 
(Mev) 4 


 3.92-3.41 


Experimental 
value of d2/ dao 


0.10+0.05 


3.92-2.82 0.28+0.04 


14 Kinsey, Bartholomew, and Walker, Phys. Rev. 83, 519 (1951). 

15 B, B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 901 
(1953). 

16 T. H. Braid, Phys. Rev. 102, 1109 (1956). 

17 p, J. Campion and G. A. Bartholomew, Can. J. Phys. 35, 1361 
(1957). 

18 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. London A66, 
258 (1953). 

19S. A. Cox and R. M. Williamson, Phys. Rev. 105, 1799 (1957). 

” Pp. M. Endt and C. M. Braams, Revs. Modern Phys. 4, 683 
(1957). 
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5. Typical coincidence spectrum obtained with a magnesium 
target and discriminator settings as shown in Fig. 3. 


Fig. 5. The 2.82-Mev y ray emitted in the transition 
between the level at 3.41 Mev and the first excited state 
of Mg” at 0.582 Mev can be clearly seen. The 3.41-Mev 
ground-state y ray can also be seen but is considerably 
weaker than the 2.82-Mev y ray. There is some indica- 
tion of a y ray at about 2.4 Mev which is probably due 
to a transition between the levels at 3.41 and 0.98 Mev. 
This y ray is partially masked by the Compton edge of 
the 2.82-Mev y ray but it can be seen to be weak com- 
pared to the 2.82-Mev line. Other y rays at about 1.83, 
1.14, and 1.0 Mev are transitions in Mg** and will be 
discussed later. 

The area under the 2.82-Mev peak was computed for 
the measurements at 90° and 180°. Allowance was made 
for the contributions from tails of higher energy y rays 
under the 2.82-Mev peak. The correlation function was 
assumed to be of the form W(@)=ay+a2P2(cos@), and 
the value of a2/ao determined from the results was 
corrected for distortions due to the finite size of the 
target and the detectors. A similar analysis was made 
for the 3.92-3.41 Mev cascade. The results and the 
theoretical values,”’ a2/ao, for the two possible spins of 
the 3.41-Mev level are shown in Table I. The results 
clearly indicate that the spin of the 3.41-Mev level is 3. 

It is of interest to compare the branching ratio of the 
3.41-Mev level with that of the corresponding level in 
the mirror nucleus Al*®, vz., 3.09 Mev." The latter level 
emits y rays to the ground state, first excited state, and 
second excited state in the ratio 13: 78:9. The coincidence 
spectra shown in Fig. 5 indicates that in Mg*® the 
transition to the first excited state (2.82-Mev y ray) is 
about five times” as strong as the transition to the 
ground state (3.41 Mev) and at least an order of 
magnitude stronger than the transition to the second 
excited state (2.42 Mev). This is an illustration of the 
similarity of the decay schemes of the mirror nuclei. 

The y rays at 1.83, 1.14, and 1.0 Mev (see Fig. 5) are 

*1 The 3.92-, 2.82-, and 3.40-Mev y rays were assumed to be pure 
electric dipole transitions. 

2 This ratio agrees with that measured with the pair spectrome 
ter.!7 However, the reason for the discrepancy between the 
intensity of the 3.92-Mev y ray and the sum of the intensities of 
y-rays depopulating the 3.41-Mev level as measured with that 
instrument is not clear. 
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Fic. 6. Si® decay 
scheme. Only _ those 
levels and vy rays rele- 
vant to the present ex- 
periment are shown. The 
level energies” (in Mev) 
obtained from (d,p) 
measurements are given 
to the left of the dia- 
gram. The y ray inten- 
sities“ in brackets in + 
rays per 100 captures in 
natural silicon and the + 
ray energies are shown 
on the lines representing 
the transitions. 
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Si 


concluded to be emitted in transitions in Mg*®. Separate 
coincidence experiments were made in which the posi- 
tion of the differential discriminator window on the 
stationary detector was increased in steps of about 0.5 
Mev, coincidence spectra being taken at each step. The 
three y rays were found to be in coincidence with y rays 
of energy at least up to 7 Mev. The binding energy of 
Mg” is 7.33 Mev and hence the y rays cannot bein Mg”. 
The binding energy of Mg”® is 11.12 Mev and about 50% 
of the neutrons captured in natural magnesium form 
Mg’. The 1.83-Mev y ray is probably emitted in the 
decay of the first excited state of Mg** and the 1.14-Mev 
y ray in a transition between the first and second excited 
states. Similar conclusions were reached by Braid.'* The 
1.0-Mev y ray may be emitted in a transition between 
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Fic. 7. Typical direct pulse-height spectrum observed using a 
silicon target. The 2.23-Mev y ray results from neutron capture in 
the hydrogen in the Lucite target holder. The intervals A, B, and 
C show the range of pulse heights accepted by the discriminators 
of the stationary detector for the coincidence measurements shown 
in Fig. 8. 
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the third and second excited states. The fact that these 
y rays were seen in coincidence with a window on the 
stationary detector anywhere between 3 and 7 Mev is 
some confirmation of the conclusion reached by 
Campion and Bartholomew" that the decay of the 
capturing state of Mg*® proceeds mostly by multiple 
cascade transitions, no single primary y ray accounting 
for more than a few percent of the total intensity. 


V. SILICON 


The y-ray spectrum following thermal neutron cap- 
ture in silicon has been studied by Kinsey ef al.,\ 
Adyasevich et al.,"4 and Braid.'® A convenient summary 
of the data, including the results of (d,p) measurements 
by Van Patter and Buechner*® and by Holt and 
Marsham” and other pertinent measurements, is given 
in the compilation of Endt and Braams.” Figure 6 con- 
tains those parts of the decay scheme relevant to the 
experiments to be described. Approximately 80% of the 
neutrons captured in natural silicon form Si*. The 
capture spectrum includes strong primary y rays to 
levels at 4.93 and 6.38 Mev. The (d,p) stripping meas- 
urements of Holt and Marsham*® show these levels to 
have negative parity and spins of 3 or 3. The purpose of 
the experiments described below was to determine the 
spins of these two levels. 

The target used for the measurements was approxi- 


mately 29 g of silicon metal in a Lucite container 2 
inches long and 1 inch in diameter. A typical spectrum 
from one of the detectors is shown in Fig. 7. A few of the 


TABLE IT. Experimental and theoretical values of a2/ao for the 
correlation function W (@)=ao+a2P2(cos@) for (y-y) cascades 
studied in Si®*. For each transition both the initial state and final 
state have spin } and even parity. The energy £ in Mev, spin J, 
and parity + assumed for the intermediate state are given for each 
cascade. No E1/M2 mixtures are considered. 


Cascade Intermediate state Theoretical Experimental 
(Mev) E x a2/ao a2/¢ 


10 


3.54493 0.25+0.03 


2.09--6.38 6.38 0.05+0.02 


7.19-1.28 1.28 0.10+0.03 


© A =(1 —x2+2V 3x1) (1 —x22 +2V 3x2) /[4(1 +212) (1 +222) ], where x1 and 
2 are the E2/M1 multipole mixture parameters for the 7.19 and 1.28-Mev 
transitions, respectively. 


*3 According to May and Foster [ Phys. Rev. 90, 243 (1953) ] the 
2.97-Mev transition from the 2.97-Mev level is one-sixth as strong 
as the 1.14-Mev transition. The 2.97-Mev y ray will contribute to 
the 2.82-Mev peak in Fig. 5. However, although this radiation 
could in principle seriously distort the 3.92-2.82 Mev correlation, 
its intensity is too low to account for all of the observed anisotropy. 

*4 Adyasevich, Groshev, and Demidov, Atomnaya Energ. 1, 
No. 2, 40 (1956). 

25D). M. Van Patter and W. W. Buechner, Phys. Rev. 87, 51 
(1952). 

26 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. London A66, 
467 (1953). 
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Fic. 8. Typical coincidence 
spectrum obtained with a sili- 
con target and discriminator 
settings A, B, and C as shown 
in Fig. 7. 
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more prominent y rays can be seen. Coincidence meas- 
urements were made with the differential discriminator 
for the stationary detector set in positions A, B, and C 
in Fig. 7. The predominant y rays accepted in these 
positions were those at 4.93, 6.38, and 7.19 Mev, re- 
spectively. Typical coincidence spectra obtained are 
shown in Fig. 8. 

The coincidence measurements for the 3.54-4.93-Mev 
cascade were made at six different angles between 90° 
and 180°. The relative counting rate is plotted against 
cos’ in Fig. 9. The results were fitted by least-squares 
analysis and the coefficient of P2(cos6) was corrected for 
finite-geometry effects.27 The corrected value of a2/ao 
was 0).24+0.04. Correlation measurements for the 2.09 
6.38, and 7.19-1.28-Mev cascades and further measure- 
ments of the 3.54-4.93-Mev cascade were made at 90° 
and 180° only. The deduced values of d2/ao after 
geometric corrections, are given in Table II together 
with the theoretical values. The 3.54, 4.93, 2.09, and 
6.38-Mev y rays are all £1 and it is assumed that there 
is no M2 admixture. The 7.19-Mev y ray is assumed to 
be an £2/M1 mixture with a multipole mixture parame- 


Fic. 9. Observed cor- 
relation between the 
3.54- and 4.93-Mev y 
rays in Si® uncorrected 
for finite size of the tar- 
get and detectors. The 
line shows a_ least- 
squares fit to the experi 
mental points. The cor 
relation function, after 
corrections for finite size 
of the target and detec 
tors, is W(6)=1+ (0.24 
+0.04) P»(cos6). 


INTENSITY 


RELATIVE 








eee cos® 6 
27 This measurement was made with the detectors nearer to the 
target than was used for the other measurements reported here. 
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ter, 1 =|Se|/|Su|, defined by Sharp ef al.?8 (The 
phase correction suggested by Huby” is included.) The 
1.28-Mev y ray is also assumed to be an E2/M1 mixture 
with multipole mixture parameter 22. 

Inspection of Fig. 9 and Table II clearly shows that 
the 4.93-Mev level is 3—. The small positive coefficient 
(0.05+0.02) for the 2.09-6.38 Mev cascade is smaller 
than the value expected for a spin of $ for the 6.38-Mev 
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Fic. 10. Contour plot of the theoretical value of a2/ap in the 
correlation function for the 7.19-1.28 Mev cascade in Si”. x; and 
a2 are the E2/M1 multipole mixture parameters for the 7.19- and 
1.28-Mev y rays, respectively. (The multipole mixture parameters 
are taken from Sharp et al.28 The Huby” correction is included.) 
The observed value of a2/ao is 0.10+0.03 and the cross hatched 
area shows the region between d2/ao of 0.07 and 0.13. Bromley 
et al. have determined the value of x2 to be —0.23 or 3.25. 
Intersection of their values with the crosshatched region indicate 
possible values of x; between +0.27 and +1.2 approximately. 


*8 Sharp, Kennedy, Sears, and Hoyle, Chalk River Report 


CRT-556, 1954 (unpublished). 
** R. Huby, Proc. Phys. Soc. London A67, 1103 (1954). 
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level, viz., 0.25. The level is concluded to be }— and the 
small positive term is believed to be due to a small 
contribution from other cascades. The 7.19-1.28-Mev 
correlation indicates that one, or both, of the y rays has 
an £2 component. Figure 10 is a contour plot of the 
theoretical values of a2/ao for a $+ to $+ to $+ 
transition for all possible values of 2; and a2 from — « 
to +. Contours for a2/ay)=0.07, 0.10, and 0.13 are 
shown. The experimentally observed value was 0.10 
+0.03. Bromley ef al.” have measured the multipole 
mixture parameter for the 1.28-Mev y ray. Their values 
are 2.=—0.23 or 3.25. These values are shown in 
Fig. 10. The intersections of their values with the shaded 
region in Fig. 10 indicate that the mixture parameter 
for the 7.18-Mev y ray falls between +0.27 and +1.2 
approximately. 

Bromley et al.*! have applied the collective model to 
the nucleus Si**. The results of these authors are con- 
sistent with an oblate shape for the nucleus and a 
spheroidicity, 6, of —0.15.6= R/Ro where Ro is the mean 
radius and R is the difference between the major and 
minor semiaxes.* The most probable Nilsson orbits 
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Fic. 11. P® decay scheme. Only those levels and + rays relevant 
to the present experiment are shown. The level energies” (in Mev) 
and the neutron orbital momenta*® (/,) obtained from (d,p) 
measurements are given to the left of the diagram. The intensities® 
(in brackets in y rays per 100 captures in phosphorus) and 
energies* for the primary y rays are shown on the lines repre- 
senting the transitions. The energies shown for the other y rays 
are taken from the present work. 


® Bromley, Gove, Paul, Litherland, and Almqvist, Can. J. Phys. 
35, 1042 (1957). 

4! Bromley, Gove, and Litherland, Can. J. Phys. 35, 1057 (1957). 

#®S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 
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which correspond to the 4.93 Mev (3—) and 6.23 Mev 
(—) levels would appear to be orbits 16 and 17. These 
are chosen because they have a strong contribution 
from the p shell at a distortion of 6= —0.15 and hence 
can account for the strong dipole y rays to the levels and 
the large reduced widths, of the proton groups (see 
Fujimoto ef al.) to these levels in the Si?8(d,p)Si 
reaction. In addition the computed energy difference 
between these two orbits is about equal to the observed 
value. 
VI. PHOSPHORUS 

The y rays following thermal neutron capture in 
phosphorus have been investigated by Kinsey ef al.*4:%5 
and by Braid.'* Phosphorus has only one stable isotope, 
P*', and hence all y rays observed belong to the decay 
of P®. The level structure of this nucleus has been in- 
vestigated using the P*!(d,p)P® reaction by Van Patter 
et al.** and by Dalton et al.*”7 The latter authors have 
made proton angular distribution measurements and 
have determined the parities, and placed limits on the 
spins, of some of the levels. The ground state spin of P® 
has been measured to be 1 by Feher e¢ al.** The proton 
stripping pattern to the ground-state doublet (the first 
excited state is at 0.08 Mev) shows that both levels are 
of positive parity and the relative yield® to the two 
levels indicates that the probable spin of the first excited 
state is 2. The ground-state spin and parity of P* is 3+ 
and hence thermal neutron capture can form compound 
states in P® of 0+ or 1+. The relative contributions of 
the two possible spin states are not known. A review of 
current knowledge of the neutron capture y ray decay 
scheme of P® is given in the compilation of Endt and 
Braams.” Figure 11 shows the transitions relevant to 
the experiments described below. 

The sample used was approximately 23 g of red 
phosphorus in a Lucite container one inch in diameter 
and two inches long. Figure 12 shows the direct spectrum 
from one of the detectors. Some of the more prominent 
y rays observed by Kinsey ef a/.** and by Braid'® are just 
resolved. Coincidence spectra were taken for three 
different positions of the window of the differential 
discriminator. These are shown as A, B, and C in Fig. 12. 
Position A included the 6.76-Mev primary y ray to the 
1.15-Mev level, position B the 4.68-Mev primary y ray 
to the 3.26-Mev level and position C accepted the 0.08- 
Mev y ray from the first excited state to the ground 
state. Figures 13(A), 13(B), and 13(C) show typical 
coincidence spectra obtained with these discriminator 

83 Fujimoto, Kikuchi, and Yoshida, Progr. Theoret. Phys. 
Kyoto 11, 264 (1954). 

—_ Bartholomew, and Walker, Phys. Rev. 85, 1012 
Cs Revised intensities are given in a compilation by G. A. 
Bartholomew and L. A. Higgs, Atomic Energy of Canada Limited, 
Chalk River Report AECL-669, 1958 (unpublished). 

36 Van Patter, Endt, Sperduto, and Buechner, Phys. Rev. 86, 
502 (1952). 

a Hinds, and Parry, Proc. Phys. Soc. London A70, 586 
38 Feher, Fuller, and Gene, Phys. Rev. 107, 1462 (1957). 

9H. A. Enge, Phys. Rev. 94, 730 (1954); W. C. Parkinson, 
Phys. Rev. 110, 485 (1958). 
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Fic. 12. Typical direct pulse height spectrum observed with a phosphorus target. Part of the peak at 2.23 Mev results from neutron 
capture in the hydrogen in the Lucite target support. Annihilation radiation contributes to the peak at 0.51 Mev. The intervals A, B, 
and C show the range of pulse heights accepted by the discriminators of the stationary detector for the coincidence measurements shown 
in Fig. 13. 


settings. The spectrum in coincidence with the 6.76-Mev 
y ray, see Fig. 13(A), contains peaks at 1.07+0.02, 0.64 
+0.02, 0.510.02,” and 0.08+0.01 Mev. The positions 
of these y-rays in the decay scheme are shown in Fig. 11. 
There is no evidence for a y ray of 1.15 Mev which 
might be emitted in a transition between the 1.15-Mev 
level and the ground state. If this y ray exists it accounts 


for less than 10% of the decays from the 1.15-Mev level. 
The spectrum in coincidence with the 4.68-Mev y ray 
[see Fig. 13(B) ] shows peaks at 3.26+0.06, 2.17+0.04, 
1.07+0.02, and 0.51+0.02 Mev. The 3.26-Mev y ray is 
the ground state transition from the 3.26-Mev level. 
The y rays at 2.17 and 1.07 Mev are probably due to a 
double cascade from the 3.26-Mev level to the ground 


TABLE III. Theoretical and experimental values of a2/ao for the correlation function W (6) = ao+-a2P2(cos@) for (y =) cascades studied 
in P®, The theoretical values shown are calculated on the assumption that all y rays are pure dipole radiation. This is a reasonable 
assumption if the radiation is between states of different parity. The energy E in Mev, spin J, and parity 7, are given for the initial, 
intermediate, and final states. Only spin values consistent with the (d,p) measurements of Dalton ef al.* are considered. Both possible 


spins for the capturing state are included. 


Cascade Initial state Intermediate state 
(Mev) 

1 
1 


4.68-3.26 


6.76-1.07 


6.76-0.64 


1.07-0.08 0.08 


a See reference 37. 


E J x 


Final state Theoretical Experimental 
ao 


a2/a0 axa 
—(0.25 
+0.125 

+0.19+-0.03 
+0.175 


+0.05 
—(0.025 
+0.10-+0.03 


—0.16+0.05 


+0.094-0.04 


Part of this radiation is probably due to annihilation radiation from the other detector. It cannot all be ascribed to this cause how 
ever, since the presence of the 0.64-Mev y ray implies the presence of either a 0.51 or a 0.44-Mev y ray (Fig. 11) and there is no evidence 


in Fig. 13(A) for a peak at 0.44 Mev. 
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Fic. 13. Typical coincidence spectra at a detector angle of 90 
obtained using a phosphorus target and discriminator settings 
shown as A, B, and C in Fig. 12. A shows y rays in coincidence 
with the 6.76-Mev y ray, B shows those in coincidence with the 
4.68-Mev y ray, and C shows those in coincidence with the 
0.08-Mev y ray. See Fig. 11 for the probable positions of these 
radiations in the decay scheme. 


state via the level at 2.18 Mev. The spectrum in coinci- 
dence with the 0.08-Mev y ray [see Fig. 13(C) ] con- 
tains peaks at 2.16+0.04, 1.07+0.02, and 0.51+0.02 
Mev. The peak at 1.07 Mev confirms that the level at 
1.15-Mev decays in part by a cascade transition through 
the first excited state. The peak at 2.16+0.04 Mev is 
probably due to a cascade transition from the level at 
2.28 Mev but may be due in part to a cascade from the 
level at 2.18 Mev. 

The coincidence measurements described above were 
made with angles of 90° and 180° between the counters. 
The measurements were repeated many times and the 
relative counting rate at the two angles was determined 
for the following cascades: 4.68-3.26, 6.76-1.07, 1.07 
0.08, and 6.76-0.64 Mev. The experimental values of 
d»/ ao are given in Table III together with the theoretical 
values on the assumption that all y rays are pure dipole 
radiation. This assumption is nearly certain to be cor- 
rect when the transition is between levels of opposite 

! The observation of coincidences involving the 0.08-Mev y ray 
shows that the mean life of the first excited state is <4 10~8 sec. 
his is consistent with the conclusion that the 0.08-Mev y ray is 
V1 and not pure £2, 
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parity, but can be incorrect when the levels have the same 
parity since some electric quadrupole transitions may 
compete with magnetic dipole transitions. In Table III 
all possible spin values compatible with the (d,p) 
stripping measurements of Dalton ef al.*” are considered. 
All of the correlations measured were significantly 
anisotropic and hence one may definitely conclude, with- 
out any assumption concerning the forms of the radia- 
tions, that the spins of the levels at 3.26, 1.15, and 0.08 
Mev are not zero. The stripping pattern to the 1.15-Mev 
level shows that the level has positive parity and a spin 
of 0 or 1. We therefore conclude the level is 1+. As the 
proportion of spin 1 and spin 0 responsible for neutron 
capture by P*! is not known, those cascades involving 
the capturing state listed in Table III are shown with 
both possibilities (transitions from spin 0 to spin 2 are 
excluded as only dipole radiations are considered). The 
states of different spin cannot interfere in s-wave cap- 
ture and if both spin states are formed the observed 
correlation function should fall between the two listed 
correlation functions. The 4.68-3.26 Mev cascade con- 
sists of two electric dipole y rays and no quadrupole 
mixture is likely. If the 3.26-Mev level were of spin 1, 
the correlation function should lie between +0.125 and 
—().25. The observed value, 0.19+0.03, is outside these 
limits but is consistent with the value predicted for a 
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Fic. 14. S** decay scheme. Only those levels and y rays relevant 
to the present experiment are shown. The level energies” (in Mev) 
and neutron orbital momenta?® (/,,) obtained from (d,p) measure- 
ments are given to the left of the diagram. The intensities,* in 
brackets, in y rays per 100 captures in sulfur and the energies of 
the y rays are shown on the lines representing the transitions. 
The energies of all but the primary y ray are taken from the 
present work. 
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spin of 2 for the 3.26-Mev level. The 3.26-Mev level is 
concluded to be 2—. Thus only the spin 1 part of the 
“capturing state” will contribute to the 4.68-Mev y ray 
and at least 17% of the capture must proceed through a 
compound state of spin 1. . 

The four y rays involved in the three other cascades 
considered are between states of the same parity and 
may be £2/M1 mixtures. With the data available no 
unique solution can be found for the spins of the levels 
involved. If the spin of the 0.08-Mev level®* is 2, the 
1.07—-0.08 Mev correlation shows that either the 1.07- or 
0.08-Mev y ray has an appreciable £2 component. If the 
spin of the 0.08-Mev level is 1, all of the observed results 
can be fitted with pure M1 radiation. Then the 6.76-1.07 
and 6.76-0.64 Mev correlations can be fitted by as- 
suming that the 6.76-Mev transition is approximately 
90% a 1+ to 1+ transition and 10% a 0+ to 1+ 
transition, and that the spin of the 0.51-Mev level is 0. 
The solutions just considered were chosen to illustrate 
that no unique spin assignment for the 0.08-Mev state 
can be determined from our data alone. 


VII. SULFUR 


The y spectrum following thermal neutron capture in 
sulfur has been investigated by Kinsey e/ al.,** Kinsey 
and Bartholomew,” Groshev ef al., and Braid.!® All y 
rays are presumed to be emitted in the decay of S*. The 
levels of this nucleus have been investigated by the 
S*(d,p)S® reaction by Paris and Endt* and by Holt and 
Marsham.”® A decay scheme for S* is given in the 
compilation of Endt and Braams,” and Fig. 14 shows 
the energy levels relevant to the work described here. 
The level at 3.22 Mev, which is fed strongly following 
neutron capture, is known from the (d,p) stripping 
measurements of Holt and Marsham” to have negative 
parity and a spin of } or 3. Trumpy® has measured the 
circular polarization of the 5.43-Mev primary y ray to 
the 3.22-Mev level following capture of polarized ther- 
mal neutrons and concludes that the level is 3—. The 
purpose of the present experiment was to confirm that 
assignment. 

A sample of approximately 7 g of pure sulfur in a 


TABLE IV. Theoretical and experimental values of a2/ao for the 
correlation function W (0) =ao+a2P2(cos@) for the (y-y) cascades 
studied in S*. No £1/M2 mixtures are considered. 


Theoretical value of a2/a 
Spin of 3.22- Spin of 3.22- 

Cascade Mev level Mev level 
(Mev) } 3 


5.43-3.25 0 —().2 
5.43-2.41 0 +025 
5.43-0.84 0 0 


Experimental value 
ot d2/ dao 


—0.15+0.04 
+0.26+0.04 
0+0.03 


# B. B. Kinsey and G 
(1954). 

48 Groshev, Adyasevich, and Demidov, Proceedings of the Inter- 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1955 (Columbia University Press, New York, 1956), Vol. 2, p. 39. 

44 Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). See 
also Endt and Braams,” 


\. Bartholomew, Phys. Rev. 93, 1260 


ANGULAR CORRELATION MEASUREMENTS 
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Fic. 15. Spectrum from sulfur target in coincidence with pulses 

in range 5.1 to 5.7 Mev. Spectra for 90° and 180° are for equal 

counting periods. 


thin Lucite container 1 inch in diameter and 1 inch long 
was used for the measurements. The differential dis- 
criminator for the stationary detector was set to accept 
pulses corresponding to an energy loss of 5.1 to 5.7 Mev 
in the crystal. Typical coincidence spectra obtained for 
90° and 180° between the detectors are shown in Fig. 15. 
Peaks can be seen corresponding to y rays of 3.25+0.08, 
2.41+0.04, 0.84+0.02, and 0.51+0.02 Mev. The posi- 
tion of these y rays in the decay scheme is shown in 
Fig. 14. Table IV gives the deduced a2/ao coefficient, 
corrected for finite geometry, for the 5.43-3.25, 5.43 
2.41, and 5.43-0.84 Mev cascades. The theoretical 
values are also given for the two possible spin values for 
the 3.22-Mev level. All y rays are presumed to be pure 
dipole radiation. Inspection of Table IV clearly shows 
that the 3.22-Mev level has spin 3. Our measurements 
thus confirm the assignment of Trumpy.’ 


VIII. CONCLUSIONS 


The measurement of angular correlations between 
neutron capture ¥ rays has resulted in the determination 
or verification of the spins of one or two levels for each 
of the four elements studied. Specifically the results are: 
Mg”, 3.41-Mev level $; Si**, 4.93-Mev level $; 6.38-Mev 
level 3; P®, 1.15-Mev level 1; 3.26-Mev level 2; and S*, 
3.22-Mev level 3. A similar yield of spin determinations 
per nucleus was obtained by Trumpy’ for elements near 
iron. With the y-ray detectors now available, the 
present technique clearly can be extended to measure- 
ment of triple correlations and polarization direction 
correlations between neutron capture y rays in favorable 
cases. However, in order for these methods to be used 
more generally in more complex spectra, detectors with 
comparable efficiency but with much better resolution 
are obviously required. 
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Radioactive Tb'!®§ (~5-day) was produced by the bombardment of Eu"® with a particles. It was found to 
decay by K capture to Gd'**. A decay scheme has been proposed which includes the following excited 
states of Gd'®*: 89 kev (2+-), 289 kev (4+-), 581 kev (6+), 1134 kev (2+), 1229 kev (3+), 1489 kev (4+), 
1604 kev, 1904 kev (3), and 2024 kev (4—). The assignments of spins of levels and multipolarities of gamma- 
ray transitions are based on the results of measurements of conversion coefficients and gamma-gamma 
angular correlations. A value of (1.5+0.3)10~- sec was found for the mean life of the 289-kev level of 
Gd'**, The level scheme is discussed in the light of the unified model. The results support the suggestion 
that the 1134-kev and 1229-kev levels should be interpreted as collective vibrational levels. 


INTRODUCTION 


ECENT studies of the properties of a number 
of even-even nuclei with spheroidal equilibrium 
shape have shown that the properties of the energy 
levels of these nuclei are very similar.'~* It seems that 
this similarity originates from the fact that many of 
the excited levels of these nuclei are of the collective 
type. The present work was undertaken to find out 
whether this systematic picture can be extended to 
cover additional nuclei. 
As was already found previously, Tb'®* decays by 
K capture to Gd! and its half-life is about 5.5 days.*® 
It has an isomeric state, 88.2 kev above the ground 


state, which decays with a half-life of 5.5 hours. 


Mihelich et al.’ observed conversion electron lines 
corresponding to transition energies of 89.1, 111.9, 
155.2, 199.4, 262.7, 296.7, 356.6, and 422.2 kev associ- 
ated with the 5-day half-life. The 89.1- and 199.4-kev 
events were interpreted by them as 2+ to 0+ and 4+ 
to 2+ transitions between rotational levels, respec- 
tively. Additional y transitions with energies of 1050, 
1140, 1210, 1410, 1630, and 1830 kev were observed 
by Henry et al.* who also studied coincidences of y rays 
associated with the decay of Tb'®® and suggested a 
partial decay scheme. 

In the present work, the decay scheme of Tb!*® 
(~5 days) was re-examined. In addition to the pre- 
viously reported y transitions, additional transitions, 
with energies of 770 kev, 908 kev, 940 kev, 1140 kev, 
1315 kev, and 1935 kev have been observed and a 
decay scheme in agreement with all the results of 
coincidence measurements is suggested. On the basis of 
the results of measurements of internal conversion 
coefficients and gamma-gamma angular correlations, 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t On leave from the Hebrew University, Jerusalem, Israel. 

10. Nathan and M. A. Waggoner, Nuclear Phys. 2, 548 (1957). 

2S. Ofer, Nuclear Phys. 4, 477 (1957). 

3Q. Nathan, Nuclear Phys. 4, 125 (1957). 

4 Jacob, Mihelich, Harmatz, and Hardley, Bull. Am. Phys. 
Soc. Ser. II, 3, 358 (1958). 

5 Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957). 

® Henry, Dillman, Gove, and Becker, Phys. Rev. 113, 1090 
(1959). 


assignments for the spins of excited levels and multi- 
polarities of y radiations are made. A measurement of 
the lifetime of the 289-kev level makes possible a com- 
parison of the ratio of this lifetime to the previously 
measured lifetime of the 89-kev level’ with the ratio 
predicted by theory. 

The radioactive sources were produced by the bom- 
bardment of Eu,O; with @ particles in the 60-in. 
cyclotron of Brookhaven National Laboratory. The a 
particles were degraded to an energy of about 14 Mev 
before striking the target. Using the tables of semi- 
empirical masses of atoms,’ it was found that the 
thresholds of the reactions Eu!®!(a,n)Tb!* and Eu!®- 
(a,n)Tb'** are about 8 Mev and the thresholds of the 
reactions Eu!®!(q@,22)Tb!™, Eu!®*(a@,22)Tb!®, and Eu!®!- 
(a,np)Gd!® are about 15 Mev. As expected, no activities 
characteristic of Tb!*, Tb'*5, and Gd!® were detected. 
The half-lives associated with Tb! are 7 hours and 
21 hours® and the half-life of Tb'*®" is ~5 hours. As the 
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Fic. 1. Spectrum of y rays in the (0-700) kev region 
emitted in the decay of Tb'®*®, 
70, Nathan, Nuclear Phys. 5, 401 (1958). 
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measurements were started 10 days after the bombard- 
ment, the activity of the source was expected to be 
entirely due to the decay of Tb'®® (~5-day). This 
expectation was shown to be justified: the relative 
intensities of the y transitions did not change with 
time. 5-uC activities were produced by the bombard- 
ment of about 50 mg of Eu.O; for 20 hours with 
20 wa of @ rays. 


EXPERIMENTAL PROCEDURE 


1. Spectrum of Gamma Rays 


The y-ray spectrum was examined with a 3-in. X 3-in. 
Nal(TI) scintillation counter in combination with a 
hundred-channel analyzer. The spectrum of y rays 
whose energy is smaller than 700 kev is shown in 
Fig. 1. In Fig. 2 the shape of the spectrum of y rays 
whose energy is higher than 700 kev is shown. By an 
analysis of the shape of the spectrum obtained, some 
of the relative intensities given in Table I were ob- 
tained. 


2. Coincidence Studies 


Gamma-gamma coincidence measurements were car- 
ried out with an apparatus employing two 3-in. X3-in. 
Nal(TI) crystals. Pulse-amplitude discrimination was 
made in the “gate” channel pulse-height analyzer and 
the coincidence spectrum was displayed on a 100- 
channel pulse-height analyzer. The coincidence circuit 
was operated at a resolving time of 2r=2X10~ sec. 
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Fic. 2. Spectrum of y rays with energies higher than 700 kev 
emitted in the decay of Tb'®®, 
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TABLE I. Results of measurements of spectrum of y rays 
and of spectra of coincidences. 


Energy of 
transition 
(kev) 


Energies of y transitions found to be 


Relative intensity 
i in cascade with the transition 


of y radiation 


89 § d All radiation except the 89-kev and 
1134-kev transitions 
115 2 y 89, 200, (260), (355), 420 
200 37 A 89, 115, 260, 292, 420, 535, 908, 940, 
1200, 1315, 1615 
260 (A 89, (115), 200, (420), 535, 940, 1140 
292 . d 89, 200, 908, (1023) 
355 d 89, (115), (420), 535, 1045, 1134 
420 d 89, 115, 200, (260), (355), (1023), 1315 
535 7 (A) All radiation except 115, 420, 770, 1315, 
1615, 1815, 1935 
(675) (A) 
770 § (A) 
908 : (A) (C) (E) 
940 (A)(C)(D) 
(1023) 
1045 (A) (F) 
1134 (F) 
1140 (D) , 260, 535 
1200 K (A) (H) 89, 200, 
1315 5 (G) , 200, 
1400 7 (A) 89, 535 
1615 K (A) 89, 200 
1815 : (A) 89 
1935 (A) 89 


89, 1045, 1134 
89, 200, 292, 535 
89, 200, 260, 535 
(292), (420) 


The spectra of coincidence of most of the y rays were 
measured. In Fig. 3 the spectra of y rays whose energy 
is higher than 500 kev in coincidence with the 89-kev, 
200-kev, 260-kev, 292-kev, 355-kev, 420-kev, 535-kev, 
and 770-kev y rays are shown. All the measure- 
ments of coincidence spectra were carried out with an 
angle of 180° between the detectors. In the measure- 
ments of the spectra of coincidences with the 200-kev 
and 260-kev y rays, an 8-mm lead absorber was placed 
between the source and the scintillator which detected 
the y rays whose energy was higher than 600 kev, in 
order to prevent coincidences arising from Compton 
scattering from one counter into the other. 

An analysis of the spectrum of coincidences with the 
40-kev x-rays shows that Tb'®® decays by K capture 
and that the lifetimes of the excited states are shorter 
than 10-7 sec. The experimental results obtained con- 
cerning the energies, the relative intensities, and the 
cascade relations of the y rays emitted in the decay of 
Tb!*6, are given in Table I. The values given for the 
energies of the y radiations may be in error by about 
3% and those given for the relative intensities may be 
in error by about 30%. The values given in brackets are 
uncertain. Relative intensities derived from the analysis 
of the singles spectrum are marked by (A). These 
derived from the analysis of the coincidence spectrum 
triggered by the 200-kev, 260-kev, 292-kev, 355-kev, 
420-kev, or 535-kev y rays are marked by (C), (D), 
(E), (F), (G), or (H), respectively. A decay scheme of 
Tb!** consistent with the experimental results is given 
in Fig. 4. 

Positron emission is energetically possible in the 
decay of Tb'®. A search for 8+ radiations was made 
using a three-crystal spectrometer, consisting of a 1-cm- 
thick anthracene scintillator placed between two 3-in. 
<3-in. Nal scintillators (lead absorbers shielded the 
Nal crystals from direct radiations coming directly 
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Fic. 3. Spectra of coincidences with 89-kev, 200-kev, 260- 
kev, 292-kev, 350-kev, 420-kev, 535-kev, and 770-kev y rays 
of Tb'*®, 
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from the source). The scintillators were operated in 
triple coincidence, and the analyzers of the two Nal 
scintillators were channelled on the photopeaks of 
510-kev annihilation y rays. The output pulses from 
the anthracene scintillator were analyzed by a 100- 


channel pulse analyzer gated by the output of the fast- 
slow coincidence circuit. The number of coincidences 
obtained was so small (and many of them could result 
from y rays absorbed by the pair-production effect in 
the anthracene crystal) that only an upper limit of 
5 10-4 could be given for the ratio of 8* emissions to K 
capture in the decay of Tb! 


3. Angular Correlations of Gamma-Ray Cascades 


The angular correlations of gamma-ray cascades 
following the decay of Tb'®® were measured using a 
standard fast-slow coincidence circuit and adjusting 
the channels of the pulse-height analyzers to select 
pulses belonging to the full peaks of the two y rays. 
The resolving time of the fast coincidence circuit was 
27=4X10- sec. The radiations were detected by two 


OFER 


3-in.X3-in. NalI(Tl) scintillation counters. For both 
counters the distance between the source and the 
crystal face was 14 cm. The angle between the counters 
was changed automatically every 5 minutes by 30° in 
the region between 90° and 270°. The number of single 
counts and coincidences were recorded at each angle on 
registers. A 10-uC source in the form of a dilute aqueous 
solution of Tb(NOs;); was used for all the angular 
correlation measurements. 

The angular correlation function obtained for the 
535 kev-1400 kev after correcting for the finite solid 
angle of the detectors was 


P(6)= A[1+ (0.108+0.010) P2(cos@) 
+ (0.00+0.01) Ps(cos@) ]. (1) 


In the measurement of the angular correlation of the 
535 kev-1200 kev cascade, the channel of one pulse- 
height analyzer was adjusted to select only pulses 
belonging to the higher half of the full peak corre- 
sponding to the 1200-kev radiation to avoid the count- 
ing of coincidences belonging to the 1134-kev and 
1140-kev radiations. The angular correlation function 
obtained for the 535 kev—1200 kev cascade was 


P(6)= A[1—(0.11+-0.02) P2(cos6) 
+ (0.00+0.01) Ps(cos@) ]. (2) 


The large error given on the coefficient of Ps(cos@) 

results from the uncertainty in the corrections required 

due to the fact that about 15% of the coincidences 
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Fic. 4. Decay scheme of Tb'®*, Gamma-ray energies are given in 
kev and intensities in percent per disintegration. 
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counted belonged to the 535 kev-1400 kev, 535 kev- 
1140 kev, and 535 kev—1134 kev cascades. 

The angular correlation function obtained for the 
535 kev-355 kev cascade was 


P(0)=A[1+ (0.13+40.02) P2(cos6) 
+ (0.00+0.02) P4(cos@) ]. (3) 


In this case, too, the errors given on the coefficients 
result mainly from the fact that about 20% of the 
coincidences counted belong to gamma-ray cascades 
whose second components are y rays with energies 
higher than 535 kev absorbed in the crystal by the 
Compton effect. 

In the angular correlation measurements of cascades 
including the 200-kev y radiation, the crystal which 
detected the higher-energy y rays was shielded with a 
6-mm lead absorber in order to prevent coincidences 
arising from Compton scattering from one counter into 
the other. The angular correlation function obtained 
for the 1615 kev 200 kev cascade was 


P(6)=A[1— (0.115+-0.015) P2(cos6) 
+ (0.015+0.015) Ps(cosd) ]. (4) 


The angular correlation of the 1200 kev—200 kev 
cascade was measured by adjusting the channel of one 
pulse-height analyzer to select pulses belonging to the 
photopeak of the 200-kev radiation and the channel of 
the second pulse-height analyzer to select pulses be- 
longing to the higher half of the full peak corresponding 
to the 1200-kev radiation, in order to avoid the counting 
of coincidences belonging to the 1134 and 1140 radi- 
ations. The angular correlation function found was 


P(0)= A[1+ (0,040.01) P2 (cos) 
+ (0.11+0.02) Ps(cosd)]. (5) 


When one of the pulse-height analyzers was chan- 
nelled on the 200-kev photopeak and the second pulse- 
height analyzer was channelled on the composite photo- 
peak of the 908-kev and 940-kev radiations, the angular 
correlation function found was 


P(0)=A[1+ (0.09+0.01) P2(cosd) 
+ (0.03+0.01) P;(cos@) ]. (6) 


The spectrum of coincidences with the 200-kev y rays 
showed that when the angle between the detectors was 
180°, about 50% of the coincidences counted belonged 
to the 1200 kev—200 kev cascade. Taking into account 
the function obtained for the 1200 kev—200 kev cascade 
one gets for the angular correlation of the mixture of 
908 kev—200 kev and 940 kev—200 kev cascades the 
function 

P(0)~ A[1+0.14P2(cosé) —0.05P4(cos6) }. (7) 


The angular correlation function obtained when the 
pulse-height analyzers were channelled on the 89-kev 
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and 200-kev peaks was 
P (0) = A[1+ (0.024+0.004) P2(cosé) ]. (8) 


An analysis of the spectra of coincidences with the 
89-kev y ray and with the 200-kev y ray shows that 
about a third of the pulses counted belonged to coin- 
cidences with y-ray energies higher than 200 kev which 
were absorbed in one of the crystals by the Compton 
effect. Because of the complexity of the spectrum of 
y rays emitted in the decay of Tb!®, it is reasonable to 
assume that the angular correlation of these coinci- 
dences is isotropic. Hence the angular correlation func- 
tion corresponding to the 200 kev-89 kev cascade is: 


P(6)~A[1+0.04P2(cosé) ]. (9) 


4. Internal Conversion Coefficients 


The source used for conversion electron studies was 
prepared by bombarding 10 mg of a Eu,Q; powder in 
the cyclotron with 14-Mev a particles for about 30 
hours. The intensity of the beam was about 30 ya. 
A sodium amalgam reduction method® for separating 
terbium from europium was used for improving the 
specific activity of the source by a factor of about 10. 
At the end of the chemical procedure the source was in 
a form of a dilute aqueous solution of Eu(NOs;)3. The 
solution was evaporated onto a 1-mil-thick Al foil over 
an area of about 1 cm in diameter. The thickness of 
the source was about 1 mg/cm? and its intensity 
about 2 uC. 

The measurements were performed with an iron- 
free intermediate-image spectrometer designed by Al- 
burger.”° The resolution setting of the spectrometer was 
3% and its transmission about 5.5%. No continuous 8 
spectrum was found and an upper limit of 1% was 
calculated for the ratio of 8~ emissions to K captures 
in the decay of Tb'®® (5 days). This result disagrees 
with some previous results.!! 

The conversion lines of many of the y transitions 
listed in Table I were identified. But because of the 
complexity of the spectrum and the low specific activity 
of the source used, the conversion coefficients of only 
the 260-kev, 292-kev, 355-kev, 420-kev, 535-kev, 1200- 
kev, and 1400-kev transitions could be determined. 
The K-conversion coefficients were determined by com- 
paring the relative intensities of the conversion lines 
with the relative intensities of the y rays. If one assigns 
an £2 200-kev y transition (the 


assignment is justified in the following paragraphs), the 


character to the 


theoretical value of its K-conversion coefficient is 0.15. 
Relying on this value and on the experimental relative 
intensities of the y transitions and their conversion 
lines, the conversion coefficients given in Table IT were 


9 Shirley, Smith, and Rasmussen, Nuclear Phys. 4, 395 (1957) 
0 T), E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 


"Henry, Dillman, Gove, and Becker, Bull. Am. Phys. Soc. 


Ser. II, 2, 341 (1957). 
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TABLE IT. Conversion coefficients of Tb!** y rays. 


Relative 
intensity of 
conversion line 


Conversion 
coefficient 


Type of 
conversion 


Energy of 
transition 


200 kev K 100 
200 kev L+M 49 
260 kev : 12 
292 kev (6 
355 kev y 
355 kev b, 2 
420 kev (5 
535 kev 6 
1200 kev , 1.1 
1400 kev 4 0.3 


0.15 
0.07 
0.07 
(0.07) 
0.031 
0.009 
(0.008 ) 
0.0042 
0.0019 
0.0011 


deduced. The possible errors on the conversion coefti- 
cients are estimated to be 35%. An upper limit of 
3.5 10-* was found for the A-conversion coefficients 
of the 908-kev, 940-kev, 1045-kev, 1135-kev, and 1140- 
kev transitions. 


5. Measurement of Mean Life of 
289-Kev Level of Gd'® 


The half-life of the 289-kev of Gd! 
measured using the electronic apparatus for lifetime 
measurements designed by Sunyar and described else- 
where.'*:'8 Two plastic scintillators, one with a thickness 
of about 2 mm and the other with a thickness of about 
2 cm, were used. The channel of the analyzer of the 
pulses of the thin scintillator was adjusted to select 
pulses corresponding to the A-conversion line of the 
200-kev transition. The channel of the second pulse- 
height analyzer was adjusted to select pulses corre- 


level was 


sponding to electrons with energies in the region of 
150 kev-500 kev obtained from y rays with energies 
higher than ~600 kev absorbed in the crystal by the 
Compton effect. With these adjustments no coinci- 
dences with the 535-kev 7 rays were detected and the 
analysis of the results was independent of the lifetime 
of the 1489-kev level." The output pulses from the 
fast coincidence circuit were analyzed by a 100-channel 
pulse-height analyzer gated by the output of the slow 
triple coincidence circuit. The points marked in Fig. 5 
give the number of coincidences obtained with pulse 
heights higher than the corresponding values on the 
abscissa. The numbers were normalized so that the 
total number of coincidences was taken as 1. The 
spectrum of coincidence pulses obtained was compared 
to the spectrum obtained with a Cs™ source using the 
same channels as used with the Tb!®® source. Curve A 


22 A. W. Sunyar, Bull. Am. Phys. Soc. Ser. IT, 2, 37 (1957). 

8A, W. Sunyar, Proceedings of the Second United Nations Inter 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1958 (United Nations, Geneva, 1958). 

4Jn the first stage of this measurement, the analyzer of the 
pulses from the thick plastic scintillator was adjusted to select 
pulses corresponding to the 535-kev and higher energy y rays. 
When we became aware of the measurement of R. E. Bell and 
M. H. Jorgensen [Nuclear Phys. (to be published) ] who found 
that the 1489-kev level has a half-life of about 2*10~ sec, this 
adjustment was changed 
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in Fig. 5 shows the integral spectrum obtained with 
the Cs’ prompt source. In order to measure the 
sensitivity of the shape of the coincidence spectrum to 
the lifetime of the intermediate state, 110~ -sec, 
2X 10~-"-sec, and 3X10~-"-sec delay cables were intro- 
duced between the detector of the 200-kev conversion 
line and the fast coincidence circuit and the coincidence 
spectra were measured using a Cs! source as shown in 
curves B, C, and D of Fig. 5. An analysis of the integral 
spectra shows that the mean lifetime of the 289-kev 
level is about 1.5X10-" sec. A more accurate determi- 
nation of the lifetime was made by calculating the 
positions of the centroids of the curves of differential 
spectra of coincidence pulse heights obtained with the 
Tb'® and Cs™ sources. In Fig. 6 a plot of the de- 
pendence of the position of the centroids obtained with 
a Cs™ source on the length of the delay inserted between 
the thin plastic scintillator and the fast coincidence 
circuit is shown. A value of (1.5+0.3)10-" sec was 
obtained for the mean lifetime of the 289-kev level 
from the position of the centroid of the curve obtained 
with the Tb'® source. The error given is not purely 
statistical but includes an estimate of possible experi- 
mental systematic errors. 


ANALYSIS OF EXPERIMENTAL RESULTS 


1. Internal Conversion Coefficients 
and Multipolarities 


The values obtained by Henry e/ al.® for the K-con- 
version coefficients of the 89-kev and 200-kev transitions 
and the reported conversion electron relative intensities 
for these transitions®:'® prove that both are £2 transi- 
tions. Table III presents the experimental K-conversion 
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Fic. 5. Normalized integral spectra of coincidence pulse heights 
in the measurement of the 289-kev level lifetime. 


18 Ewan, Knowles, and MacKenzie, Bull. Am. Phys. Soc. Ser. IT, 
2, 259 (1957). 
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coefficients together with Sliv and Band’s theoretical 
values!® for E1, £2, M1, and M2 radiations and the 
multipolarities assigned by comparing these sets of 
values. Only the dominant multipole order is indicated 
in the table, since the experimental uncertainties of the 
conversion coefficients preclude a more precise determi- 
nation of the multipole mixtures. 


2. Spins of the Excited States of Gd'™ 


A 2+ spin and parity assignment to the first excited 
level of Gd!** is strongly supported by the conversion 
data®:*."® and by the fact that this level is reached by 
Coulomb excitation of Gd!°*, Energy considerations 
make it very likely that the 289-kev level can be 
classified as the third member of a rotational band 
associated with the ground state, in which case its spin 
is 4 and its parity even. This assignment is supported 
by the £2 character of the 200-kev transition®*:!> and 
the absence of a 289-kev cross-over to the ground 
state. 

Energy considerations make it also likely that the 
581-kev level can be classified as the fourth member of 
the rotational band associated with the ground state, 
in which case its spin and parity are 6+. The energy of 
this level does not show an appreciable deviation from 
proportionality with /(/+1). If the energies of the 
rotational levels are represented by the expression 
al ([+1)+6/°(/+1)’, as suggested by Bohr and Mottel- 
son,!? an excellent agreement is found between the 
experimental energies of the three first excited states of 
Gd!° and the calculated ones. A value of a/b= —560 is 
needed for the best agreement. The 6+ assignment is 
also in agreement with the absence of crossover transi- 
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Fic. 6. Plot of the dependence of the position of the centroid 
of the curve of the differential spectrum of coincidence pulse 
heights obtained with a Cs'*4 source on the length of the delay 
inserted between the thin plastic scintillator and the fast coinci 
dence circuit. 


16L, A. Sliv and J. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICCK1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) ]. 

174, Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
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TABLE III. A-conversion coefficients and 
multipolarity assignments. 


Experi- 
mental El 


Energy 


heoretical 
(kev) E2 M1 


Assigned 
M2 multipolarity 


0.074 0.12 0.54 

0.051 0.086 0.37 

0.028 0,051 0.19 
0.018 0.033 O15 21 
0.010 0.019 0.054 a1 
0.0016 0.0026 0.0062 (£2) +(M1) 
0.0012 0.0012 0.0042 E2 


260 0.07 
292 (0.07) 
355 0.031 
420 0.008 
535 0.0042 
1200 0.0019 
1400 0.0011 


0.019 
0.014 
0.0088 
0.006 
0.0035 
0.0007 
0.0005 


E2 
(£2) +(M1) 
<2 


tions from the 581-kev level to the 89-kev level and to 
the ground level. 

The existence of #2 transitions from the 1489-kev 
level to the 289-kev and 89-kev levels whose spins are 
4 and 2, respectively, proves that the spin of the 
1489-kev level is 2, 3, or 4. The value 3 must be rejected 
because of the sign obtained for the coefficient of 
P,(cos@) in the correlation function of the 1200 kev 
200 kev cascade. A 2 assignment has to be ruled out 
because of the value 0.07+0.01 obtained for the coeffi- 
cient of P2(cosé) in the 1200 kev—200 kev cascade 
which does not fit a 2(2)4(2)2 cascade. Hence, the 
conclusion is that the 1489-kev level has a 4+ character. 

The £2 character of the 355-kev transition from the 
1489-kev level to the 1134-kev level, together with the 
existence of transitions from the 1134-kev level to the 
ground state and first excited state, show that the spin 
and parity of the 1134-kev level are 2+. This assign- 
ment is also in agreement with the experimental angular 
correlation function obtained for the 535 kev-355 kev 
cascade. 

The existence of transitions from the 1904-kev level 
to the 289-kev and 89-kev levels whose spins are 4 
and 2, respectively, indicates that the spin of the 1904- 
kev level is 2, 3, or 4. The experimental angular corre- 
lation function obtained for the 1615 kev—200 kev 
cascade can be fitted to the theoretical one only if a 
spin 3 is assigned to this level. 

The fact that the 535-kev transition going from the 
2024-kev level to the 1489-kev (4+) level is predomi- 
nantly of the #1 type indicates that the spin and 
parity of the 2024-kev level is 3—, 4—, or 5—. A 5— 
assignment is unlikely because of the existence of a 
transition from the 2024-kev level to the 89-kev (2 
level. The angular correlation functions found for the 
535 kev—1400 kev, 535 kev—1200 kev, and 535 kev-355 
kev cascades cannot be fitted to the theoretical ones if 
a value of 3 is assigned to the spin of the 2024-kev 
level. Hence, the most likely spin and parity assignment 
to the 2024-kev level is 4—. 

The E2 character of the 260-kev transition going 
from the 1489-kev level to the 1229-kev (4+) level, 
the existence of transitions from the 1229-kev level to 
the 289-kev (4+) and 89-kev (2+) levels and the 
absence of a transition from this level to the ground 
level indicate that the spin and parity of the 1229-kev 
level are 4+ or 3+. The experimental angular corre- 
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lation function (4) obtained for the mixture of 908 kev 

200 kev cascade and 940 kev—200 kev cascades cannot 
be fitted to theoretical functions if a spin 4 is assigned 
to the 1229-kev level. The theoretical function calcu- 
lated for the one-three gamma-gamma angular corre- 
lation of the 908 kev—200 kev cascade is 


A[1+0.163 P2(cosé)+0.044P,(cos@) |. (10) 


P(6) 


assuming that it is a 4(2)6(2)4(2) cascade. Taking into 
account the relative intensities of the 908-kev and 940- 
kev transitions and the functions (4) and (9), one gets 
the following angular correlation function for the 940 
kev—200 kev cascade: 


P(6)~ A[1+ (0.09+0.05) P2(cos6) 


— (0.24+0.12)Ps(cos@) ]. (11) 


The negative sign obtained for the coefficient of P4(cos@) 
rules out the possibility that the spin of the 1229-kev 
level is 4. The suggested spin and parity assignment 
for the 1229-kev level is therefore 3+. 

The most likely spin and parity assignments for the 
1604-kev level are 4+ or 5+. 


3. Analysis of the Results of Angular 
Correlation Measurements 


From the previous discussions it follows that the 
535 kev-1400 kev cascade is of the 4(1,2)4(2)2 type. 
The experimental angular correlation function (1) ob- 
tained for this cascade fits the theoretical function for 
such a cascade if 62=0.045+0.015, where 6? denotes 
the M2/#1 ratio for the 535-kev transition. 

The 535 kev—1200 kev cascade is of the 4(1,2)4(1,2)4 
type. The experimental angular correlation function (2) 
obtained for this cascade fits the theoretical function 
—2.349s°77, where 6 denotes 
matrix elements 


for such a cascade if 6= 
the ratio between the £2 and M1 
corresponding to the 1200-kev transition. This value 
of 6 was derived by using the value found for the 
mixing ratio of the 535-kev transition. 

The experimental angular correlation function (3) 
obtained for the 535 kev—355 kev cascade is in agree- 
ment with the theoretical function for a 4(1,2)4(2)2 
cascade, if the value found for the mixing ratio of the 
535-kev transition is used. 

The 1615 kev—200 kev cascade is of the 3(1,2)4(2)2 
type. The experimental angular correlation function (4) 
obtained for this cascade fits the theoretical function if 
6<1/20 where 6 is the mixing ratio between the M2 
and #1 matrix elements corresponding to the 1615-kev 
transitions, 1e., the M2/#1 ratio in the 1615-kev 
transition is smaller than 1/400. 

The experimental angular correlation function (5) 
obtained for the 1200 kev-200 kev cascade, is in agree- 
ment with the theoretical function for a 4(1,2)4(2)2 if 
6=2.3+0.3 where 6 denotes the ratio between the £2 
and M1 matrix elements corresponding to the 1200-kev 
transition. This value of 6 is in agreement with the 
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value obtained from the analysis of the angular corre- 
lation function of the 535 kev-1200 kev cascade. The 
analysis of the angular correlation function was made 
using the formulas and tables of Biedenharn and Rose!® 
and the fact that different signs of 6 were found for the 
1200-kev transition in a case where it was the first 
component of a cascade and in a case where it was the 
second component is in agreement with theory.'® The 
value obtained for 6 indicates that for the 1200-kev 
radiation the #2 transition probability is (5.3+1.3) 
times larger than the M1 transition probability, al- 
though AJ=0. 

It is difficult to determine the mixing ratio of the 
940-kev y ray from the analysis of the angular corre- 
lation function found for the 940 kev—200 kev cascade, 
because of the large possible errors in the values of the 
coefficients of this angular correlation. In spite of these 
large errors, it can be concluded that the £2/M1 ratio 
for the 940-kev transition is larger than 2, although 
AI=1. 

The 200 kev—89 kev cascade is of the 4(2)2(2)0 type. 
The theoretical angular correlation function for such a 
cascade is 


P(0)= A[1+0.102P2(cosd)+0.009P4(cosd) ]. (12) 


A comparison between this function and the experi- 
mental function (9) shows that the angular correla- 
tions of cascades whose intermediate state is the 89-kev 
level are strongly attenuated even when the source is in 
the form of a dilute aqueous solution and that the 
attenuation factor is ~0.4. This strong attenuation is 
not very surprising in the light of the fact that it was 
shown that the angular correlations of Tb! y-ray 
cascades whose intermediate state is the first excited 
level of Dy! and the angular distribution of Coulomb- 
excited y rays of Gd!*® are strongly attenuated.”:?! 


DISCUSSION 


The properties of the energy levels of Gd!** are very 


similar to those of neighboring even-even nuclei such as 
Sml62 1,2 G15 22 ‘Thi 3.20 Wis? 3 and W!*.% It seems 
that this similarity originates from the fact that many 
of the excited states of these nuclei are of the collective 
type. 

It is possible to interpret the 89-kev, 289-kev, and 
581-kev levels of Gd! as rotational levels belonging to 
the ground state with A=0 (K is the quantum number 
which represents the projection of the total angular 
momentum on the axis of symmetry of the nucleus!”). 


18 [. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
746 (1953). 

19S. Ofer, Phys. Rev. 113, 895 (1959). 

2” S. Ofer, Nuclear Phys. 5, 331 (1957). 

21G. Goldring and R. P. Scharenberg, Phys. Rev. 110, 701 
(1958). 

2 J. O. Juliano and F. S. Stephens, Jr., Phys. Rev. 108, 341 
(1957). 

*3 Boehm, Marmier, and DuMond, Phys. Rev. 95, 864 (1954). 

*4 Gallagher, Jr., Strominger, and Unik, Phys. Rev. 110, 725 
(1958). 
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According to the collective model, the transition proba- 
bility for an #2 transition (J+2— > J) between 2 states 
of a rotational band belonging to the ground state of an 
even-even nucleus is given by!” 


- (1+1)(J+2) 


on a . (13) 
(27+3)(27+5) 


From this follows 


B.(2)(4+ 2+) 10 
— —=—, (14) 
B.(2)(2+ 0+) 7 


Nathan measured the half-life of the 89-kev level of 
Gd!*6 and found it to be 1.9 10~° sec.’ In the present 
work the mean life of the 289-kev level was found to 
be (1.5+0.3)X10-" sec. In order to compare the 
“reduced” y-transition probabilities from the 4+ and 
2+ levels, it is necessary to know the values of the 
conversion coefficients of the 200-kev and 89-kev transi- 
tions. Values of 4.05 and 0.21 were found for the con- 
version coefficients of the 89-kev and 200-kev y rays 
by interpolation from Rose’s A, L, and M internal 
conversion coefficients.”> The experimental y-transition 
probabilities ratio obtained for Gd! was 


B.(2)(4+ — 2+) 


=14+0.4. 
B,(2)(2+ — 0+) 


(15) 


The large error given on the ratio results from the 
possible errors on the two half-lives and the conversion 
coefficient values. Such ratios were already measured 
for Hf!®, Os!**, and Os. The ratio obtained for Hf!* 
was 1.21+0.5,2° that obtained for Os!*® was 1.00.4, 
and that obtained for Os!” was 0.6+0.3.2° The con- 
clusion is that the agreement with the theoretical 
value (1.43) is better for Gd!®* and Hf!™ which belong 
to the strong-coupling region of nuclei than for Os! 
which lies in the transition region between the nuclei 
with rotational with near-harmonic level 
schemes.”° 

The following properties of the 1134-kev and 1229- 
kev level support the suggestion to interpret them as 
collective vibrational levels with A=2. The spins and 
parities of these levels are 2+ and 3+, respectively, 
their excitation energies are about 1 Mev, the energy 
separation between them is almost equal to the energy 
separation between the 89-kev level and the ground 
level, the £2/M1 ratio in the 940-kev y transition ‘is 
large, and the branching ratios of the y transitions 
from these levels are in agreement with the theoretical 
ratios if it is assumed that A = 2 for them. These are the 
properties predicted by the unified model for gamma 


and. those 


25M. E. Rose, /nternal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 


26 Scharff-Goldhaber, Alburger, McKeown, 


Phys. Rev. 111, 913 (1958). 
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vibrational levels.?’ The weakness of the M1 transitions 
from these levels to the levels belonging to the rota- 
tional band of the ground state is explained by the 
K-forbiddenness of such transitions. The theoretical 
branching ratios according to the unified model for the 
transitions from the 1134-kev level to the ground level, 
the 89-kev level, and the 289-kev level, assuming that 
/=2 and K=2 for the 1134-kev level, are /(1134 kev): 
1 (1045 kev): /(845 kev) =1.04:1:0.017, and the experi- 
mentally obtained ratios are 0.92:1: <0.05. The theo- 
retical branching ratio for the transitions from the 
1229-kev level, assuming that 7=3 and K=2 for this 
level, is 7(1140 kev):/(940 kev)=6.5 and the experi- 
mental ratio is 5. Taking into account the errors 
possible in the experimental values, the agreement is 
good. 

The fact that the 1489-kev level lies above the 1134- 
kev and the 1229-kev levels and that its spin and parity 
are 4+ supports a suggestion to interpret it too as a 
vibrational level with K=2. But on the other hand, 
the following experimental facts disagree with such an 
assignment: (a) The energy separation between this 
level and the 1229-kev level is about two times larger 
than that expected from the separation between the 
1229-kev and 1134-kev levels, assuming that the three 
levels belong to the same band with A=2. (b) The 
theoretical branching ratios from the transitions from 
the 1489-kev level assuming that 7=4 and K=2 for 
this level are 7(1400 kev):J(1200 kev):J(908 kev) 
=().735:1:0.021 whereas the experimental ratios are 
7(1400 kev):7(1200 kev):/(908 kev)=0.57:1:0.133. 
Hence the relative intensity of the 908-kev transitions 
is about 6 times larger than that expected from theory. 
(c) The reduced probabilities of the transitions from 
the 1489-kev level to the 1229-kev and 1134-kev level 
with K=2 are about 1000 times larger than the reduced 
probabilities of the transitions from this level to the 
289-kev and 89-kev levels with K=0. (d) The proba- 
bility of the transition from the 2024-kev (4—) level to 
the 1489-kev was found to be at least 50 times larger 
than the probability of the transition to the 1229-kev 
level. (e) The 260-kev transition from the 1489-kev 
level to the 1229-kev level is mainly of the #2 type 
although AJ=1. It is difficult to explain all these 
experimental facts if A=2 for the 1489-kev level. K=4 
assignments to both the 1489-kev (4+) level and the 
2024-kev (4—) level are in agreement with most of the 
experimental results. The weakness of the /1 transition 
from the 2024-kev level to the 1229-kev level and the 
weakness of the transitions from the 1489-kev level to 
the A=0 band levels can be explained by the K-for- 
biddenness of such transitions. The transition from the 
2024-kev (4—) level to the 289-kev (4+-) level is highly 
forbidden by K-selection rules (AK=4) and this ex- 
plains why such a transition was not found and its 


27 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 





420 


reduced probability was calculated to be at least 15 000 
times smaller than the reduced probability of the 535- 
kev transition. The fact that the 260-kev transition 
from the 1489-kev level to the 1229-kev level is mainly 
of the £2 type can be explained by the K-forbiddenness 
of M1 transitions between these levels (AK=2). 

The fact that no K=0 bands associated with quad- 
rupole and octupole vibrations are observed in the 
decay of Tb'®* (5-day) can be accounted for by the 
action of K-forbiddenness. From the proposed decay 
scheme it seems reasonable to assign J=K=3 or 4 to 
the ground state of Tb!®* in which case transitions from 
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it to K=0 levels of Gd!** are K-forbidden. K selection 
rules and competition of more favorable transitions can 
explain why high-lying K=0 levels are not populated 
by y transitions from excited states of Gd'** lying 
above them. 
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Photonuclear Reaction Energies* 
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rhe general problem of determining photonuclear reaction energies in the region below 25 Mev is dis 
cussed, and the need for absolute calibration of betatron energy scales is demonstrated. A system for accom 
plishing such a calibration is briefly described and the results of some measurements made with it are given. 
Phe Cu®(y,n)Cu® threshold was observed to be at 10.78-++0.03 Mev, and two well-defined “breaks’’ in 
the O'*(y,)O" yield curve are at 16.19+0.04 and 17.25+0.04 Mev. These “breaks” lead to the assignment 
of energy levels in O'* which are in excellent agreement with those observed in the N'(p,m)O" reaction 


INTRODUCTION 


N recent years it has been demonstrated that the 
operating energy of a betatron can be controlled to 

0.15% over a period of many days and 0.025% for a 
period of hours.'~® Unfortunately, while it is possible 
to control the operating energy with this precision it 
has not been possible to assign a value to this energy 
which is commensurate with even the long-term sta- 
bility. For example, it will be seen in Table IV that 
disparities as large as 1.4% in energy assignments have 
occurred in the literature since 1955. 

The energy scale of a betatron is usually determined 
by comparing observed reaction thresholds to the 
values of those thresholds ,predicted from mass and 
beta-decay data. This comparison serves to determine 
a calibration curve for the energy controlling system of 
the betatron. The method requires that the thresholds 
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t Now at the University of Illinois, Urbana, Illinois. 

! J. Goldemberg and L. Katz, Phys. Rev. 95, 471 (1954). 

*B. M. Spicer and A. S. Penfold, Rev. Sci. Instr. 26, 952 
(1955). 

8D. Jamnik, Nuclear Instr. 1, 324 (1957). 

*K. N. Geller and E. G. Muirhead, Proceedings of the 1958 
Photonuclear Conference, Washington, D. C. (unpublished) ; 
technical report, Physics Department, University of Pennsylvania, 
1958 (unpublished). 

6 Bendel, McElhinney, and Tobin, 
(1958). 
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of the “standard” reactions be accurately known, and 
that the experimental! determination of the threshold be 
unambiguous. These requirements have not always been 
fulfilled, as is shown below. 

Even recently (1957) the accepted values for the 
“standard” thresholds have shifted due to changes in 
the accepted beta decay energies. For example, the 
O'®(y,2)O" threshold has jumped from 15.605+0.012 
Mev® to 15.657+0.007 Mev®; a change of over four 
times the larger quoted error. The threshold values 
have also changed due to changes in the accepted mass 
values. For example, Table I shows mass data for 
copper, whose (y,7) threshold has frequently been used 
as a calibration standard. Here again, the difference 
between the two measurements is many times the larger 
quoted error. 

Aside from the above difficulties, in the case of the 
light elements there is another problem. For these 
elements it is difficult to experimentally determine the 


TABLE I. The Cu®—Ni®—1 mass difference. 


2.446+0.1 mMU 
1.574+0.01 mMU 


Collins e¢ al.* 
Quisenberry et al.» 


* Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 
b Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 


Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 


‘KF. 
(1955). 
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true (kinematic) threshold. This difficulty arises from 
the fact that in these elements the photon absorption 
apparently takes place at discrete energies, correspond- 
ing to well-separated levels in the target nucleus. For 
example, in O'8, near the (y,) threshold, the observed 
level spacing is about 250 kev and the observed level 
width is about 30 kev.’ It is not clear that there need 
be a detectable amount of yield at the kinematic 
threshold. In fact, in the cases of C!*, O'8, and F”, it 
has been claimed®*’ that experimenters have mistaken 
discrete resonances in the cross sections for the kine- 
matic thresholds with resulting errors of 1.4%, 0.8%, 
and 0.7%, respectively. 

In view of the uncertainties involved in the calibra- 
tion method just described, it seemed desirable to 
attempt an absolute energy calibration based on mag- 
netic field measurements. Such an attempt had been 
made by Baldwin and Koch” but only to 3% accuracy. 
With the electronic equipment and techniques which 
are currently available we felt that it would be possible 
to obtain an accuracy of at least 0.3°%—a figure com- 
patible with the presently attained long-term stability 
of betatrons. 

A system for the absolute determination and control 
of the energy of the 100-Mev betatron at the Uni- 
versity of Chicago was constructed. This paper reports 
the results of measurements performed with this 
system on certain prominent features of photonuclear 
reactions. The technical details of the system will be 
reported elsewhere. !! 


THE MEASURING SYSTEM 


If the radius of curvature of the path of an electron 
and the magnetic field in which it is moving be known, 
then the momentum of the electron is determined. The 
operating energy of a betatron is determined if the 
magnetic field measurement is made at the position of 
the radiator and at the time at which the electrons 
strike the radiator. The required radius is very nearly 
equal to the distance between the tip of the radiator 
and the magnetic center of the machine provided that 
the radial amplitude of the betatron oscillations of the 
electrons is small when the electrons strike the radiator. 
This condition will ordinarily be satisfied if the electrons 
are brought from the stable orbit to the radiator slowly 
and uniformly. In particular, a resonant blow-up of the 
radial oscillation amplitudes must not occur. 

The field measuring system which was developed is 
shown schematically in Fig. 1. The search coil is 
secured to the lower pole of the betatron at approxi- 
mately the same radius as the tip of the x-ray radiator. 
It develops a voltage proportional to the rate of change 


7A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955). 

8B. M. Spicer and A. S. Penfold, Phys. Rev. 100, 1375 (1955). 

°K. N. Geller and E. G. Muirhead, University of Pennsylvania 
Report, 1958 (unpublished). 

 G. C. Baldwin and H. W. Koch, Phys. Rev. 67, 1 (1945). 


"A. S. Penfold and E. L. 
published). 
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Fic. 1. A schematic representation of the magnetic field meas 
uring system. Legend: S—search coil; A—operational amplifier; 
WA—window amplifier; C’—cathode follower; D—regenerative 
discriminator. 


of the magnetic field. This voltage signal is then trans- 
formed to a current signal by the resistor R and a 
voltage proportional to the time integral of this current 
appears at O due to the action of the integrating con- 
denser C. Hence, the voltage at O due to the coil is an 


‘accurate analog of the magnetic field at the radiator. 


O’ is a virtual ground point because of the high gain of 
the amplifier A. In addition to the nearly sinusoidal 
field analog voltage at O, a negative dc “offset” voltage 
is present whose magnitude is determined by the 
setting of potentiometer X. Each time the sum of the 
field analog voltage and the offset voltage at O reaches 
ground level, the regenerative discriminator D is tripped 
and a pulse is developed which is used to initiate the 
betatron orbit expansion process which ultimately leads 
to the appearance of the x-ray burst. 

The magnetic field which exists at the search coil 
when the x-ray burst appears is different from the field 
which exists there when discriminator D is tripped. The 
field may be either higher or lower depending on the 
conditions of operation of the betatron, and so it 
cannot be determined with a discriminator of the 
regenerative type. In our system the field is determined 
by observing the output voltage from a window 
amplifier (marked W.A. in Fig. 1). The window ampli- 
fier has a fixed window width of about 1.3 Mev and the 
lower edge of the window is determined by the setting 
of the potentiometer Y. The circuit is so adjusted that 
the lower edge of the window coincides with the tripping 
voltage of D when the potentiometer Y is set at mid- 
scale. The desired magnetic field measurement is made 
by adjusting the potentiometer Y until the lower edge 
of the window coincides with the voltage at O when the 
x-ray burst appears from the betatron. This adjustment 
is made by using the monitor scope shown in Fig. 1. 
Under these conditions the momentum of the electrons 
striking the radiator in the betatron, P, is given by 


Pc=uX+0(¥-—Vn)+w, (1) 


where c is the velocity of light, Pc is in Mev, and 4, 2, 
and w are constants. XY represents the setting on the 
offset potentiometer, Y the setting on the window 
potentiometer, and Y,, the mid-scale setting of Y. 
Equation (1) is true only if the ratios of momentum to 
field analog voltage and offset voltage to potentiometer 
reading X are both constant. 
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It is simplest to make the constant v a submultiple 
of u, and in our case we made it 5 of wu. It is also con- 
venient to make w=0. This condition is achieved by 
adjusting the tripping voltage of the discriminator D. 
The adjustment is made with X set to zero by employing 
the zero field pulse (Fig. 1). The constant u can be 
evaluated if (1) the characteristics of the dc offset 
circuitry are known, and (2) the relation between the 
field analog voltage at O and the momentum of the 
electrons in the betatron is known. 

The former depends on the specific circuitry em- 
ployed and may be determined by measuring the ratio 
of the offset voltage at O to the corresponding setting 
of X. The field analog voltage at O when electrons of 
momentum P are striking the target is 


Vo=[(KAW)/(crR,) ](Pc)10°, Z 


where Vo is in volts and Pc is in Mev. Otherwise, cgs 
units apply. A is the turns-area product of the search 
coil, 7 is the RC time constant of the integrator (see 
Fig. 1), c is the veloc ity of light, R. is the distance from 
the magnetic center of the betatron to the search coil, 
and K and W are field correction factors. 

The factor K corrects for local field variations at the 
search coil. In our case the search coil was located at a 
spot where the field was 0.2% weaker than average and 
so K is equal to 0.998. The factor W corrects for the 
fact that the search coil is located on the pole face out- 
side of the donut whereas the electrons are moving in 
the orbit plane inside the donut. W is defined as follows: 


R.H(R.) 


W= F 

(R.—r)H(Ri—r) 
where R; is the distance from the target to the magnetic 
center of the betatron, r is the average amplitude of the 
betatron oscillations, H7(R,) is the field at the search 
coil, and H/(R,—r) is the field in the orbit plane at dis- 
tance r from the tip of the target. The factor W was 
determined experimentally.’ It was found to be a very 
slowly varying function of R,—R.—r (0.02% per mm 
change) and to have a value of about 0.9888 for our case. 

Equation (1) specifies a linear relation between the 
setting of potentiometer X and the electron momentum. 
In order for Eq. (1) to be applicable the tripping point 
of the discriminator D must depend only on the voltage 
at O and not on its time rate of change. For the par- 
ticular discriminator used in the experiment the con- 
tribution of the “rate of change” error to Pc 
determined to be 0.02% at worst. 

The operational amplifier A of Fig. 1 is a chopper- 
stabilized unit with the following gain-frequency charac- 


was 


2 The energy measurements quoted here differ somewhat from 
those given in a preprint of this work (Univ. of Chicago Rept. 
No. 305). In the preprint a formula different from Eq. (2) was 
given in which quantities corresponding to W were contained and 
evaluated on a semitheoretical basis. We are grateful to Dr. J. E. 
Leiss for pointing out that the effects of field fringing were not 
correctly estimated. 
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teristics: 5X10’ at 0 cps; 2104 at 60 cps, and about 
1 at 10’ cps. The input impedance at the virtual ground 
point O’ is about 1 ohm at 0 cps. Although the operating 
frequency of the Chicago betatron is 60 cps, the ampli- 
fier must have a wide frequency response characteristic 
in order to accommodate both the low-frequency varia- 
tions in the power line voltage and the rapid magnetic 
field variations caused by the orbit expansion process 
in the betatron. These latter variations have frequency 
components extending to 10° cps. Even though the 
gain-frequency characteristics of the amplifier seem 
impressive, the amplifier was barely adequate due to 
the low gain at 10° cps. 

A careful and lengthy series of tests was performed on 
both the measuring system and the betatron" and as a 
result we believe that Eq. (2) is applicable to our system 
to within an error of 0.1%. For example, Eq. (2) as- 
sumes a magnetic field which has circular symmetry. 
This was checked experimentally and found to be true 
(an ellipticity of 0.15% could have been detected). The 
magnetic center of the machine was determined experi- 
mentally at various x-ray energies. It was observed to 
shift between 10 and 45 Mev by an amount which 
would lead to 0.35% error if uncorrected. 

The probable errors in u, v, and w [ Eq. (1) ] for the 
system which was built for the University of Chicago 
betatron were determined by considering all the un- 
certainties in the quantities in Eq. (2) and in the actual 
electrical performance of the system. To the best of 
our knowledge, u is known to within 0.22%, v is equal 
to 75 to within 0.5%, and w is equal to zero within 
10 kev. The error in v would typically lead to an error 
of only 5 kev in Pc due to the smallness of Y—Y,, 
compared to X,. 


RESULTS OF THE ENERGY MEASUREMENTS 


Using the energy-determining system which has been 
described, we have measured the threshold of the 
reaction Cu®(y,7)Cu® and the energy of two distinc- 
tive “breaks” in the O!%(y,2)O"™ bremsstrahlung yield 
curve.”:'’ These determinations can serve as energy 
standards. The use of the O'* yield curve “breaks” as 
energy standards is justified, since a number of labora- 
tories now agree as to the number, spacing, and relative 
strengths of breaks up to 2 Mev above the reaction 
threshold.*.4.7.14 The two breaks investigated here lie in 
this well-known region. 

The Cu®(y,7)Cu® threshold was determined to be 
10.78+0.03 Mev. The error is compounded from the 
errors already given for Eq. (1) and the errors due to 
counting statistics. The threshold was not determined 
by a visual inspection of the yield curve, but by a 


13 Katz, Haslam, Horsely, Cameron, and Montalbetti, Phys. 
Rev. 95, 464 (1954). 

4H. King and L. Katz, manuscript submitted to Can. J. Phys. 
(June 1959). We are grateful to Dr. Katz for making a copy of 
this manuscript available to us. Some of the energies quoted in 
this manuscript are 0.03 Mev higher than those given by L. Katz 
at the 1958 Photonuclear Conference (Washington, D. C.). 
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mathematical procedure. Measurements were made 
from below threshold to 1 Mev above threshold in 
0.1-Mev steps. The background was determined from 
the points which were clearly below threshold, and 
this background was subtracted from the remaining 
points to give values, VY ;, for the Cu®(y,n)Cu® reaction 
at the energies of measurement, £;. A plot of Y;* versus 
E; was constructed. A x? fit of a straight line to these 
points was made and the energy intercept of the 
resulting line was taken to be the threshold. Several 
such determinations were made and a typical one is 
shown in Fig. 2. The value of x? from Fig. 2 is 3.1 which 
implies a confidence level of about 87%. 

A method similar to that described above has been 
previously employed.'®'® Although the method de- 
scribed need not yield the exact energy of the kinematic 
threshold, it specifies an energy which can be reliably 
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Fic. 2. A typical determination of the Cu®(y,n)Cu® reaction 
threshold. The square root of the reaction yield is plotted against 
the bremsstrahlung energy. 


reproduced. This energy is typically lower than the 
threshold obtained by visual inspection of a yield curve 
with many points in the immediate vicinity of the 
threshold by 10 to 20 kev.!®:!7 

Table II gives a comparison of the copper threshold 
obtained in this work to previously determined values. 
These other values were all based on a comparison to 
“standard” thresholds as described in the introduction. 

The most recent copper threshold energy as calcu- 
lated from mass and beta-decay data is 10.83+0.02 
Mev. This value was obtained by using the more recent 
mass value from Table I and a beta-decay energy of 
2.91 Mev.!® 

16M. Birnbaum, Phys. Rev. 93, 146 (1954). 

16 Robinson, McPherson, Greenberg, Katz, and Haslam, Uni- 
versity of Saskatchewan Report, 1954 (unpublished). 

17 Chidley, Katz, and Kowalski, Can. J. Phys. 36, 407 (1958). 

18 Nussbaum, Wapstra, Van Lieshout, Nijgh, and Ornstein, 
Physica 20, 571 (1954). 
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TABLE IT. Determinations of the Cu™(y,n)Cu® threshold 


Author Value (Mev) 


10.9 +0.2 
10.85+0.2 
10.61+40.05 
10.73+0.06 
10.80-+0.04 
10.78+0.03 


McElhinney et al." 
Sher et al.» 
Birnbaum® 
Robinson et al.4 
Bendel et al.* 

This work 


* McElhinney, Hanson, Becker, Duffield, and Diven, Phys. Rev. 75, 542 


(1949). 
b Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951). 
© See reference 15. 
4 See reference 16, 
¢ See reference 5. 


The energies found for the two “breaks” in the 
O!6(y,n)O" yield curves are given in Table ILI. For 
purposes of comparison and identification, Table LI 
also shows the results obtained by Penfold and Spicer’ 
from threshold to 17.5 Mev. We made no attempt to 
resolve the two breaks labeled 17.13 and 17.18 Mev by 
Penfold and Spicer but instead quote a number which 
is an average energy for the pair. We also made no 
attempt to observe the breaks labeled 15.85 and 17.55 
Mev. All the other breaks listed in Table III were ob- 
served, and with the same relative strengths. 

While the work on the oxygen reaction was in 
progress, a day-to-day energy stability of better than 
+5 kev was recorded for our betatron. 

It should be pointed out that while the errors assigned 
to the copper threshold and the oxygen “breaks” are 
30 and 40 kev, respectively, the energy differences 
which can be formed from the three numbers have an 
error of only 20 kev. 


DISCUSSION OF THE OXYGEN RESULTS 


According to the considerations of reference 7, the 
yield curve “breaks” correspond to excited states in 
O' with widths of about 25 kev and energies about 
25 kev higher than the observed ‘break’ energy. 
Applying these considerations to the present results 
leads to the assignment of a level in O'8 at 16.21+0.04 
Mev, and two levels about 25 kev on either side of 
17.27+0.04 Mev. These assignments check very well 
with the levels obtained from the N!°(p,n)O" reaction" 


TABLE III. Observed breaks in the O!*(y,n)O" yield curve. 


Penfold and Spicer® This work 
Assigned energy Relative 
(Mev) strength 


Assigned energy 
(Mev) 


0.01 
0.10 
0.07 
0.10 
0.21 


15.85 
16.03 
16.47 
16.75 
16.95 
17.02 0.27 
17.13 0.65 
17.18 1.0 

17.55 0.50 


16.19+0.04 


17.25+0.04 


® See reference 7. 


19 Jones, Lidofsky, and Weil, Bull. Am. Phys. Soc. Ser. II, 2, 


52 (1957). 
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TABLE IV. A comparison of the oxygen results to 
those of other authors 


Energy of yield “‘break"’ (Mev) 
Lower 
“break” 


Yield 
threshold 


Author 


reference Upper “‘break’'t 


(17.13 and 17.18) +0.03 
(17.11 and ---)+0.04 
17.15 and 17.21) +0.05 

17.334? 


16.03 +-0.03 
16.03 +0.04 
16.14+0.05 
16.26+? 

16.18 +0.05 
16.19 +0.04 


15.61 +0.03 
15.59+0.05 
15.79 +0.03 


15.73 +0.07 


15.77 +0.05 17.25+0.04 


* The yield threshold was obtained as described in the text. 
The upper “‘break” is actually a close-spaced doublet which was not 
resolved in this work, nor, presumably, in the work of reference 4. 


at 16.21 Mev (with 24-kev width) and 17.29 Mev 
(with 90-kev width).”° 

The energy assignments made by Penfold and Spicer 
(Table III) were to a large extent determined by the 
value of 15.61+0.01 Mev which they adopted for the 
(!*(y,n)O" threshold, and by their assumption that the 
threshold for observable yield corresponded to this 
energy. The most recent value for the oxygen threshold 
is 50 kev higher,® but this is not a big enough change to 
bring their data into agreement with the present work. 
When the results of the present work are combined 
with the data shown in Fig. 3 of reference 7, one gets a 
value of 15.77+0.05 Mev for the observed O'*(y,n)O™ 
threshold. This value does not correspond to the 
kinematic threshold, but probably indicates an excited 
state in O'* located at about 15.79 Mev.*! A state at 

*® The error on these energy assignments is estimated to be 
between 10 and 15 kev. 

' A similar conclusion was drawn by the authors of reference 4. 
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15.79 Mev has in fact been observed in the N!°(p,ay)C™” 
reaction.” *? A comparison of the oxygen results ob- 
tained in this work with the results of other laboratories 
is shown in Table IV. As already discussed, the energy 
assignments made by the authors of reference 7 were 
largely based on the assumption that the observed yield 
threshold corresponds with the kinematic threshold. 
The same criterion was presumably used by the author 
of reference 3. 

On the other hand, the energy assignments made in 
references 4 and 5 were based on thresholds other than 
oxygen and it was noted that the yield threshold for 
oxygen does not correspond to the kinematic threshold. 
The present experimental results support this conten- 
tion, and are also in good over-all agreement with 
references 4 and 5. 

The energy assignments made in reference 14 were 
also based on thresholds other than oxygen and the 
results for the two break energies are in reasonable 
agreement with this work and with the work of refer- 
ences 4 and 5. The energy of the observed yield thresh- 
old is not in such good agreement, however, and it is 
even lower than that expected from masses (15.66 Mev). 


CONCLUDING REMARKS 


It should be emphasized again that the copper 
threshold which is obtained need not correspond to 
the kinematic threshold, although it is not expected to 
be more than about 20 kev from it. 


2 Lidofsky, Jones, Brent, Weil, Kruse, Barton, and Havens, Jr., 
Bull. Am. Phys. Soc. Ser. IT, 1, 212 (1956). 
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of Gadolinium Isotopes from Paramagnetic Resonance Spectrum* 
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Precision measurements on the hyperfine structure of the transitions corresponding to AM=4 of the 
cubic-field paramagnetic resonance spectrum of gadolinium in single crystals of thorium oxide yield the 


following values: isotopic abundance: even isotopes, 69.45°7; 


Gd'§5, 15.0540.2%; Gd'8’, 15.5+0.2%. 


Ratio of magnetic moments: p!®5/y")? =0.7495+0.0045. 
Irradiation of crystals at the Harwell pile with a thermal neutron flux of 1.210" n/cm? sec, and a fast 
flux of 2.3 10" n/cm? sec, yields the ratio of nuclear capture cross sections o'*7/a!>5 = 2.82, using the above 


abundance values. 


No F-center spectrum was detected in crystals irradiated with a total neutron flux of about 10'8 n/cm?. 
The paramagnetic resonance spectrum of gadolinium in irradiated crystals is unchanged, indicating negligible 
radiation damage in the neighborhood of the paramagnetic ions. 


I. INTRODUCTION 
ECENT investigations of the paramagnetic reso- 
nance spectrum of trivalent gadolinium in single 


*Supported by the U. S. Air Force of Scientific Research 


(EOARDC). 


crystals of thorium oxide revealed a number of interest- 
ing features.' It was found that the gadolinium takes the 
place of the thorium ion in the lattice and is surrounded 
by the cubic crystal field of eight oxygen ions. The over- 


''W. Low and D. Shaltiel, J. Phys. Chem. Solids 6, 315 (1958). 
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all splitting of the S$; ground state is about 0.1755 
cm™', and is sufficiently large so that low-field transi- 
tions corresponding to AM=+3, +4, and +5 can be 
observed with fairly large intensity. The line width of 
these low-field transitions was found to be less than one 
gauss along the [100] crystal direction. The unusually 
narrow lines permitted the detection and recording of 
the complete hyperfine structure spectrum of the odd 
gadolinium isotopes 155 and 157 of spin $. 

In the course of these investigations it became clear 
that these narrow lines would permit to measure a 
number of nuclear and solid state properties. This 
paper will report in detail a determination of the isotopic 
abundance of the ratio of the magnetic moments, and 
of the ratio of the neutron capture cross sections of the 
two odd-mass gadolinium isotopes. In fact we have used 
our paramagnetic resonance spectrometer as a mass 
spectrometer. To our knowledge this is the time first 
that a paramagnetic resonance spectrometer has been 
used in this way. 


II. EXPERIMENTAL DETAILS 

A standard paramagnetic resonance reflection-type 
spectrometer has been used. Measurements were made 
at 3.cm at room temperature. 

The difficulties in the precision measurements to be 
reported below lie in the facts that the abundance of 
each odd isotope is about 15%. The hyperfine lines are, 
therefore, only about one twentieth of the intensity of 
the center lines of the even isotopes. In addition the 
total extent of the hyperfine splittings is about 17 gauss. 
Into this range there are crowded 8 hyperfine lines 
(each isotope of spin $) and the strong center line. 
Indeed, had the lines been only slightly wider than one 
gauss, these precision measurements could not have 
been possible. It is precisely because of this that the 
AM= +4 transitions were chosen for these measure- 
ments rather than the more intense AM=-+1 transi- 
tions. The AM=+4 transitions fall in the region of 
about 800 gauss at 3-cm wavelength. At such low fields 
our electromagnets are sufficiently homogeneous. More- 
over, the magnetic field is fairly stable at these low 
currents. Therefore, small variations in the current and 
the remaining inhomogeneity are not contributing 
factors to the linewidth. Another advantage is that the 
magnetic field can be varied linearly in this low-field 
region. 

The magnetic field was modulated at 450 cps, the 
signal amplified, phase-detected, and recorded. ‘The 
modulation was held to a fraction of the linewidth so as 
not to cause modulation broadening. The spectrum was 
scanned for several days under various conditions of 
amplification, and time constants of the phase-detecting 
circuit. This was of importance in order to check 
possible errors in the line shape because of time- 
constant effects in the detecting circuit. We also checked 
whether the relative amplitude of the signal depends on 
the inertia of the recording pen. 
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TABLE I. Isotopic abundance of gadolinium isotopes 
in crystals irradiated with neutrons. 

Isotopic abundance in % 

Gates Gd's7 


10.3 
10.8 
10.2 
10.05 


No. of 
measurements 


Amplification 


in mv Even isotopes 
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A large number of recordings were made. Only those 
recordings were considered acceptable in which all 
derivatives of the absorption lines showed the same 
shape, and in which the scanning was linear. A set of 
representative data of the isotopic abundance of 
gadolinium isotopes in crystals irradiated with neutrons 
is given in Table I. 

Three crystals were irradiated at the Harwell at the 
BEPO reactor with thermal neutrons of about 5X 10° 
neutrons/cm? and a fast-neutron flux of 9X10!” 
neutrons/cm? over a sample volume of 0.3 cm*. The 
sample was intensely radioactive, in part because of 
radioactive isotopes of gadolinium, and in part because 
of fission products caused by the fast-neutron flux. A 
special cavity was used into which the sample was 
placed. The cavity could be attached to the microwave 
system in a fraction of a second by means of a special 
mount. The whole magnet and microwave assembly 
was heavily shielded by means of lead bricks and the 
experiments were performed at safe distances. The 
sample remained strongly radioactive even after several 
months, and the microwave cavity was too hot to be 
used again after the experiments were completed. 

III. EXPERIMENTAL RESULTS 
III.1. Ratio of Magnetic Moments 

Since gadolinium has a ground state of 'Sy7/., a 
measure of the ratio of the hyperfine structure splittings 
is of considerable interest. For S-state ions the ratio of 
the hyperfine structure splittings as measured in this 
experiment, is expected to differ somewhat from the 
ratio of the magnetic moments as determined by nuclear 
magnetic resonance. This difference is usually called 
the hyperfine anomaly and is associated, in part at least, 
with structure effects of the nucleus.? Our measurements 
yield the new value, A!®5/A!7=0.7495+0.0045, in good 
agreement with the earlier value of 0.744-+-0.007 deter- 
mined from the AM=-+1 transitions. It is planned to 
measure p!®®/y!57 by means of the double-resonance 
technique.® 


III.2. Abundance of Odd Gadolinium Isotopes 


By carefully measuring the amplitude and the 
integrated intensity of the two outer pairs of the hyper- 
fine structure components we have been able to measure 
the abundance of the even and odd isotopes. These 
results as well as those of previous workers are contained 


2 A. Bohr and V. Weisskopf, Phys. Rev. 77, 94 (1950). 
3G. Feher, Phys. Rev. 103, 500 (1956). 
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TABLE II. Isotopic constitution of gadolinium. 


Atomic percentage 
Mass Even(%) 155(%) 157(%) 
Aston* 62 21 17 
Dempster and Aston” 62 21 17 
Wahle 67.97 15.61 16.42 
Hess4 69.51 14.78 15.71 
Leland 69.68 14.68+0.15 15.64+0.16 
Collins et al.! 69.2 15.1 +0.15 15.7 +0.16 


Low and Shaltiel 69.45 15.05+0.2 15.5 +0.2 


* F,. W. Aston, Proc. Roy. Soc. (London) A146, 46 (1934). 
b A. J. Dempster, Phys. Rev. 53, 727 (1938). 

¢ W. Wahl, Soc. Sci. Fennica, Commentationes Phys 
4D. C. Hess, Jr., Phys. Rev. 74, 773 (1948). 

e W. T. Leland, Phys. Rev. 77, 634 (1950). 

‘ Collins, Rourke, and White, Phys. Rev. 105, 196 (1957) 


Math. 11, 1 (1941) 


TaBLE III. Ratio of cross section of gadolinium isotopes 
157/155. Measured abundances for thermal neutron flux 1.2 10" 
n/cm?/sec and fast flux 2.310" n/cm?/sec: Gd'*’ 10.4°%+0.3 
and Gd! 12.7%+0.25 


Using normal 


Ratio of cross 
isotope abundance 1 


section @!57/q! 
2.82:1+0.2 


2.39: 140.2 
2.37:1+0.2 


(a) Leland® 
(b) Collins et al.» 
(c) Our value 


* See reference 7 
See reference 8 


in Table II. Inspection of the table shows that our 
results are in fair agreement with those obtained by 
various workers during the last few years. It has to be 
pointed out, however, that since ThO 2 crystals are 
formed at very high temperatures (~3000°C) the 
isotopic abundance may slightly differ from that found 
in natural samples. 


III.3. Neutron Capture Cross Section 


It has been pointed out by Lapp ef al.‘ that the large 
cross section of gadolinium is due to the odd gadolinium 
isotopes. We have measured the abundance of the 
gadolinium isotopes after 4 weeks’ bombardment in the 
Harwell pile. The new abundances are Gd!®*:12.7 
+0.25%, and Gd!*?:10.4+0.3%. The quoted error is 
the average derivation from the mean value. The ratio 
of the neutron capture cross sections can be computed 
with the following assumptions: (a) The neutron cross 
section of the even isotopes is negligible. (b) The fission 
products contribute a negligible amount to the gado- 
linium present in the sample. (c) The neutron bom- 
bardment not remove preferentially various 
gadolinium isotopes from the cubic lattice sites. (d) The 
radiation (a,8,y) of the sample causes no transmu- 
tations of the gadolinium isotopes. 

It is easily seen that the assumptions (b), (c), and (d) 
are plausible. Assumption (a) may, however, contribute 
a slight error to our results. Seren e/ al. have measured 
the activation energy of Gd! and found it to be 
125 barns. Presumably the other even isotopes will 
have similar cross sections. The total cross section of 


does 


‘Lapp, Van Horn, and Dempster, Phys. Rev. 71, 745 (1947). 
5 Seren, Friedlander, and Turkel, Phys. Rev. 72, 888 (1947). 
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TABLE IV. Absolute cross section of gadolinium 
isotopes 155 and 157.* 


oS (barns) o'57 (barns) 


78 000 
87 200 
88 700 


Isotope abundance 


220 000 
209 000 
210 000 


(a) Leland» 
(b) Collins et al.* 
(c) Our value 


Value listed by Hughes? 


70 000+ 20000 160 000+60 000 


* The values are computed using ogad =46 000+2000 barns. Error of 
cross-section values is estimated to be about 10%. 

b See reference 7. 

© See reference 8. 

1 See reference 6. 


the even isotopes is not expected to be larger than about 
1000 barns compared with 46000+2000 barns of 
normal gadolinium.* The isotopic abundance of Gd!*? 
may be slightly too high because of a small contribution 
from Gd'** (20.5%). The error, however is probably 
small. 

We have computed the ratio of the cross sections 
using the relative abundance values measured by 
Leland,’ by Collins ef al.,* and by us. The error quoted 
is that of our measurements and does not include the 
error in the abundance measurements of normal un- 
bombarded gadolinium. These values are given in 
Table III. In Table IV we computed the absolute cross 
section assuming a cross section of 46 000+ 2000 barns 
for normal gadolinium. 

The method of measuring thermal-neutron capture 
cross sections by using paramagnetic resonance is 
limited to a few nuclei only. It can only be used (a) on 
paramagnetic nuclei, (b) on those which have a large 
cross section, and (c) on those which have a fairly large, 
but not too large, hyperfine structure splitting. These 
requirements restrict this method to the rare earth 
nuclei and in particular to Sm, Eu, and Gd. 


IV. SIGNIFICANCE TO SOLID-STATE PHYSICS 


One of the purposes of the experiment with irradiated 
ThOz was the hope that a sufficient density of F centers 
would be obtained to be detectable with electron spin 
resonance techniques. Since both thorium and oxygen 
have no nuclear spin this F-center resonance should be 
exceedingly narrow and would thus enable us to check a 
number of theories regarding line width of F centers. 
However, no such resonance was found. If F centers are 
present they must be less than 10'* cm~* in the sample. 
Possibly these centers are annealed by the intense 
radioactivity of the sample. 

We also hoped that we might get a sufficient density 
of dislocations from neutron bombardment so as to see 
a gadolinium spectrum in a noncubic field. We have 
found no essential change in the gadolinium spectrum. 
There is only a very slight change in the linewidth. The 
radiation damage in thorium oxide crystals is very 
small, or the damage is annealed very rapidly. 

6 1). J. Hughes and J. A. Harvey, American Institute of Physics 
Handbook (McGraw Hill Book Company, New York, 1957). 


7W. T. Leland, Phys. Rev. 77, 634 (1950). 
’ Collins, Rourke, and White, Phys. Rev. 105, 196 (1957) 
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Systematic gross-structure peaks have been observed in the proton spectra from (d,p) reactions on 
nuclei in the region of atomic weight 60. Measurements at deuteron energies of 4, 10, and 21.6 Mev were 
made with the energy resolution in the proton detectors considerably worse than the known spacing of 
levels in these nuclei. In all these measurements, the peaks in the proton spectra stayed at a fixed energy 
of the captured neutron. Angular distributions obtained with 10-Mev deuterons were analyzed in terms 
of the Butler theory of stripping reactions. It was found that each peak in the proton spectrum corresponded 
to a specific value of the orbital angular momentum of the captured neutron. The peaks are interpreted as 
being caused by the shell-model single-particle states of the captured neutron, when these states are smeared 
out among the many actual levels of the nucleus. Thus the observed gross-structure peaks are believed to 
correspond to the giant resonances of the complex-potential model of Feshbach, Porter, and Weisskopf. 
Peaks have been assigned to the 1 f7/2, 23/2, 1 fs/2, 2p1/2, 1g9/2, 2d5/2, 351/2, and 2d3/2 shell-model states, although 
these states could not all be identified in every nucleus that was studied. The relative intensities of the peaks 
are also consistent with this interpretation, except for the /=0 peaks at high excitation energies. Information 
on the ground-state configurations of the target nuclei has also been obtained from the intensities. 


INTRODUCTION penetrabilities alone. He observed gross structure which 
was obviously not caused by single resonance levels and 
which shifted more or less systematically downward in 
energy as target nuclei with larger and larger radii 
were studied. Feshbach, Porter, and Weisskopf* were 
the first to offer an explanation for this experimental 
effect by representing the internucleon interactions by 
an absorptive, or imaginary, part in an average poten- 
tial. This implies that the cross section is concentrated 
in the region of energy at which the incident nucleon 
would have had an eigenstate in the potential of the 
target nucleus. Since this eigenstate is no longer pure 
because of interactions with the individual nucleons, it 
is spread out to many configurations, all of which 
contain a certain amount of the original single-particle 
eigenfunctions. The amount of this spreading is 
governed by the average strength of internucleon inter- 
actions and is represented by the size of the imaginary 
part of the potential. This latter explanation, in which 
the single-particle eigenfunction is distributed among 
the levels of the compound nucleus, has been discussed 
by Lane, Thomas, and Wigner.® Here the transition 
from the completely amalgamated Bohr compound 
nucleus to the strict single-particle levels of the shell 
model was discussed in the framework of the R-matrix 
theory of nuclear reactions. More recently, further 
experimental verification of Barschall’s type of giant- 
: ‘ : - é resonance structure has been found in low-energy 
cross sections did not follow the shape predicted from ,eytron data? and also in proton cross sections.* 


N the Bohr model of nuclear reactions! it is assumed 

that the individual particles inside the nucleus 
interact strongly with an incident nucleon. This means 
that in a time short compared to the time it would take 
the incident nucleon to traverse the nucleus it will have 
been well amalgamated with the nucleus and the 
resultant compound system will have no recollection 
of its mode of formation. The probability for forming 
a particular level of the compound system through a 
given channel would depend on what fraction of the 
wave function of this level resembles that of the incident 
nucleon in a potential corresponding to the ground 
state of the target nucleus. This probability was 
expected to be distributed essentially at random among 
all the complicated levels of the nucleus. This means 
that the cross section averaged over an energy interval 
large compared to the spacing between resonance levels 
will depend on external factors (i.e., barrier penetra- 
bilities) only.” 

The shell model of the nucleus* has been successful 
in describing low-lying energy levels of nuclei in terms 
of configurations consisting of individual nucleons 
moving in a potential representing the rest of the 
nucleus. This implies that the amalgamated ‘“‘liquid- 
drop” picture is not correct for low-lying energy levels. 

Barschall’s* experimental results on average neutron 


In the present experiment a more extensive inves- 

_* Work performed under the auspices of the U. S. Atomic tigation of the giant-resonance effect in a neutron’s 
Energy Commission. 

1F. L. Friedman and V. F. Weisskopf, in Niels Bohr and the 
Development of Physics (McGraw-Hill Book Company, Inc., 5 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
New York, 1955). 5 Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955). 

2 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 7 Hughes, Zimmerman, and Chrien, Bull. Am. Phys. Soc. Ser. 

3M. G. Mayer and J. H. D. Jensen, Elementary Theory of — IU, 4, 35 (1959); Coté, Bollinger, and Le Blanc, Phys. Rev. 111, 
Nuclear Shell Structure (John Wiley & Sons, Inc., New York, 288 (1958); H. Marshak and H. W. Newson, Phys. Rev. 106, 110 
1955). (1957). 

4H. H. Barschall, Phys. Rev. 86, 431 (1952). 8 J. P. Schiffer and L. L. Lee, Jr., Phys. Rev. 109, 2098 (1958) 
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interaction with the nucleus has been attempted.? The 
(d,p) reaction for deuterons incident with moderately 
high energies can be well characterized as a direct 
capture of the neutron from the incident deuteron into 
a given state of the final nucleus, the proton acting as 
a receiver of energy and angular momentum but not 
participating appreciably in the nuclear part of the 
interaction.” Thus an incident deuteron of a definite 
energy presents neutrons with a continuous spectrum 
of energies for capture into final states. Neutrons with 
negative kinetic energies can be captured into bound 
states of the final nucleus and neutrons with positive 
kinetic energies can be captured up to a limiting energy 
which is determined by the total energy available from 
the reaction. Each neutron captured into a given level 
of the final nucleus is associated with a proton of a cor- 
responding energy. Thus the energy distribution of 
protons directly reflects the distribution of neutron 
capture probabilities among the levels of the final 
nucleus." 

Since virtually all of the (d,p) reaction proceeds by 
such a stripping mechanism at even moderate deuteron 
energies, any gross resonance effects in the neutron 
capture probabilities should be reflected in the proton 
spectrum. Excitation energies up to 8 Mev can easily 
be explored by the (d,p) reaction with 10-Mev deu- 
terons on target elements around A =60. Thus several 
giant resonances in the proton spectrum from a single 
nuclide should be observed representing the various 
single-particle states of the neutron in this potential. 
Energies involved in a (d,p) reaction can allow neutrons 
with high angular momenta to be captured with about 
as large a probability as the ones with low angular 
momenta. An estimate based on the formula given by 
Butler indicates that angular momenta up to 4 should 
be observable for the captured neutrons. These for- 
mulas predict that the outcoming protons should have 
angular distributions which show characteristic maxima 
for capture of a neutron with a given angular momen- 
tum, so that unique assignments to the single-particle 
states should be possible. Such assignments are difficult 
to make from neutron scattering data, except at low 
energies for which only states with zero angular mo- 
mentum neutrons can be formed with any intensity. 


*A preliminary report at an earlier stage of this work has 
already been published. See Schiffer, Lee, Yntema, and Zeidman, 
Phys. Rev. 110, 1216 (1958) ; also J. P. Schiffer and L. L. Lee, Jr., 
Bull. Am. Phys. Soc. Ser. II, 3, 211 (1958). 

S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

The first systematic study of proton spectra over large 
regions of excitation was made by H. E. Gove, Phys. Rev. 81, 
364 (1951). Since this was done before references 5 and 10 were 
published, the data do not include the forward angles at which 
the characteristic Butler maxima would occur, so the present 
interpretation was not possible. 

2 This idea was also suggested independently by A. M. Lane 
(private communication), and experiments similar to the ones 
reported here are being done by G. Parry (private communica- 
tion). Similar interpretations for some experiments were also 
offered independently by R. A. Peck, Jr., and J, Lowe, Bull, Am. 
Phys. Soc, Ser, IT, i 211 (1958), 
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EXPERIMENTAL PROCEDURE 


In order to investigate this field it would have been 
best to use extremely high resolution and measure each 
proton group corresponding to a level of the final 
nucleus. To measure angular distributions for levels in 
large regions of excitation in each of several nuclei 
would have required a great deal of time for both the 
measurement and the analysis of the data. However, 
the essential features of the distribution of various 
single-particle amplitudes should be observable in an 
experiment in which each level is not resolved but the 
energy spread is still small compared to the spacing of 
the single-particle levels. NaI(T1) or CsI(TI) scintilla- 
tion crystals provide proton detectors which should 
satisfy this requirement on resolution. At the same time 
they permit the use of considerably larger solid angles 
than is possible with most magnetic spectrometers, and 
multichannel pulse-height analyzers permit the recording 
of the proton spectra over the entire region of excitation 
energy in one measurement. In addition, the yields in 
an experiment with poor resolution can be increased 
by letting the deuterons bombard thicker targets, so 
long as the thickness does not appreciably affect the 
energy spread of the proton peaks observed by the 
detectors. 

The nuclei chosen in the present investigation were 
not so light that the number of possible configurations 
would limit the mixing of a given single-particle state 
into only a very few levels. On the other hand they 
were not so heavy that the spacing of single-particle 
levels would become smaller than the energy interval 
into which they are spread out, which would make 
it difficult to observe the giant-resonance effects. 
Strongly deformed nuclei would also cause complica- 
tions in the interpretation of the data.'* The region of 
nuclei between Ti and Cu was chosen because these 
nuclei have been found to have a relatively large 
number of energy levels, the single-particle level spac- 
ings would be expected to be of the order of 1-2 Mev, 
these nuclei are not believed to be strongly deformed, 
and it is relatively easy to obtain targets of the required 
thickness in the form of metallic foils. 

The 21.6-Mev deuteron beam of the Argonne cyclo- 
tron was used in conjunction with a scattering chamber, 
which has been described elsewhere," in a first inves- 
tigation of the gross structure effects. Proton spectra 
observed in a Nal detector at 17° with respect to the 
incident deuteron beam and recorded in a 100-channel 
pulse-height analyzer are shown in Fig. 1. It is clear 
that some gross structure is present and some simi- 
larities are discernible in spectra of adjacent nuclei. 
Foils of metallic Ti, Cr, V, Mn, Fe, and Co were rolled 
to ~0.0002 in. thickness while enriched foils of the two 
principal Ni and Cu isotopes were obtained from the 


8B. Margolis and E. S. Troubetzkoy, Phys. Rev. 106, 105 
(1957) ; Chase, Wilets, and Edmonds, Phys. Rev. 110, 1080 (1958). 
4 J. L, Yntema, Phys. Rev, 113, 261 (1959), 
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Fic. 1. Proton spectra from the (d,p) reaction as measured in 
a Nal(TI) scintillation detector and recorded in a 100-channel 
pulse-height analyzer. The bombarding energy, angle of obser- 
vation, target nuclides, and approximate proton energy scale are 
shown in the figure. 


Fe “(a,p) Fe” 














Atomic Energy Research Establishment at Harwell. 
The energy scale was obtained by calibrating against 
reactions with known Q values. 

The experiment was repeated on the Argonne Van 
de Graaff and qualitatively similar effects were ob- 
tained, as is shown in Fig. 2. Results were obtained 
with deuteron energies between 3 and 4.5 Mev. At 
these lower deuteron energies the absolute energy 
resolution of the proton detector was considerably 
better than at 21.6 Mev and much of the detailed 
structure that was observed may be due to fluctuations 
in the positions of individual levels rather than evidence 
for more gross structure. However, it seems from Fig. 2 
that the envelopes one would draw for the various 
proton spectra still are similar to the 21.6-Mev data. 
Unfortunately, at the low bombarding energies the 
effects of the contaminants became serious, and in fact 
did not permit the exploration of the region of excitation 
which fell below the Q values of the O'*(d,p) and 
C"(d,p) reactions. The effects of contaminants were 
negligible at the higher bombarding energies on the 
cyclotron. 

At the low energies the (d,p) reaction on these nuclei 
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Fic. 2. Proton spectra from the (d,p) reaction as measured in 
a CsI(TI1) scintillation detector and recorded in a 256-channel 


pulse-height analyzer. The bombarding energy, angle of observa 
tion, target nuclides, and approximate proton energy scale are 
indicated in the figure. 


does not proceed by the simple stripping mechanism 
discussed by Butler, presumably largely because of the 
strong distorting effects of the Coulomb field of the 
nucleus.!® Therefore, it was not possible to make definite 
angular momentum assignments to the observed gross 
structures from the angular distribution data for low 
energies. The theory of the (d,p) reactions does not yet 
take account of modifications by the Coulomb field 
and other effects in sufficient detail to permit assign- 
ment of / values. Indeed some detailed experimental 
work on the Ca“(d,p)Ca" reaction, where the / value 
is known, indicates that assignments on the basis of 
angular distribution measurements may not be at all 
meaningful at these energies.'® 

At 21.6 Mev the Butler theory is expected to be a 
good description of the reaction mechanism. Here, 
however, it predicts angular distributions which, for at 
least the first three / values, are peaked in the forward 
direction and are therefore difficult to distinguish from 
each other. 

The best deuteron energy, at which the Butler 


18 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 
16, L. Lee, Jr., and J. P. Schiffer, Phys. Rev. 107, 1340 (1957). 
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Fic. 3. Proton spectra from the Cu®(d,p)Cu® reaction at 
Ea=10 Mev as detected in a CsI(TI) scintillation crystal and 
recorded in a 256-channel pulse-height analyzer. The angular reso 
lution was 5°. The group shaded in the 15° data was called 
group A, the one in the 45° data was group B, the 22.5° one was 
group C, and the 7.5° one, group D. The peak shape assigned to 
each group is shown by the shape of the shaded area. The lines 
marked by these letters show the heights assigned to these peaks 
in the analysis of the data. 


theory is expected to be valid and at which it predicts 
strongly different angular distributions for different 
/ values, is around 10 Mev. The experiment was there- 
fore repeated at this energy and the pulse-height data 
subjected to fairly detailed analysis in order to obtain 
angular distributions and thus to assign / values. 

The cyclotron of the Physics Department at Wash- 
ington University in St. Louis was used in conjunction 
with a scattering chamber of 6-inch diameter. The 
protons were observed at 7.5° intervals between 7.5° 
and 60° with respect to the incident beam. An absorber, 
sufficiently thick to stop the deuterons, was used 
between the target and detector. A typical set of data 
obtained with a Cu® target is shown in Fig. 3. The 
shapes of the various peaks (A, B, C, and D) that were 
observed in the spectra were determined by studying 
the spectra at the angles at which they were the most 
intense. A certain amount of arbitrariness in these 
assignments was inevitable; it is estimated that the 
total areas are not in error by more than 20% for the 
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more intense peaks and low excitation energies, nor by 
more than 50% for the weaker peaks and the high 
excitation energies. The relative heights of the peaks 
that were determined at the various angles are desig- 
nated by lines drawn next to the appropriate letters in 
each spectrum. The angular distributions that were 
obtained from these data are shown in Fig. 4 along 
with the Butler curves calculated for the appropriate 
energies and a radius of 6.4 fermis [1 fermi (f)=10-" 
cm ]. Figure 5 shows angular distributions, observed by 
analyzing the data in the same way, from the Ni®(d,p)- 
Ni® reaction. The Butler formula was coded for the 
Argonne fast digital computer GEORGE" and a range 
of parameters was explored (radius between 5 and 7 
fermis and Q value within 1 Mev of the peak) in order 
to insure the uniqueness of the assignments. The inten- 
sities were normalized by assuming that the group for 
/=1 corresponded to the p;,2 single-particle state. These 
normalizations gave reasonably good fits to the peaks 
with /=2 and /=4 when it was assumed that they 
were the ds5,2 and gy,2 single-particle states. The agree- 
ment in intensity for the peak with /=0, on the other 
hand, is poor. This discrepancy for the peak with /=0 
was observed for most of the elements studied. It can 
be seen then that while the Butler theory by no means 








60° 


Fic. 4. Angular distributions of protons from the Cu®(d,p)Cu® 
reaction. The points represent the areas of the various groups 
shown in Fig. 3. The statistical error in the points is less than 
their size; the error introduced by the method of analysis cannot 
be estimated accurately, but should be less than 10% for relative 
errors between adjacent points in one distribution. The theoretical 
curves are calculated for single-particle states from the Butler 
theory with a radius of 6.35 fermis and are normalized to give the 
proper intensity for the p12 state. 


‘7 The formulas used in the computation were given in a sim- 
plified form in W. J. Childs, thesis, University of Michigan, 1956 
(unpublished). We are indebted to L. Kassel for coding these for 
GEORGE. 
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Fic. 5. Angular distribution of protons from the Ni®(d,p) Ni® 
reaction. The points were obtained in the manner indicated for 
Cu® in Fig. 3. The uncertainties in the points and the angular 
resolution were the same as in the data shown in Fig. 4. The 
theoretical curves were also calculated in the same manner. 


gives perfect fits to the angular distributions, it does 
seem to approximately reproduce the peaks at the 
proper angles and furthermore it seems to give the 
right relative intensities for the different / values. Thus 
it is possible to arrive at assignments which have a high 
probability of being correct. 

The assignments were facilitated to some extent by 
the knowledge of the sequence of levels as they appear 
at the ground states of nuclei. Thus in o9Cug7®* the last 
neutron is expected to be in the fs,2 shell in the ground 
state. Very close above this would: be the 1/2 state 
followed by the 1g, 2d, and 3s states. In this experiment 
the expected /s)2 state was not observed near the ground 
state. This peak was probably obscured by the much 
stronger p12 group which occurs at very nearly the 
same energy. It is indeed probable that some of the 
levels near the ground state of this nucleus are formed 
by capture of neutrons with a mixture of /=1 and 
J=3, and other levels are formed either only by capture 
of neutrons with /=1 or only by neutrons with /=3. 
This matter could, however, be settled only if the 
angular distributions for individual levels were studied 
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Fic. 6. Pulse-height spectra from the (d,p) reaction obtained 
at a deuteron energy of 10 Mev at 30° with respect to the incident 
beam. The angular momentum assignments obtained for the 
various peaks by the method shown in Figs. 3 and 4 are indicated 
by numbers next to the peaks. 


in this reaction with high energy resolution.'* The next 
three single-particle states expected do indeed corre- 
spond to the identifications from the angular distri- 
butions. 

A summary of data obtained for all the target nuclei 
is shown in Fig. 6 in the form of pulse-height distri- 
butions at 30°, and the /-value assignments are indicated 
by the numbers next to the peaks. The identifications 
were made in the same way as for Cu® and Ni®. The 
lines corresponding to high angular momenta were 
generally more difficult to identify. The levels with /= 3 
were found only in Ti, where they are relatively isolated. 
In all the other nuclei studied the fs,2 state with /=3 
seems to fall too close to the states with /=1 and is 
obscured by them. The shell-model assignments are 
summarized in the form of an energy-level diagram in 
Fig. 7, with dashed lines indicating uncertain assign- 
ments, and are listed in Table I. 

The information on relative intensities is summarized 


18 Evidence for this sort of mixture has been found in high 
resolution angular-distribution studies of a very similar case, the 
reaction Co*(d,p)Co™. Massachusetts Institute of Technology, 
Laboratory for Nuclear Science Annual Progress Report June 1, 
1956-May 31, 1957 (unpublished). 
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TABLE I. Approximate energies of single-particle states in terms of the neutron binding energy (Mev).* 


Final 
\nucleus 
Shell-model » 
assignment 


: 2*sMna® 
=—26 
—5.3 
—6.8 


35172 


2pire 


(—4.5) 


» Parentheses indicate uncertain assignments. 


in Table II. Here the results are normalized to the pi/2 
group which was observed in all the nuclei studied. The 
results are given in terms of relative reduced widths, 
on the assumption that the assignments stated are 
correct and that the Butler theory is applicable. 


DISCUSSION 


The first question that arises in connection with 
these data is whether they could be due to single levels 
which are in fact the single-particle states. That this 
is not the case is demonstrated by the rather extensive 
(d,p) data which have been obtained with high resolu- 
tion in this region of the periodic tableby Buechner etal. 
Typical results are shown in Fig. 8 for the levels 
obtained in Ni® and Co by magnetic analysis of the 
protons from the (d,p) reaction on Ni’ and Co*®. 
Obviously many levels are excited in this reaction and 
it is clear from the high-resolution results that the 
gross structures observed in the present experiments 
contain many of the actual levels of the nucleus. Addi- 
tional information, which is reasonably evident from 
the high-resolution data, is that the gross structure 
observed is not due to bunching of the levels of the 
nucleus but rather to the effect of the average ampli- 
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Fic. 7. Summary of shell-model level assignments from the 
data. All energy values are to be regarded as approximate with an 
uncertainty which is approximately equal to the width of the 
corresponding peaks. Levels indicated by dotted lines have a 
greater degree of uncertainty in their assignment than the solid 
ones. 


'® Massachusetts Institute of Technology, Laboratory for Nu 
clear Science Annual Progress Report, June 1, 1956—-May 13, 1957 
and June 1, 1957—May 31, 1958 (unpublished); Green, Smith, 
Buechner, and Mazari, Phys. Rev. 108, 841 (1957). 
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tudes becoming larger at certain energies; the levels 
seem to be spaced more or less at random. This is the 
expectation from the paper of Lane, Thomas, and 
Wigner, but is not clear from the complex-potential 
considerations” of Feshbach, Porter, and Weisskopf. 

The data summarized in Fig. 7 can be compared to 
the sequence of shell-model levels as observed in the 
ground states of nuclei. It is interesting to note that 
the energies of these levels, and in some cases even their 
sequence, seems to vary somewhat from nucleus to 
nucleus. This presumably is due to variations in the 
details of the nuclei which are only approximately 
represented by average potentials for the incident neu- 
trons. Another quantity which can be observed from 
this diagram is the size of the spin-orbit term in the 
potential since the splitting of the 3/2 and 1/2 levels 
was measured in six nuclei, the ds5;2 and d3/2 in three 
nuclei and the f7/2 and fs/2 in one. 

The intensities can also be used to deduce ground- 
state configurations of the target nuclei. From statis- 
tical considerations alone, one would expect the proton 
group corresponding to neutron capture in the 3/2 
state to show up twice as strongly as the one corre- 
sponding to capture in the 1/2 state. If, however, the 
ps2 shell were partially filled, then there would be 
fewer available substates into which the neutron could 
be captured, and thus the peak would be weaker.”! 
After the filling of the f7/2 shell with 28 neutrons, the 
ps2 and fs/2 shells compete with each other. In com- 
paring the data for target nuclei with 30 neutrons 
(osMngo*, 26l 30°, and ogNiz0°°) one observes that the 
ps2 proton group is roughly twice as intense as the p12 
group for Fe®® and Ni®*, but it is the same intensity for 
Mn°**, This implies that in the first two nuclei the 29th 
and 30th neutrons are in the f5/2 shell in the ground 
state while in Mn they are the 3/2 shell. Similarly, by 
observing the data for 27Co32° and 2gNi32® one observes 
only one /=1 peak for Co, indicating that the 3/2 shell 
is filled with four neutrons; while there are two /=1 
peaks in Ni® with the one at lower energy about twice 
as intense as the other, thus indicating that all four 


* C. Porter (private communication). 
*1 The calculations on the reduced widths for partially filled 
shell-model states were supplied to us by B. J. Raz. 
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TABLE IT. Approximate reduced widths of single-particle states normalized to give 0,2=1 for the 21/2 state.* 


\\Final 


nucleus 
Shell:model \ 
assignment 


22T i274? 25Mnai56 
ye 5.2 
il : 0.6 
~0.8 
1.0 
~0.6 
~0.3 
~0.7 


3.6 
1.4 


(~0.8) (0.7) (0.8) 


* Parentheses indicate uncertain assignments. 


neutrons are in the fs. shell. These results are sum- 
marized in Table III. 

There seems to be a tendency for the 3,2 level to be 
below the fs/2 level for nuclei with odd proton number 
and for the order to be reversed for even proton number. 
It also appears that the go/2 level occurs slightly below 
the p12 level in the two Ni isotopes and above it in 
Co and Cu isotopes. In both cases the state with higher 
angular momentum seems to occur lower in energy for 
nuclei with even proton numbers. 

Our results are then qualitatively consistent with the 
optical model in that the expected gross structure 
caused by single-particle states of the neutron was 
observed, and with the shell model in showing that 
roughly the appropriate sequence of levels was observed. 
The facts that the observed details of the gross structure 
are not identically the same from nucleus to nucleus 
and that fluctuations in the levels seem to occur indi- 
cates that the replacement of the’nucleus by an average 
potential is, after all, an approximation, and small 
variations in this average potential evidently occur 
between nuclei.” The rate at which the observed levels 


EXCITATION ENERGY (MEV) 


,59 
Ni 
2e 31 
Fic. 8. Known energy levels in the nuclei Ni® and Co® 
as given in reference 19. 


* Tt has been suggested by A. M. Lane (private communication) 
that a term proportional to (V—Z)/A should be added to the 
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TABLE IIT. Ground state configurations of neutrons 
in the target nuclides. 


(fri2)® 
(fri2)8 
(fri2)8 
(frr2)8 
(fri2)8 
(frja)8 
( fz2)8 
(fre) 


(fr 2)5 


(ps2)! 
(Psi2)4 


move down in energy as atomic weight increases indi- 
cates that a potential with slowly tapering edges, such 
as a Saxon potential,” is a better approximation than 
the more conventional square-well or oscillator poten- 
tial. The observed spin-orbit splitting is 1.52 Mev for 
the 2p3,2 and 24/2 states and 1.5—-2 Mev for the d5,2 
and d3,2 states. The one observation of the splitting 


between f7/2 and fs. is ~2.5 Mev. 


In conclusion it appears that detailed information 
of this type might be obtained in similar experiments 
with many more nuclei. It would also be of interest to 
interpret other stripping or pickup reactions in terms 
of single-particle amplitudes. Such an interpretation 
has been offered in a qualitative way for gross structure 
observed in (p,d) reactions“ and in (,p) reactions.” 
There is also a qualitative similarity between the gross 
structure observed here and the effects which occur in 
inelastic scattering of protons,”® deuterons,” and alpha 
particles.?* Some efforts have been made in an attempt 
to interpret these also in terms of single-particle 


potential representing variations in the potential with the neutron 
excess. This is qualitatively consistent with some of the fluctu 
ations obtained here. In particular Ni5*, which has the smallest 
neutron excess of any of the nuclei studied, has its single-particle 
levels occurring at lower energies indicating that the potential for 
neutrons tends to be deeper in nuclei where the neutron excess is 
smaller. 

% A. E. S. Green, Phys. Rev. 102, 1325 (1956); Ross, Mark, 
and Lawson, Phys. Rev. 104, 401 (1956). 

*%C, D. Goodman and J. B. Ball, Bull. Am. Phys. Soc. Ser. IT, 
4,9 (1959). 

26 R. A. Peck, Jr., Bull. Am. Phys. Soc. Ser. IT, 4, 9 (1959). 

26 B. L. Cohen, Phys. Rev. 105, 1549 (1957); B. L. Cohen and 
A. G. Rubin, Phys. Rev. 111, 1568 (1958). 

27 J. L. Yntema and B. Zeidman, Phys. Rev. 114, 815 (1959). 

283.N. S. Wall and C. D. Sweetman (private communication) ; 
B. Zeidman and J. L. Yntema, Bull. Am. Phys. Soc. Ser. II, 4, 9 
(1959). 
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processes, but it is not clear that these interpretations 
can account for all the results from inelastic scattering.” 
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It is shown that the §-transforming neutron of Bi?’ most 
probably has an ij12 character, despite a g92 character of the 
ground-state neutron in Pb®*. This makes a critical difference to 
the RaE spectrum parameter, §=i(r)/(@Xr), yielding —~ +1 
rather than §+ —1/10. The effect of configuration mixing is also 
investigated but does not affect £ appreciably. 

To arrive at the above conclusions, it is necessary to show that 
the neutron-proton attraction in the (/g/2i11/2); state is the large 
amount, 840 kev, greater than in the (/t/2g9/2)9 state. The resulting 
shell-model problem has interest independent of the 8-theory 
application which was the original objective of this work. True 
and Ford had found that two neutrons extra to the doubly-magic 
core, Pb**, as against nucleons deep in the core matter, interact 
with about the same strength and range of force as do two free 
nucleons. The problem here checks the extension of that important 
finding to neutron-proton and proton-proton pairs. The force 
strength is consequently mot used as an adjustable parameter, as 
it has been in previous approaches to such problems 

The True-Ford problem involved only singlet, central forces 
between like nucleons in an essential way. The RaF daughter, 
90 investigated here, has only Coulomb repulsion superposed. 
The resultant comparison with experiments is about as good as 
that obtained by True and Ford. 


INTRODUCTION 


HE distinctive characteristics of the RaE decay 
(nonstatistical spectrum, anomalous electron 
polarization, prolonged lifetime) have made it an 
important test case.! The radiation seems to be gener- 
ated through at least the 8-moments,’ (r), (@Xr), and 


* Supported by a grant from the National Science Foundation. 

t Now at University of California Radiation Laboratory, Ber- 
keley, California. 

1 A. G. Petschek and R. E. Marshak, Phys. Rev. 85, 608 (1952) ; 
M. Yamada, Progr. Theoret. Phys. (Kyoto) 10, 252 (1953); E. A. 
Plassman and L. M. Langer, Phys. Rev. 96, 1593 (1954); R. 
Nataf, J. phys. radium 17, 480 (1956); G. E. Lee-Whiting, Phys. 
Rev. 97, 463 (1955). 

2 Takebe, Nakamura, and Taketani, Progr. Theoret. Phys. 
(Kyoto) 14, 317 (1955); Fujita, Yamada, Matumoto, and 
Nakamura, Progr. Theoret. Phys. (Kyoto) 20, 287 (1958). The 
investigation reported in the last paper seems to indicate that the 
experimental RaE spectrum may be consistent with 5 —1, or 
with €> +6, but not with ¢~ +1, which is the value we find best 
consistent with the RaE level scheme. We consider our evidence 


The extension to the neutron proton pair of Bi?! is far more 
complex, since triplet forces, an exchange character, and non- 
central forces, may now come into play. We find that the finite- 
range, central forces alone cannot give substantially more attrac- 
tion in the (/g/2i1/2), state than in (/g/2¢9/2)o. Even using the 
strength as a parameter cannot help significantly. However, the 
tensor forces produce attraction in the former and repulsion in the 
latter state. Hence, the two-body forces must be imitated even 
in this detail in order to yield an explanation of the RaE level 
scheme. This is unfortunate for quantitative results, because the 
strength of the two-body tensor force seems never to have been 
determined unambiguously for potentials without cores. 

Our final conclusion is that the two-body neutron-proton force 
may be well represented by zero-range forces of the same volume 
energy as found experimentally. Tensor effects vanish identically 
in this limit and so an unambiguous representation of the strength 
can be obtained. The results for the relative positions of the J =0 
and 1 states, used as the test above, now turn out in almost perfect 
agreement with the observations. Configuration mixing plays a 
role in this result, and, in consequence, the work includes a 
generalization of de-Shalit’s formulas, for the interaction energies 
with zero-range forces, to nondiagonal matrix elements. 


(a). These have been treated as completely arbitrary 
parameters, with attendant uncertainties of interpre- 


for £++1 the stronger for the following reasons. To find the 
above ranges of £, Fujita et al., effectively treat the matrix element 
a—3?(a@-7)) as having roughly the same magnitude as (@) rather 


than using it as an independent parameter, as they do (@), (r) and 

oXr). Actually, all four matrix elements are independent 
“spherical tensors,” subject to different selection rules, e.g., on 
orbital momentum, hence should be treated on the same footing. 
The consequent intrusion of a fourth parameter, into a spectrum- 
fitting scarcely able to determine the original three, has the result 
that no value of & is provably inconsistent with the observed 
spectrum. This was one reason we sought independent evidence 
for &, directly from the nuclear states it is supposed to characterize. 
Actually, we find that our result, £+-+1, can fit the spectrum only 
with very large values of the ratio (@a—3?(a@-7))/(@). These seem 
implausible, but we could adduce no decisive argument against 
them. We believe that these developments reduce the conventional 
theory of the RaE spectrum to.an unsatisfactory state and may 
indicate that R. Feynman and M. Gell-Mann [ Phys. Rev. 109, 
193 (1958) ] are correct in attributing “Fermi charge” to the pion 
clouds surrounding nucleons. Their theory will require extensive 
revision of the expectations for forbidden spectra. 
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tation, because of ignorance concerning the initial and 
final nuclear states. 

Of particular importance for the interpretations has 
been the ratio 


(1) 


Unlike the 6-moment (@), this ratio should not require 
knowledge of relativistic corrections to nuclear states 
in an essential way. Current treatments of nuclear 
states based on the shell model may have some validity 
for the determination of &. 

From the shell-model viewpoint, the states involved 
in the RaE decay have some gratifyingly simple charac- 
teristics. The parent nucleus, Bi”, has just one neutron 
and one proton outside the doubly-magic Pb** core. 
The Po*” product has just two protons. This is clearly 
a case for which the shell-model should be particularly 
applicable, and we set out to find as reliable a character- 
ization of these nuclear states as seemed feasible on 


f=i(r)/(oXr). 


that basis. 
The values of £ for various, assumed, pure shell-model 
configurations have been given long ago.’ The final 


state is, quite clearly, predominatly (/y/2”)o, but at least 
two configurations, (/9/2g9/2)1 and (Ag/2t11/2)1, Must be 
considered seriously as the possible dominant con- 
figuration of the initial state. The first candidate gives 
=—1/10, while the second yields £=+1, hence the 
critical nature of the choice is evident. Lee-Whiting* 
presented arguments for the second choice, but they 
depended heavily on the easier consistency of that 
choice with the value of £ as ‘‘measured”’ by the RaE 
spectrum. It has become questionable’ that the spec- 
trum can provide any such “measurement”; the 
situation now seems rather to require independent 
information about £ to check the consistency of the 
whole interpretation of the spectrum. We try to obtain 
such independent information by finding which con- 
figurations can give the observed energy-level structure 
of RaE. Moreover, we consider possible configuration 
mixing. 

The problem has interest independent of our initial 
objective, i.e., the application to B-decay theory. True 
and Ford‘ have shown that if two neutrons (holes) extra 
to the Pb* core interact through forces of about the 
same strength and range as do two free neutrons, then 
a quantitative explanation of a large amount of data 
about Pb” is obtained. The implication that extra-core 
nucleons, as against those embedded in the nuclear core 
medium, interact through ‘‘vacuum forces” has an 
obvious importance. Our problem will involve a test 
of this finding for two protons, and for a neutron- 
proton pair. 

The extension to the neutron-proton pair of Bi*° 
should be particularly revealing. The two like nucleons 
treated by True and Ford interact almost exclusively 

3 See Lee-Whiting, reference 1, for the most explicit presen- 


tation. 
1W. True and K. Ford, Phys. Rev. 109, 1675 (1958). 


IN RaE B-DECAY 


9 


TABLE I. “Zero-order”’ levels in Bi?’ and Po?!’,44 


Configuration Bi (kev) Configuration Po?! (kev) 


hy/289/2 0 hy? 0 
Agj2ti1 2 790 hy oft 2 900 
Fr1289/2 900 hg/2ti3/2 1600 
hy2 (ds/2 OF g7/2) 1560 fue 1800 
113 2£9/2 1600 ] 2500 
Ii 2ti1 2 1690 3200 
hoied/2 2010 

Ig 2p 1 2 2130 


® In the symbols for the configurations the proton character is put first. 
b> R. M. Kiehn and C. Goodman, Phys. Rev. 95, 989 (1954). 
¢ Strominger, Stephens, and Rasmussen, Phys. Rev. 103, 748 (1956). 


d See reference ee 
through a central, singlet force. Unlike nucleons should 
also interact through triplet forces. Moreover, the 
exchange and noncentral characteristics of the forces 
which are observed for two unlike free nucleons, now 
have a chance to come into play. 

Even the two-proton problem of Po” entails a non- 
trivial extension of the True-Ford findings. Again, the 
specifically nuclear forces are expected to be almost 
purely singlet central, but Coulomb repulsion is super- 
posed. It is of interest to see whether this makes a 
distinguishable difference from the two-neutron case. 

The first treatment of the Bi?" problem was given by 
Pryce.® He used zero-range forces and restricted himself 
to pure jj-coupled states. He thus obtained level 
schemes arising from each configuration separately, 
but did not relate these level schemes with each other. 
That will be one of our principal problems. 


“ZERO-ORDER” LEVEL SCHEMES 


’ 


In ‘‘zeroth approximation,” the two nucleons extra 
to the Pb’ core will have just the sum of their energies 
when each is alone with that core, as in Bi?” and Pb?” 
nuclei. One uses the observed values of these energies, 
to avoid reliance on any theory of the interaction of a 
nucleon with a core. The lowest of the resulting ‘‘zero- 
order” energy levels are listed in Table I. The assign- 
ments for the 83rd proton of Bi” have been established 
for some time.® The evidence that the lowest state of the 
127th nucleon in Pb*® is go/2, rather than 741/2, has been 
produced at Indiana University.’ 

The observed level schemes of Bi’ and 
shown in Fig. 1. The states of primary interest to us 
are the 5-day, 8-emitting, RaE state, which has a 
measured spin 1, and the 0* ground state of Po?” into 
which it decays. The RaE state has a 2.6X10° year, 
a-emitting, isomer which may be the lowest state of 
Bi?, as indicated. This state is reported’ to have a 
B-decay branch of 0.4%, and on that basis has ft~ 10" 
sec. This indicates a spin of 4 or 5 units. 


Po” are 


5M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952), 

6 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

7 McEllistrem, Martin, Miller, and Sampson, Phys. Rev. 111, 
1636 (1958). 

8H. B. Levy and I. Perlman, Phys. Rev. 94, 152 (1954). 
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Fic. 1. Experimentally known low-lying energy levels in 
Bi?” and Po*. 


The /ig/2¢9/2 Configuration of Table I is expected to 
have a total spin J 
after one takes into account the attraction of the proton 
for the neutron. The calculations presented below 
confirm this expectation. Similarly, the lowest state of 
» configuration is expected to have J/=1. It is 


0 in its lowest energy state; i.e., 


the hg 9114 


probable, therefore, that this is the dominant configu- 
ration of our §-decaying state. In consequence, our 
principal problem will be to show. that the (/o/2f11/2): 
state will fall some 47 kev below the (Aos2g9/2)0 state 
when the neutron-proton pair interaction in the two 


the 
the 


The attraction in 
that in 


taken account, 


state 


states is into 
(Agy2tiny2) will 
(Ag/289/2)9 state by (7904-47) kev. 

The difference of attraction in the two states, which 
will be the test here, is a severe one in that this difference 
turns out to be very insensitive to large modifications 
of finite-range central forces. Mere adjustment of 
parameters will not suffice to compensate for basically 


have to exceed 


incorrect assumptions. 
ASSUMPTIONS ABOUT THE PAIR-INTERACTIONS 


the 
the same 


Because of the True-Ford* finding that two 
neutron holes of Pb**® interact with about 
potential strength and range as two free neutrons, we 
shall in general try to make our assumed interactions 
imitate those which are consistent with nucleon-nucleon 
scattering, and the deuteron data. We thus avoid using 
the interaction strength as a parameter. We follow the 
practice’ of incorporating the data mentioned in po- 
tentials of the Gaussian form, 


U(r) = —D exp(—8r’). (2) 
This is adequate in view of the uncertainties as to the 
correct forms for the radial wave functions (see below). 
For the same reason, there is no point in retaining the 


AND 
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troublesome distinction between the singlet and triplet 
ranges; we used 


8-4=8,4=6,4=1.6 fermi, (3) 


where 1 fermi (f)=10~ cm. We then adopted potential 
depths which preserve the correct individual singlet 
and triplet volume energies,’ i.e., maintained D@-}. 
That yields 

D=D,=600 Mev, pD=D,=46 Mev, (4) 


p=0.765 will represent the singlet-to-triplet strength 
ratio. 

True and Ford used purely singlet forces, in con- 
formity with the fact that the triplet forces between 
like nucleons are relatively negligible. This implies a 
Serber exchange mixture for a charge-independent 
internucleon force and so we adopted the central 
interaction potential 


V (1,2) =U (r)[ait+ pr. ]X3(1+ Pw), (5) 


where z;,, are the triplet and singlet projection oper- 
ators, while Py stands for the Majorana exchange 
operator. Actually, we made extensive investigations 
of variations in the exchange mixture, as well as in the 
singlet-to-triplet ratio, p, but found it no significant 
help. 
It turned out to be necessary to discuss the effect of 
a tensor force admixture, 
Vr= Ur(r)S,o= l “7r(3o, . Pos: r—a, *@o), (6) 
as will be seen later. 
In what was originally intended as preliminary work 
only, we investigated the zero-range limit (8 — *): 
U = —D(xr B)*6(ry—Fe). (7) 
So long as Dg“! has a value determined by (3) and (4) 
the correct volume energy will be maintained. The work 
with (7) is vastly simplified because, in this limit, 


2(1+Ps) 1 Si2— 0, (8) 


effectively. Several investigators’ have achieved con- 
siderable success using zero-range forces to represent 
the pair-interactions. However, they have usually used 
the strength as an adjustable parameter, whereas we 
adhere to the same volume energies as are found for the 
interaction of free nucleon pairs. 


and 


ASSUMPTIONS ABOUT RADIAL WAVE FUNCTIONS 


We follow the widespread practice!’ of using har- 
monic-oscillator radial wave functions. These at least 


9H. A. Bethe and P. Morrison, Elementary Nuclear Theory 
(John Wiley & Sons, Inc., New York, 1956), second edition. 

© T), FE. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 
(1954); R. W. Hoff and J. M. Hollander, Phys. Rev. 109, 447 
(1958); A. de-Shalit, Phys. Rev. 91, 1479 (1953); also see ref- 
erence 5. 

EP), Kurath, Phys. Rev. 80, 98 (1950) ; 87, 218 (1952) ; 91, 1430 
(1953). E. H. Kronheimer, Phys. Rev. 90, 1003 (1953); L. W. 
Longdon, Phys. Rev. 90, 1125 (1953); A. de-Shalit and M. 
Goldhaber, Phys. Rev. 92, 1211 (1953); M. G. Redlich, Phys. 
Rev. 99, 1421 (1955); G. E. Tauber and T. Y. Wu, Phys. Rev. 
94, 1307 (1954); 105, 1772 (1957). B. C. Carlson and I. Talmi, 
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allow recognition of centrifugal and boundary effects. 
The results are not expected to be sensitive to details 
of the radial functions since only weighted integrals 
over the radial functions enter the calculations. 

The nodeless functions are 


2!+2(2y) 44 
R(OL) = Nir' exp(— vr’), ; 


where (2/+1) !!=1X3X5xX---X (2/+1). We shall also 
need the 1-node function 


R(11) = (1+ 3)! R(Ol) — (14+ 8) R(Ol+2). (10) 


The parameter v measures the spread of the radial 
distribution and is related to the classical “turning- 
point.” If the latter is at radius R then v= (/+$)/R? 
in the nodeless state, and v= (/+4)/R? in thé 1-node 
state. For R we take the charge radius R= 1.2A! fermis, 
thus using the proton spread to determine a common 
value for v. This value of v is clearly the same for the 
1-node f7;2 proton state as for the nodeless hpg,2 state 
and is used for all the extra-core single particle states. 
The value of v so obtained is such that (2v)-?=2.0 
fermis. 

The radial functions enter the calculations through 
the “Slater integrals,” 


x 


drs re? Ro(r2) Ro’ (re) 


F=f dry PPR Rin) f 
0 


0 


1 
xf (du/2)Px(u)U(im—re|), (11) 


1 


which measure the intensity of “orbital momentum 
transfers,” k. 
For the zero-range potential (7) 


F,.=F°=— (D/4n) (4 af drr?RiRy’ RoR’. (12) 


0 


Thus it is clear that two potentials of the Gaussian 
form (2) will have the same zero-range limit if D8-} is 
the same for the two potentials. This provides the 
justification for preserving Ds-? when comparing 
different potentials. 

Pryce and Alburger" avoid the special assumptions 

involved in a choice of radial wave-functions by esti- 
mating /°—a different F° for each configuration 
(/;,2’=1,,2). In the present case, the experimental 
information is too fragmentary for such a procedure 
to be profitable. Moreover configuration mixing 
(11,2112) is of particular concern here since our 
objective is the evaluation of 6-decay matrix elements 
which depend on the purity of the states. 
Phys. Rev. 96, 436 (1954); C. Levinson and K. W. Ford, Phys. 
Rev. 99, 792 (1955) ; 100, 13 (1955). H. Horie and A. Arima, Phys. 
Rev. 99, 778 (1955); W. True, see reference 4; J. B. French and 
B. J. Raz, Phys. Rev. 104, 1411 (1956). 
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TREATMENT OF THE PAIR-INTERACTIONS 


The discussion here will be suited to m-p pairs. 
Obvious modifications are needed for like-nucleon pairs 
(such as the two protons of Po*). The discussion of 
Po” will be left to a later section. 

We symbolize with |a),{a’),--- 
states which are used as a basis: 


a )}= Rj (r1)Ro(re) (151) Ji, (L282) Jo,JM », 


the 7j-coupled 


(13) 


These states are eigenfunctions of the energy, €(/;j:/2j2), 
in the field of the core, before the pair interaction is 
“turned on.” The energies are obtained from the 
experimental information on Pb” and Bi’. Relative 
to €(Ag2g9/2)=0, we have: €(Ageti12)=0.79 Mev, 
€(fr/2g9/2) =0.90 Mev, and e€(f7/2t11/2)=1.69 Mev, as 
listed in Table I. The further levels shown in Table I 
will not be of interest for our problem of determining 
the J=0, 1 states, since they do not contribute to those 
angular momenta. 

The pair-interaction removes the degeneracy of the 
states with various J arising from a given configuration. 
The resultant energies, Ey, and the corresponding state 
amplitudes, (a!E/M), are to be obtained from the 
secular equation 


dal (a! V la’) — (E— €a) baa a’| EJM)=0. (14) 


Because the information on the e’s is limited, we 
approximate by restricting the summation to the four 
configurations (Ayj2g9/2),  (My2tisy2), — (fryogoy2) = aand 
(freti1y2). We therefore improve on the first-order 
perturbation energies, 


E= €at(a| V \a), (15) 


only to that extent. Pryce and Alburger, and Hoff and 
Hollander, restrict themselves to the first order, (15), 
ignoring configuration mixing completely. 

Because m,=1—7, in (5), we need only evaluate 
singlet and spin-independent interaction energies. 
Moreover 
(a| UP \a’) 

= (—)a’ti2’+IO1'[ (a| Ula’) — 2a! Un, a’) |, 
and 


(a Ur.Pw a’) —(—)j't 2+ IO) 0! (ex Ur, a’ , (16) 


where Q,.’ interchanges /;’<>1./ and j,’«< jo’ in the 

“primed” or “initial” state. Thus the matrix elements 

of (5) are 

(a| V la’ = s{ 1 - (—)2't22't+4 O10" |! U \a’) 
—3[(1-—p)+ (1+ 9)(- )21’+72'+ IO) 19! la! Um, a’). (17) 

This reduces to 

(18) 


,iwl , Ir / . , 
(a| Vola’)= (al Uola’)— (1—p)(a Uor, Qa, 


for zero-range forces, when Py,=1. 
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(9/2,9/2) 


1/10 

1/3X10X11 

(—) 4/3X11 

(—) 12/5K11X13 

81/5X 11X13 

3/5X 13 

( } 16 3X5 11 

(—) 16K 49/3 11K 13X17 
49/5X11X 13 

49X81/5X 11K 13X17 


CHUA UMARWHeS 


_ 


AND 


(jij2}—4 JO 


(—) 5X6X7/11K 13X17 
(—) 6X49/11K13K19 
3X 49/11 13X17 

0 3X9X 49/13 1719 0 
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2a 


(9/2,11/2) (7/2,11/2) 


0 

0 

(—) 25/1112 

(—) 25/11K12X13 

3X 25/4X 1113 

7/3X4X 13 

(—) 7/66 

(—) 3725/2 12 13K 17 
21/2 11X13 

7X 21/2 13X17 


* When the unsquared coefficient is negative this is indicated in parenthesis before the squared value. 


0-RANGE PAIR INTERACTIONS 


For several large nuclei with a Pb** core, Pryce, 
Alburger” and Hoff and Hollander’ have had con- 
siderable success in approximating finite range nuclear 
forces by a zero-range potential. We therefore investi- 
gated this relatively simple case first. 

de-Shalit has derived convenient expressions for 
the diagonal energies, (a Vo.a@), for the zero-range 
potential (7). We present a generalization of his results 
which includes the nondiagonal elements needed for 
configuration mixing. They can be derived in the same 
way as de-Shalit’s formulas or by going to the zero- 
range limit of our results for the finite-range forces 
presented later. 

We have for the singlet part, 


(a| Uor,|a’)=aF?(—) ata tath’+) (19) 
if both J+-h+l. and J+/,;'+l,' are even; the singlet 
interaction vanishes otherwise. F° is given by (12) and 


a=ww' /2(2J+1), (20) 


with 


w=[ (27141) (2jo+1) ] j1 723-3 J0). (21) 


The last factor is the conventional vector addition 
coefficient. 

The spin independent part also vanishes unless 
LAd+l/+l’ is even (parity conservation). When it 
does not thus vanish, it is 


* U, ar = aP (— arta tot’ t1 ty yy! 4J(J+1)], (22 


with 
u= (27, 4+1)+ (2je4+1)(—) 227, (23) 


Both (19) and (22) agree with de-Shalit’s formulas for 
his case of J),0’=1),2 and ji,.’=j1,2. They have the 
proper behavior in interchanges of primed and unprimed 
quantities and of the indices 1,2. 

The required coefficients (jj2}— 3 | JO) were partially 
tabulated by de-Shalit. For our purposes we had to 
Moreover, we found his 
4 in error. We therefore 


extend his tables to 72=14#/2. 
values for j1= j2=9/2, J=3, 
supplement his table with our Table II. The paren- 
theses at the head of each column give the values of 


(jij2). When the unsquared coefficient is negative this 
is indicated in parenthesis before the squared value. 
The sum of the numbers in each column is unity as it 
should be (this is the test which revealed de-Shalit’s 
errors). 

Table LI gives the values of F°(/,/;/lol2’) computed 
from (12). The nodeless functions (9) were used for 
hgj2 and i1/2, the one-node functions (10) for 7/2 and 
£9/2. The numbers given are in units of the diagonal ¥° 
for /tyot3,/2, which contains no radial nodes: 


F° (5566) = —0.11D(v/8)?=—1.20 Mev, = (24) 


with the values D= 60 Mev, 8-?=1.6f and (2v)-*=2.0f 
adopted above. Of course the ratios in Table III are 
independent of these parameters. 

The diagonal energies (15) of the configurations have 
been given by Pryce.® As expected, the lowest level of 
(Ag/2g9/2) has J=0, and the lowest of (/g/2711/2) has J= 1. 
Pryce did not attempt to predict the relative position 
of the levels from different configurations as we do 
through the use of Table ITI. 

With the interaction strength /°=—1.20 Mev of 
(24) we find that the diagonal n-p attraction in the 
(/g/229/2)0 state is (a|V\a)=—3.47 Mev, while it is 
(a’| V'a’)=—4.14 Mev, in the (Agot1/2); state. The 
lesser attraction in the J/=0 state must be attributed 
to the misfit of the nodeless /Ag/2-proton radial distri- 
bution with the one-node go/s-neutron distribution. 
The effect is in the right direction to explain why the 
J=1 state is observed to fall 0.047 Mev lower than the 
J=0 state in Bi?’. However, it is not great enough to 
overcome the initial 0.79 Mev greater binding of the 
J=0 state, since the excess of pair-attraction is only 
4.14—3.47=0.67 Mev. Yet, in comparison with the 
parametrization of Pryce and Alburger, we are already 


TABLE III. Zero-range Slater integrals, in units of the 
diagonal F° for hg/2t11/2. 


fryetisy2 


0.491 
—0.509 
—0.174 

0.590 


ho/2g9/2 hos2t11/2 fr/2g9/2 


0.578 —0.111 0.0482 
—0.111 1 0.483 

0.0482 0.483 0.973 

0.491 —0.509 —0.174 





NUCLEAR STATES 


using a larger energy scale than they when we put 
F°= —1.20 Mev. 

There is still another effect which should push down 
the J=1 state relative to /=0. The latter is unaffected 
by configuration mixing since only one configuration, 
(Ag/2g9/2), can yield J=0. On the other hand, three 
configurations give rise to J=1 states: not only 
(Ag2ti1j2) but also (Agyogo/2) and (fz/2g9/2). The con- 
figuration mixing of these /=1 levels will produce the 
effect. We computed it, still using the pre-chosen 
parameters as given above. Our result was that the 
lowest J=1 level is pushed down 0.04 Mev below the 
J=0 level, almost precisely as observed! Of course the 
accuracy of this agreement is fortuitous in view of the 
arbitrariness involved in representing the forces in 
vacuo with 0-range potentials. The configuration mixing 
push is 0.79+0.04—0.67=0.16 Mev. 

The structure found for the lowest J/=1 state was 


y = 0.936 | Ngjot 1/255. = 1 ) 


+0.134| hgo¢o 9,J = 1 \+0.327 | fi 2£9/2,J = 1 Ps (25) 


Its success in giving the right energy when the forces 
are represented by zero-range potentials should perhaps 
give it some significance, at least as measuring the 
maximum” impurity of the 6-decaying RaE state. The 
large magnetic moment? of the (f7/2g9/2)1 state confirms 
that this is a maximum. One gets n= —0.75 for the 
mixture (25) whereas n= —0.36 for a pure (ho/2t11/2)1 
state. The latter value is perhaps in better conformity 
with the failure to detect a magnetic moment in Bi?!?.!8 

The remaining J=1 states arising from the two 
mixtures orthogonal to (25) were found to lie, respec- 
tively, at 1.25 Mev and 1.77 Mev above the lowest 
J=1 state. 

The next higher states on this scale but computed 
without configuration mixing (diagonal energies only) 
are 

E(hg)ot11;2, J=10)=2.07 Mev, 
E(ho)2g9;2, J=9) =2.43 Mev, 
E(fz/289/2, J=8) =2.44 Mev, 
E(Agj2t11/2, J=2) =2.56 Mev. 


The fact that the highest-spin levels are next above 
the J=0 and J=1 states was already pointed out by 
Pryce. He conjectured (see also Brink™) that they 
might account for the high-spin, alpha-decaying state 
of Bi?!’ which is observed to lie in the neighborhood of 
the J=1 B-decaying state (perhaps 25 kev below it). 
Unfortunately, we find that the configuration mixing 
cannot bring the high-spin states down appreciably 
from the positions listed above. Moreover, the obser- 


2 Tt is a general experience that zero-range central forces lead 
to a maximum of configuration mixing. Forces of infinite range 
(constant potentials) make nondiagonal matrix elements vanish 
because of the orthogonality of the wave functions. For forces of 
finite range, one obtains intermediate results. 

‘8 Fred, Tomkins, and Barnes, Phys. Rev. 92, 1324 (1953). 

41), M. Brink, Proc. Phys. Soc. (London) A67, 757 (1954). 
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vations indicate that the “high” spin of the a-decaying 
state is J=4 or 5 rather than J=8, 9 or 10. Our lowest 
J=4 or 5 state is a J=5 state at 2.92 Mev and several 
lower-spin states lie below it. We therefore can throw 
no further light on the origin of the observed a-decaying 
State. 


FINITE-RANGE CENTRAL FORCES 


True and Ford achieved their success with the two- 
neutron problem (Pb**) by using a pair-interaction 
which had not only about the same volume-energy as 
the forces between individual like nucleons (“‘in 
vacuo’’), but also about the same finite range. We 
therefore also tried the effect of extending the range 
from the zero extent used in the last section. We first 
employed the central interaction form specified by (2) 
and (5). 

To evaluate the matrix elements (a| Va’), we first 
analyzed the potential into spherical tensors, in the 
usual way. We could then apply the general formula!® 


(J (ROS): J’) = (jillR, jv (J2|| Ss J») 


[Jt je J) 
XL (2k 1) (2-1) 20'+1) J jy’ je iy (26) 


ae ee 
and its various specializations. Here J may be any 
angular momentum decomposable into J=ji+j2 where 
ji.2 refer to separate sets of degrees of freedom. R, is 
any spherical tensor operator which operates in the 
domain of the first set of freedoms, while S, operates 
in the other. We use the symbol of Jahn ef al.,!® 


(ROS. )kc=>, (rsp k—p| RK)RepSex—py (27) 


to denote the composite spherical tensor operator. The 
9-7 symbol is defined in many places. The “reduced 
matrix elements” are here defined by 


(je Re, ju’ ; 


(i|Rell 7’) (— 2 Cf y'u— ew’ | rp) (2r+1)-4. (28) 


The formula (26) is the result of a line of generalization 
initiated by Racah. We shall need it in full generality 
only for treating the tensor forces in the next section. 
In most steps, specializations, in which the 9-7 symbol 
reduces to a Racah coefficient (6-7 symbol), are 
adequate. 
Our result for the spin-independent part of the 
interaction is 
(a! Ula’ 
(—)ertee’t4[ (Qj 4+1)(2jot+1)(2j1'+1)(2j2'+1) } 
XK De Fed jrjs'¥—}| RO) jojo’ — 3 | RO) 
XW (jijr' jojo’; kJ), (29) 
in which the summation over k must be restricted to 


165A. R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, 1957). 


16H. A. Jahn and J. Hope, Phys. Rev. 93, 318 (1954). 
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TABLE IV. Diagonal interaction energies, in Mev. 


KONOPINSKI 








(a|U |a) 
— 2.30 
—1,75 
— 2.73 
—2.04 


(a|U Pw |a) 


—0.29 
—0.052 
—0.19 
—0.44 


hoi289/2, 
hs 289/2, 
hg 2112, 
fri289/2, 


~na QS 
auudn 
— it et 


* With Serber exchange mixture, singlet to triplet ratio p =0.765, range 6-4 =1.60 f, depth D =60 Mev, “‘radial spread” (2v)-4 =2.0 f. 


> Zero-range results. 


positive integers for which k+/,+/,' and k+/.+/,' are 
both even. Thus the interaction vanishes unless 
L+h'+l.+l,' is even. The same restrictions apply to 
the result for the singlet interaction 


(a| Um,\a’)=3(—)7AA! Dog Fudlily’00| RO) 
X (lol2'00| RO)W (Lyly'lole’ ; RJ), 


(30) 

with 

A= (—)#-§C (2,41) (2l2+1) (2j14+1) (2j2+1)}! 
XW (lijile 12; 4J). 

The summations over k, in both (29) and (30) can be 

carried out analytically for zero-range forces when all 

F,=F°. The results are the formulas (22) and (19). 

To continue the evaluation of (29) and (30) for 
finite-range forces, one must resort to numerical work. 
The greatest part of the labor is then the evaluation of 
the Slater integrals, F.. We were able to reduce this 
part of the labor by a large factor when we managed 
to carry through the analytic integration of the Slater 
integrals."® 

Some of the results obtained with the finite-range 
central forces are shown in Table IV. The most note- 
worthy fact is that the success we had with the zero- 
range approximation in explaining the lowering of the 
J=1 Rak state below the J=0 state is now lost. The 
main factor in this loss is the reduction of the general 
scale of energies through the spreading of the inter- 
action. There is an initial gap of 0.79 Mev between the 
J=0 and J=1 states to overcome; the effectiveness of 
a larger pair-interaction in the J/=1 over the /=0 state 
depends on the scale of energies involved. 

Actually the change from zero-range to finite range 
central forces has more effect than simply the reduction 
of energy scale. The “surplus” of attraction in the J=1 
state over the J=0 state, which we found in the zero- 
range approximation, is here substantially reduced. 
This comes from the “misfit” of the nodeless and one- 


(30a) 


‘7 We originally developed a method by which the summations 
over k in (29) and (30) could be performed analytically also for 
finite range forces. This amounted to a development of the inter- 
action in powers of the squared ratio of force range to nuclear 
radius. In view of the success of the zero-range approximation 
this should have worked out very well. Actually we could not get 
convergence of the development for realistic values of the range. 
This also seems to have been the experience of Brink™ with a 
similar development; he completes his evaluation only for much 
smaller force ranges than he himself initially suggests as most 
reasonable. There seems to be little advantage in taking an 
artificially small range over working with the zero-range limit. 

1K. W. Ford and E. J. Konopinski, Nuclear Phys. 9, 218 
(1959), 


’ 


(a| Us |a) 


(a| V |a)* 


— 1.30 
—0.90 
— 1,26 
— 1.05 


{a| Vola)» 


—3.47 
—1.78 
—4.14 


(a| UxsPu|a) 

0 0 
—().02 — 0.003 
— 1.43 —0.28 
—1.25 —0.33 





node radial functions in the J=0 state and the misfit 
is less serious to a “nonlocal”, finite-range attraction. 
Further, only a small part of the initial gap was over- 
come with the help of configuration mixing in the 
zero-range case (0.16 Mev of the total of 0.79+-0.05 
Mev). Now we must expect the configuration mixing 
to have still less effect for reasons already mentioned 
(see reference 12). 

These results bring one to either of two conclusions. 
It may be that the interaction of ‘‘extra-core” nucleons 
should not be expected to imitate their interaction 
when alone (‘‘vacuum forces’’). The fact that we found 
that an attraction of the same volume-energy as the 
vacuum forces worked in the zero-range approximation 
may be entirely accidental; the further imitation in 
range as well as strength should perhaps not be ex- 
pected. Alternatively, it may be that we do not yet 
imitate the vacuum forces sufficiently well. The latter 
have another well-known property, namely at least a 
partial tensor character. Tensor forces are usually 
ignored in treating the internucleonic interactions in 
complex nuclei, partly because of the labor of evalu- 
ating them, and partly because it is hoped that in states 
centered on the nucleus, rather than on the relative 
motion of the particles, their effect can be considered 
to be smeared out sufficiently so that they can be 
replaced by central forces. It may be that Rak is a 
case in which this is a bad assumption. 

The success of the zero-range approach in RaE may 
be attributable to the fact that tensor force effects 
disappear in that limit; they may then be replaceable 
by a 6-function potential of total strength sufficient to 
represent the full volume-energy of the total interaction. 
On the other hand extending the range of central forces 
weakens their effect, on our findings, and the reverse is 
true of tensor forces. We therefore made an exploration 
of tensor effects. 


TENSOR FORCE EFFECTS 
The formal work of evaluating the tensor potential 
operator (6) into spherical tensors has been done by 
Talmi'® and by Hope” and Longdon.” Applying (26), 
one then gets 
(a| U7S12|a’) 
=P rv CLs) CL y’)BLS||UrS2|8'L'S’), 
#1. Talmi, Phys. Rev. 89, 1065 (1953). 


* J. Hope, Phys. Rev. 89, 884 (1953). 
21 ., W. Longdon, Phys. Rev. 90, 1125 (1953). 


(31) 
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where 
1 


Lem [VOL+D Qi DAH } 


3 » (32) 
yn Je - 


represents the triplet-/ fraction of the state, and 


(BLS|| US 12\|8’ LS’) = 2(5)}(— 7+“ W (LL11; 2J) 


(L|| 2o(A1) IL") = [3 (2L4-1) (20 +1) (2h +1) (2a +1) ]} 


(L|| £2(22)|| L’)= [3 (2L+1) (20 +1) (2h +1) (le! +1) }! 


STATES 
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Here 7,j/=1,2 refer to the interacting particles and 


£ 


(B| uersr;|B’)= (2k+1 f dry? RyRy 


0 


wo 1 
xf drop Revo f (du/2)P,.Ur/r? (34) 


0 1 


stands for the radial integral. The expressions for 


hi! Lf 
XY 2(—1)*(2x+1)4(k200 i cahiemhiaiainiaes x k 
1; ly 


h,! 1,! 


XE .(—)*(2x+1)'(4200! 0)(by'00|10)(x1/00|10)5 kx 


(L] £o(12)|] L’)=[5(2L+1) (2041) (2s +1) (2le’ +1) } 


h ols 


Xd ry (—) 4 (2x41) (2y+ 1) ]1(R100 | x0)(R100| yO)W (A1ay; 2k) 


As expected, the entire expression (31) vanishes for a 
zero-range potential, U7, when the radial integral (34) 
becomes proportional to (2k+1) as its sole k-depend- 
ence. 

We undertook some evaluation of these formidable 
expressions only for the two states of primary interest 
to us: (Ag/229/2)9 and (Ag/2t31/2)1. The J=0 state is pure 
3Po while 


Ig 0111 sn fra =(5 11)°C¢Py)+(5, 22)? (3P;) 


+ (7/22)3(3D,). (36) 


It is the numerical coefficients in this expression which 
are given by (32).” 

Initially, we further simplified the work by neglecting 
all terms except those with k=0. This is the more valid 
the longer the potential range. At the opposite extreme 
of zero-range (all k-values given equal weight in terms 
of Slater integrals), the tensor effects vanish, hence we 
expect to at least get the right sign of the interaction 
by our procedure. Exploration of a similar procedure 
for the simpler central forces shows that the errors 


*% We found a simpler way to evaluate the 9-7 symbols for the 
triplet fractions than those known to us from the literature (e.g., 
Edmonds 6.4.17). We reduced the evaluation to as few vector- 
addition coefficients as there are Racah coefficients in the usual 
methods. We could show that 


bh ots 
11000) 1 4 s| 
ji jz J 
a (—)Stlitt-ii (jijot—4 JO) 
~ [I+ 1) (2541) [2(2h+1) (+1) 
X {(JS00| L0)+ (JS—14+1| LOu(—)/teth A/C (T+), 


where w is given by (23). 


1,’ 
X (x1;'00! 1,0) (yl2’00 | 1.0)4 x 
l; 


(35c) 


introduced are well within our uncertainty as to the 
proper strength and range to adopt for the tensor 
potential, U’y. It is known that the range of the tensor 
force in the deuteron must be substantially longer than 
the central force range. 


The result for the (/9,/2¢9/2)0=*Po state is 


(a UrSyo\a — (4/9)(B' nor}? | B) 


— (8/33)(B|\ uore?|B), (37) 


where (8 wor? B) is defined by (34). This is a positive- 
definite repulsion when the tensor force has the same 
sign as in the deuteron (U7<0). On the other hand, 
we found attraction in the (/9/2731/2)1 state: 


+ (4 11 3’ uor ;?| B’) 
+ (42/121)(B" | wor?! B’) 


(a’ UrSy. a’ = 
(38) 


9 


The contributing components of the state, (#7?1)*,(3D,)° 
and (°P;),?D,), each give attraction separately, so 
there is no question of a balancing which could change 
with the range adopted. Thus, without making the 
detailed assumptions required for a complete evaluation 
we already find that the tensor force helps to push the 
J=1 state of Bi?” below the /=0 state. 

The important result here is the finding of opposite 
signs for the tensor interaction in the /y/2g9/2 and 
hg/xii1/2 Configurations. That was confirmed by an ex- 
tension of the investigations from k=0, only, to all 
values of the orbital momentum transfer, &. Almost all 
the 9-7 symbol values necessary for this were kindly 
supplied us by Kenneth Smith. The effects of remaining 
ones were estimated by a process of extrapolation. It 
was also necessary to develop new procedures for 
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Coulomb interaction 


PABLE V 


hej2ho;2| e2/riz| heehee 
(Mev) 


+0.341 
+0.293 
+0.263 
+0.249 
+0.252 


evaluating Slater integrals, because the occurrence of 
singularities made our method for the central forces 
inapplicable. Space will not be taken to present the 
large volume of these results in further detail. This is 
partially because approximations we tried for the Slater 
integrals, though they appeared adequate for deter- 
mining the signs of the interactions, have a large range 
of uncertainty in absolute magnitude. The decisive 
reason, however, is that we could find no satisfactory 
way to represent the specific relative strengths of the 
tensor and central forces as required by the free-nucleon 
data. There has been a remarkable avoidance of this 
question in almost all treatments* of the tensor force 
in the literature. This is presumably because the low- 
energy data, though requiring existence of the tensor 
forces, nevertheless is inadequate for determining a 
specific choice out of a large range of values. 

Our conclusion from these investigations is the fol- 
lowing. One can represent the full volume-energy of the 
interactions of free nucleons either by a finite-range or 
a zero-range central force. As True and Ford found, 
there is a small improvement in extending the range 
from zero to a finite value, for singlet forces. There is 
no tensor interaction to consider for singlet states. 
Similarly, no tensor force operates at zero range. 
However, when extending the interaction range in 
triplet states, it makes a critical difference whether a 
central force character is retained or whether part of 
the volume energy is put into a now operative tensor 
potential. The latter can operate as an attraction or a 
repulsion, depending on the particular state. We found 
the signs to be in the right direction to confirm our 
results in the zero range approximation, although the 
formidable difficulties of the problem prevent quanti- 
tative use of the finite range central plus tensor force 
picture. We can only rely on True and Ford’s finding 
that the finite-range forces yielded only minor changes 
from the zero-range representations in singlet states, 
to assume that our zero-range results for triplet states 
have a comparable validity. 

RESULTS FOR Po?!° 

Much of our discussion for Bi?’ carries over to the 
case of Po?’. Now we are dealing with the Pb®* core 
plus two protons. The experimental energy level 

*8 The use of repulsive cores in their potentials, by Gammel and 


Thaler, makes a translation into the customary representations 
without cores quite ambiguous on this point. 
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scheme as reported by Hoff and Hollander is shown on 
the right in Fig. 1. 

Antisymmetric wave functions were constructed from 
the zero-order states given in Table I. The internucleon 
potential is given by (5) and (2) with 6-'=1.6 f as 
previously. Configuration mixing was computed for all 
levels arising from the hg, configuration. The levels 
having J=2, 4, 6, were computed by diagonalizing the 
corresponding 4X4 matrices involving the /tg/2*, /y,2f7,/2, 
fr? and 13)2* configurations. The J=0 level involved 
diagonalizing in the space spanned by the hg)”, f7/2" 
and 73/2” configurations. 

The diagonal matrix elements of the Coulomb 
interaction were calculated exactly for the /y,° states. 
The results are given in Table V. 

As expected the variation with J is small. The 
results of calculation are compared with experiment in 
Fig. 2. For purposes of clarity Fig. 2 contains only the 
Hoff-Hollander levels which were given spin and parity 
assignments by them. The right-hand column contains 
the Hoff-Hollander experimental level scheme. Directly 
to the left of this is our best fit including configuration 
mixing and Coulomb interaction (diagonal only in 
(hy 27) 7 The Coulomb interaction was not 
computed for the 4— and 5— single-particle states 
arising from the /g/2713,2 configuration. The Coulomb 


states). 


interaction for these states was set at +250 kev, on 
the basis of exact calculations for states of similar spin 
arising from the /g,.* configuration (see Table V). 
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Fic. 2. Comparison of theory and experiment in Po*’. The 
coulomb interaction was calculated exactly only for the states 
arising from the //2* configuration. See also Tables V, VI, and VII. 





NUCLEAR, STATES 

The calculated levels given in Fig. 2 are those which 
we believe correspond to the experimental levels. To 
keep Fig. 2 uncluttered we list a// our calculated levels 
in Table VI. Table VII gives the eigenfunctions for 
those states in which mixing was taken into account. 
Our best fit as shown in Fig. 2 was obtained for a well- 
depth, D= —57 Mev. The use of a Serber mixture with 
totally antisymmetric wave functions implies inter- 
action in singlet states only. Thus the singlet well-depth 
is 


—D,=— pD= —0.765X57= —43.6 Mev. (39) 


This ‘‘best fit” well-depth along with the interaction 
range used (8-!=1.6 f) combine to give an interaction 
with the same volume energy as the “correct”? gaussian 
singlet interaction ((2) with D=33.4 Mev and B7!= 1.75 
f). This is interesting in view of the fact that the fit 
obtained is quite sensitive to well-depth—a change of 
1 or 2 Mev either way producing a noticeably poorer 
fit. 

The calculated ground-state wave function for Po” is 
y=0.943 hy oly 2, J=Q +0.101 fi oft 25 J=0) 


Sia ty 40) 
— 0.317 | 143/2t13/2, J=0). ( 


From mass spectroscopic data the pairing energy of 
the two extra-core protons is 1503120 kev (corrected 
for Coulomb interaction with the core). The calculated 


TABLE VI. Calculated levels in Po?!°.* 


Configuration 


Nig) 


Energy (kev) 


QO» 
1085° 
1430° 
1545¢ 
1636 
2702 
2634¢ 
2633 
2557¢ 
2597 
2450¢ 
2573 
2030 
3367 
3308 
3337 
3229 
3326 
3145 
3329 
2988 
3329 
calculated 
1806” 
2983¢ 
3305¢ 
3390° 
calculated 
0 4478» 
2 448 1° 
4 46406° 
6 4731¢ 
8, 10, 12 Not calculated 
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* See Table V for Coulomb effects for h9/22. Coulomb repulsions for other 
states were set equal to the repulsion in the /Ag/2? state having the same J. 

» Mixing of ho/2?, f7/2%, and i1s/2%. 

© Mixing of hoj2?, hoo f7/2, f7/22, and 413/22. 
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TABLE VII. Calculated eigenfunctions in Po2”. 


Energy 


Eigenfunctions 
(kev) 2 


hy? fry? $13/2" 


J=0 

0 0.9432 
1806 0.0390 
4478 0.3301 


=2 


0.1008 
0.9127 
-(0).3960 


0.3167 
0.4068 
0.8569 


1085 
2634 
2983 
4481 

J=4 
1430 
2557 
3305 
4646 
J=6 
1545 
2450 
3390 
4731 


0.9821 
- 0.0478 
— 0.0068 
0.1820 


0.0417 
0.9958 
— 0.0737 
0.0334 


0.0542 
0.0773 
0.9672 
0.2360 


0.1755 
0.0067 
0.2431 
0.9540 


0.9927 
— (0.0738 
— 0.0233 

0.0928 


0.0690 
0.9960 
— 0.0366 
0.0442 


0.0373 
0.0391 
0.9914 
0.1188 


0.0919 
0.0330 
0.1231 
0.9876 


0.9935 
—().0979 
—().0174 

0.0560 


0.0945 
0.9936 
—().0380 
0.0491 


0.0250 
0.0390 
0.9968 
0.0646 


0.0590 
0.0410 
0.0676 
0.9951 


value of 1485 kev seems to be in good agreement with 
this. The Coulomb repulsion plays an essential role in 
this agreement. 

In the present work no account has been taken of the 
4— and 5— states arising from the Pb*® core (see 
Fig. 2). Mixing of these states with the corresponding 
states from the (Ag/2t13/2) and (f7/2t13;2) configurations 
will tend to bring the lowest lying 4— and 5— states 
into closer agreement with the experimentally observed 


4— and 5— states. 


EVALUATION OF é 

The best characterizations of the initial and final 
nuclear states which we have been able to attain are 
given by (25) and (40), respectively. The point of 
primary significance about the results is the evidence 
they provide that it is the (/g/2711/2) configuration which 
predominates in the initial state. That is enough to 
show that the spectrum parameter & of (1), is of order 
+1 rather than —1/10 of the alternatives anticipated 
in the introduction. 

We can also see how much the configuration mixing 


may change & from +1. If we express the initial and 
final nuclear states as 


(41a) 
(41b) 


vi(J=1) 
v;(J=0) 


we may write 


@} hg/2t31/2) +) hy/229/2) 


a’ hy ohy ») +0’ fi 2, F 2) 


1+ (b(r)’ /a(r)) + (cb’(r)’’/aa'(r)) 


Emixed 


, (42) 


E+ (b(n)! /t’a(r)) + (cb'(r)”"/e"aa"(r)) 
where we have written 
(hgjahg/2, J 
(r)! = (hg /oh9/2, J 
ee 


q/2) 


(r Or Ny ot) 2, J 1 $ 


0 r hy 229 25 y 1 


(fr 2 


0 r fi 229 9, J = 1 e 
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£ is defined in (1) and ~’ and &” have obvious meanings. 


Calculation yields 


Emixed 
1+ (b/a)[— (39)!/117 J+ (cb’ /aa’)[11(390)!/234 ] 


1+ (6/a)[10(39)*/117 }+ (cb’ aa’) — 11(390)! 234 } 
(44) 


By using the amplitudes given by (25) and (40), we 
find 


Emixed= +0,99, (45) 
If one takes account of mixing in the initial state only 
(b’=c’=0) one finds = +0.92, whereas taking account 
of both initial and final state mixing yields = +0.99. 
Thus, in spite of the fairly substantial effect of the 
configuration mixing on the position of the energy levels 
of initial and final states, the value of ¢ remains virtually 
unchanged. 


GENERAL CONCLUSIONS 


The initial objective of the work was to use the 
evidence about the J =0 and J=1 energy level positions 
in Bi” to decide whether the transforming nucleon is 
better characterized as gg/2 OF 711;2. We conclude that 
it iS ay:/2 despite the fact that the go/2 level of Pb®® is 
the lowest. This was the critical point in determining 
the spectrum parameter £, as of order +1, rather than 
the very disparate order — 1/10. 

The above conclusions required an explanation of 
why the attraction in the (/9/2f11/2), state should be a 
large amount greater than in the (/9,/2¢9/2)9 state. This 
problem turns out to serve as a severe test of the 
True-Foru finding that extra-core nucleons interact 
about as they do in vacuo. 


AND 
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In Po’, the True-Ford finding was contirmed for 
preton pairs, which interact essentially only through 
singlet central forces. The extension to neutron-proton 
pairs in Bi?” brought triplet, exchange and tensor 
effects into play. We found that the finite-range central 
forces alone could not account for the large surplus of 
attraction in the J=1 over the J=0 state. No ap- 
preciable help was afforded by adjustments of strength, 
range, triplet-to-singlet ratio or exchange mixture 
within all plausible ranges. It was necessary to imitate 
the vacuum forces even in the detail that they have a 
partial noncentral tensor character. The outcome made 
this fact unsurprising, since it was found that the tensor 
forces actually changed sign in going from the J/=0 to 
J=1 state. We could show that the sign change was 
in the right direction. A quantitative check was pre- 
vented not so much by the complexity of the appli- 
cation, as because there seems never to have been any 
unambiguous determination of the tensor force strength 
for nucleon pairs in vacuo using potentials without 
cores. 

Finally, we have found that a promising method of 
representing the vacuum forces is through the use of a 
zero-range approximation in which volume energies are 
maintained. Tensor and exchange effects then dis- 
appear. The method yields relative positions for the 
J=0 and J=1 states of Bi? which are in almost precise 
agreement with those observed, if configuration mixing 
is taken into account. 
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Gamma Rays from Si*’+ )* 
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(Received December 15, 1958) 


Gamma rays from the reaction Si*(p,y) have been investigated at five resonances at proton energies of 
414 kev, 696 kev, 737 kev, 916 kev, and 956 kev. Experimental evidence indicating two close-lying levels 


at about 700 kev above the ground state is presented. 


INTRODUCTION 

ie a previous publication,! we have reported measure- 

ments on the gamma rays arising from proton- 
capture in Si. We had used a 2-in.X2-in. sodium 
iodide crystal mounted on a Dumont-6292 phototube 
as the y detector. As an extension of the above series, 
we have made some further measurements using a 
5-in. X6-in. sodium iodide crystal. It is hoped that with 
increased efficiency and resolving power of the crystal 
for the gamma radiation, we will be able to see the 
decay modes of various levels clearly. It is of interest to 
see whether their branching ratios suggest a deformed 
P® nucleus. 


EXPERIMENTAL PROCEDURE AND RESULTS 

In this experiment, Si*® targets* of thickness 40 ug 
cm? were bombarded with forty microamperes of 
protons from a Cockcroft-Walton high tension set at 
incident energies between 400 kev and 1000 kev. The 
y rays were recorded and analyzed in the manner 
described in reference 1. 

Previously, we had investigated the y-ray spectra at 
three resonances at 414 kev, 696 kev, and 737 kev of 
incident proton energy. Besides reinvestigating these, 
we have studied the spectra at the 916-kev and 956-kev 
resonances. The results are given below. 


414-kev Resonance 
Table I shows the y rays observed at this resonance. 
The y ray arising from a transition to the ground state 


is weak compared with that due to a transition to the 
690-kev level. 


TABLE I. Gamma rays observed at the 414-kev 
resonance in Si*(p,y). 


696-kev Resonance 
y rays observed along with their relative intensities 
are given in Table II. Very strong transitions occur to 
the levels at 1.97 Mev, 2.54 Mev, and 2.73 Mev. The 
presence of a 2.36-Mev y ray along with an equally 
strong 3.28-Mev y ray suggests a cascade through the 
3.93-Mev level. 


737-kev Resonance 


No direct transitions occur to the ground state or 
the 700-kev state. But strong gamma rays correspond- 
ing to transitions from the resonance level to the levels 
at 2.84 Mev and 2.92 Mev are observed. The combined 
energies of the 2.10-Mev and the 4.17-Mev y rays 
suggest that they could be members of a weak cascade 
from the resonance level, through the 4.17-Mev level, 
to the ground state. Part of the 2.10-Mev y ray, how- 
ever, arises from the decay of the 2.84-Mev level to the 
“700-kev” level. It is possible that the 4.17-Mev level 
decays partly through the level at 690 kev above the 
ground state. The results are summarized in Table ITI. 


TABLE II. Gamma rays observed at the 696-kev 
resonance in Si®*(p,y). 


Gamma Gamma 
energy Relative energy 
(Mev) intensity (Mev) 


Relative 
intensity 


oa 2.53 54.0 
be 2.36 16.0 
- 2.26 4.0 
70.0 1.99 28.0 
54.0 1.64 2.4 
53.6 1.46 11.4 
16.0 1.26 32.0 
59.6 0.715 44.8 
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omnN Oo 


mou 


Gamma energy 
(Mev) 


6.04 
5.36 
0.69 


Relative 
intensity 


1 


20 
20 
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1 Broude, Green, Singh, and Willmott, Phys. Rev. 101, 1052 
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Harwell, England. 


Research Establishment, 


445 


TABLE III. 


Gamma 
energy 


(Mev) 


4.82 
4.17 
3.46 
3.36 
2.95 


Gamma rays observed at the 737-kev 
resonance in Si*+- p. 


Relative 


intensity 


1.2 
3.7 
54.5 
100.0 
19.0 


Gamma 
energy 
(Mev) 


2.84 
2.24 
2.10 
1.45 
0.08 


Relative 
intensity 
15 
53.0 
25.0 
110.4 
76.8 
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1. The decay scheme of P® at various resonances. 


916-kev Resonance 


Besides a strong transition to the 700-kev level, 
gamma rays corresponding to weak transitions to the 
levels at 1.97 Mev, 2.94 Mev, and 4.17 Mev are also 
(See Table IV.) 


ol served. 


956-kev Resonance 


There is no y ray corresponding to a transition to 
the 700-kev level at this resonance. Gamma rays corre- 
sponding to weak transitions to all the other levels up to 
3.02 Mev above the ground state have been observed. 
The 2.92-Mev y ray is not resolvable from the 3.02-Mev 
y ray. The results are given in Table V. 

The decay schemes proposed at various resonances 
are given in Fig. 1. All the y rays can be fitted in terms 
of the known energy levels and their decays. 


DISCUSSION 


Besides the fact that some weaker decays have been 
observed, the inequality of the energy of the ‘700- 
kev” y ray at different resonances is very significant. 
It may be that there are two close-lying levels at about 
700 kev of energy. To check this, the energy of the 
“700-kev” y ray was carefully measured at different 
resonances. The results are given in Table VI. It may 
perhaps be pointed out that a doublet at about 700 kev 


Gamma rays observed at the 916-kev 
resonance in Si**+-p. 


TABLE IV 


Gamma 
energy 
(Mev) 


Gamma 
energy 


(Mev) 


Relative 
intensity 


Relative 
intensity 
va 20.9 Zi 
446 8.3 2 
1 1.4 
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TABLE V. Gamma rays observed at the 956-kev resonance. 


Gamma 
energy 


(Mev) 


Gamma 
energy 
(Mev) 


6.52 3.9 
5.06 3.9 
4.54 4.1 
3.98 3.4 
3.68 5.6 
3.53 3.7 
3.02 3. 

2.83 2 


Relative 


Relative 
intensity 


intensity 


| 


Un eu 


of energy is expected, firstly because a strong transition 
to a level at 707 kev has been observed* in S**(d,a) P® 
and secondly because a T=1 level is ex- 
pected'*4 in P® at about 700 kev above the ground 
state. As a further check to ascertain the doublet 
nature of the 700-kev level, the angular distributions of 
the y rays involving this level were measured at 
different resonances. If there is a level with nonzero 
spin at 700 kev, the angular distributions of the y rays 
from this level will not, in general, be isotropic. The 
results obtained at the 414-kev resonance are given in 
Table VII. These results are consistent with the 
assumptions that there are two close-lying levels at 
about 700 kev of energy and that one of them is 0*,1 
while the other is 1*+,0. The anisotropy of the 690-kev 
y ray at the 414-kev resonance clearly establishes that 
this y ray does not arise entirely from a transition 
between the 0*+,1 member and the ground state. 


reaction 


CONCLUSIONS 


From the energy and the angular distribution of the 
“700-kev”’ y ray at different resonances, it is concluded 
that there are two close-lying levels at about 700 kev 
above the ground state. At the 696-kev resonance the 
transition is mainly to the upper member of the doublet 
at 707 kev, while at the other resonances the lower 
member at 680 kev is strongly excited. 

During the angular distribution calculations at the 
414-kev resonance, it appeared that the transition 
between the 1+,0 member of the doublet and the 1*,0 
ground state is an equal mixture of magnetic dipole 
and electric quadrupole radiations. It means that either 
Energy of the “700-kev” y ray at various 
resonances. 


TABLE VI. 


Gamma energy 
(in units of standard 


Gamma energy 
pulse heights) 


(kev) (Mev) 


414 
737 0.690+0.005 
916 
696 0.708+0.005 


151.0 (mean) 


154.1 (mean) 


P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 713 
(1957). 
'Endt, and van der Leun, Phys. Rev. 95, 580 (1954). 
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GAMMA RAYS 


TABLE VIT. Angular distribution of the gamma rays observed 
at the 414-kev resonance. 


Gamma-ray 
energy (Mev) 


Angular distribution expression 


6.04 1+ (0.17+0.02) cos’@ 
5.36 1— (0.19+0.03) cos’@ 
0.69 1— (0.095+0.02) cos’ 


the matrix element for M1 radiation is reduced®® or 

that for £» radiation is enhanced. The latter implies a 

deformed nuclear potential for P®. In this connection, 

it is interesting to note that the ground state of P® can 

be described’ as K=/=2,+2,=1 where 2, and Q, are 
5M. G. Mayer and J. H. Jensen, Elementary Theory of Nuclear 

Shell Structure (John Wiley & Sons, Inc., New York, 1955), p. 209. 
6G. Morpurgo, Phys. Rev. 110, 721 (1958). 


7C. J. Gallagher and S. A. Moszkowski, Phys. Rev. 111, 1282 
(1958). 
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each 3. It is thus possible to describe the 700-kev 
doublet as the K=O bands of the ground-state con- 
figuration. Further work, using Nilsson’s* diagrams to 
determine whether the other excited states are rota- 
tional in character, is in progress. 
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Decay of ,.Sm?*>(23.5 min)* 


L. C. Scumip AND S. B. Burson 
{rgonne National Laboratory, Lemont, Illinois 


(Received January 9, 1959) 


The decay of Sm'*5(23.5 min) is characterized by beta emission to excited states in Eu'®®. This activity was 
studied by means of the Argonne 256-channel scintillation coincidence spectrometer. Sources were prepared 
by neutron irradiation of samarium oxide, enriched in Sm', in the Argonne reactor CP-5. Three gamma-ray 
transitions and two beta-ray branches are reported. These radiations are fitted into a decay scheme which 
indicates the presence of excited states in Eu'® at 105 and 246 kev. The total decay energy is found to be 


1.8+0.1 Mev. Possible spin and parity assignments for each of the levels are discussed. 


P' JOL and Quill! were the first to observe a 21-minute 
activity in samarium. This activity was observed 
to decay” by the emission of beta particles with maxi- 
mum energy of 1.8 Mev. By determining the fission 
yield, Winsberg® was able to assign the activity to 
Sm!, Later, in addition to the beta decay, two gamma 
rays were observed‘ with energies of 104.6 kev and 
245.8 kev. 

Sources of Sm! were prepared by neutron irradiation 
of samarium oxide (99.1% Sm!) in the Argonne 
reactor CP-5. The radiations were studied by means of 
gamma-gamma and beta-gamma coincidence experi- 
ments with the Argonne 256-channel scintillation 
spectrometer. 

The gamma-ray Fig. 1 was 


spectrum shown in 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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obtained with a lead collimator placed between the 
crystal and source. In addition to the previously re- 
ported gamma rays,‘ a 141-kev gamma ray was ob- 
served. Gamma-gamma coincidence experiments (see 
Fig. 2, curves A and B) show that the 105- and 141-kev 
gamma rays are in coincidence with each other and 
that neither one is in coincidence with the 246-kev 
gamma ray. 

Beta-gamma_ coincidence experiments, employing 
techniques in which the beta particles are absorbed by 
aluminum, indicate that the beta spectrum is complex 
(see Fig. 1). There is little if any beta branching to the 
ground state. This is concluded from the fact that the 
ratio of the total number of beta-gamma coincidences 
to the number of beta counts remains constant for each 
thickness of aluminum. From these data, the intensity 
of a possible beta branch to the ground state is con- 
cluded to be less than 2%. 

The experimental information for the 
radiations of Sm!*° is summarized in Tables I and II. 
The K-shell internal-conversion coefficients for the 105- 
and 141-kev transitions were calculated from measure- 
ments of the x-ray and gamma-ray intensities for each 


obtained 
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Fic. 1. The gamma and beta rays of Sm"**. (A) shows the scin- 
tillation spectrum of the collimated gamma rays. Where experi- 
mental points are not shown the uncertainties are less than or 
approximately equal to the line width and points are about 2.5 
kev apart. Curves 1, 2, and 3 of (B) show the absorption in alu 
minum of the beta rays in idediiens with the 105-, 141-, and 
246-kev gamma rays, respectively. 
transition. For these calculations, it is necessary to 
obtain the intensity of the x-rays from one transition 
independent of the intensity of those from the other 
transition. The required intensities could not be 
obtained from the “‘singles” spectrum (Fig. 1) since the 
x-ray peak in this spectrum contains counts from both 
transitions. Instead, the intensities were obtained from 
spectra taken in coincidence experiments. In these 
experiments, the x-ray and gamma-ray counts from 
each transition are observed independently (see Fig. 2 
After making corrections for counter efficiencies and, 
in the case of the x-rays, for the fluorescence yield, ax 
7+0.06 and 0.16+0.06 were calculated for 
Com- 


values of 0.2 
the 105- and 141-kev transitions, respectively. 
parison of these experimental coefficients with the 


TABLE I. Gamma-ray measurements of the decay of Sm'®. 


Internal-conversion coefficients 
for the K shell 
Theoretical (Rose*) 
E2 M1 M2 


“1.05 1.54 1 


1.05 2.1 
0.68 1.08 8.3 


Experi 

mental Fl 
0.22 
0.15 


Energy Gamma-ray 
Mev intensity 
0.105 93.8% 
0.141 1.2% 
0.246 6.3% 


0.27 
0.16 


Rose, Internal Conversion Coe ficients (North-Holland Publishing 
Amsterdam, 1958). 


®M. E. 


Company, 


AND 3S. 


URSON 


(ARBITRARY) 


INTERVAL 


COINCIDENCES PER ENERGY 


a ‘i es ee a ae: ee ae 
20 40 60 60 100 120 140 160 
ENERGY (kev) 


Fic. 2. Gamma-gamma coincidence spectra of Sm!*, Coinci- 


dence circuit gated by (A) the 105-kev gamma ray and (B) the 


141-kev gamma ray. 


theoretical values® indicates that both transitions are 
F\ (see Table I). The K/L ratios reported by Rutledge 
et al.‘ for the 105-kev transition is not inconsistent with 
this interpretation. 

The conversion coefficients were used to correct the 
relative gamma-ray intensities (Table I) for the 
internal-conversion electrons which accompany the 
gamma rays. In this way, total relative intensities of the 
gamma transitions were obtained. The relative inten- 
sities listed in Table II for the beta transitions were 
deduced, in turn, from these total intensities. 

The foregoing data can be summarized unambigu- 
ously by the decay scheme shown as Fig. 3.7 The spins 
and parities of the ground states are assigned from the 
Nilsson energy level diagrams® assuming a deformation 
parameter 6=0.33. The spin of 3 for the ground state 


TABLE IT. Beta-particle measurements of the decay of Sm! 5. 


Parity 
change 


Spin 


Energy 
change 


Mev Intensity 
7% 3 0,1 yes 
93% 3; | no 

not aed 


(<2%) 


5M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 

t Note added in proof—From private communication it is 
understood that experiments conducted by Heath, Cline, and 
Rich (Phillips Petroleum Co., Atomic Energy Division) are in 
substantial agreement with these results. Their findings are to 
be published. 

6S. G. Nilsson, Kgl. 
Medd. 29, No. 16 (1955). 


Danske Videnskab. Selskab, Mat.-fys. 
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of «Sm! (Nilsson level 52) is supported by the 
measured spin’ of 6,Gd!*? which has the same number of 
neutrons. Also the predicted spin of $ for the ground 
state of Eu'®® (Nilsson orbit No. 27) with 63 protons 
agrees with the measured spins® of the europium 
isotopes of mass 151 and 153. However, Eu! has a 
much smaller deformation than either Eu'®* or Eu'®® 
and, because of this, its ground state is actually a 
different level (No. 36) which has negative parity and 
spin of 3. 

The combination of the £1 cascade of the 141- and 
105-kev transitions with the selection rules imposed by 
the beta transitions signifies that the 105-kev level has 
spin $ or 3 and negative parity. Similarly, the 246-kev 
level must have spin 3, $, or } and positive parity. 
Rutledge et al. have reported a K/L ratio of 8 for the 
246-kev transition. This information combined with 
the parities assigned for the ground state and for the 
246-kev level indicate that the 246-kev transition is 
probably predominantly M1 with possibly some £2 ad- 
mixture. If this is the case, the 246-kev level can“only 
have spin 3 or 3 and not 3. 

According to the Nilsson diagrams, there is a 3— and 
a $+ state lying close to the ground state of Eu'®, 
These are the Nilsson orbits 36 and 33 which have the 
quantum numbers (5,3,2)3— and (4,1,1)$+, respec- 
tively. In this notation, the total oscillator quantum 
number JN, its component , along the symmetry axis 
of the nucleus, and the component A of the particle 
orbital angular momentum along the symmetry axis are 
listed, in that order, in the parenthesis; and outside 
the parenthesis are the nuclear spin & and parity x. It 
is interesting to note that these }— and 3+ states occur 
as excited states?" of Eu! and that the 3+ state also 

7D. R. Speck, Phys. Rev. 100(A), 973 (1955) ; 101, 1725 (1956). 
W. Low, Phys. Rev. 103, 1309 (1956). 

8B. Bleaney and W. Low, Proc. Phys. Soc. (London) A68, 55 
(1955). 

9G. Alaga, Phys. Rev. 100, 432 (1955). 

1B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955). 

1M. R. Lee and R. Katz, Phys. Rev. 93, 155 (1954). R. L. 
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Fic. 4. Observed total disintegration energies E for the Sm-Eu 
decays as a function of neutron number JN. The arrow at the point 
for N=87, A=149 indicates the energy is not less than the value 
at the point. 


appears as the ground state *"" of Tb!®*. These analo- 
gous states in Eu! are considered in some detail in the 
recent treatise by Mottelson and Nilsson.’* When the 
asymptotic quantum numbers are considered, it is found 
that transitions from the 3+ level to both the }— and 
the $+ ground-state are highly hindered. Consequently 
theoretical transition probabilities are not expected to 
be reliable and therefore have not been calculated. 

According to the selection rules proposed by Alaga’® 
for beta transitions of deformed nuclei, a beta transition 
to the ground state would be a first forbidden transition 
which is hindered (AA=2 instead of AA=0 for an 
unhindered transition) while the 1.50-Mev beta ray 
should be first forbidden also but unhindered. This may 
be the reason that a groundstate beta transition, which 
otherwise should be able to compete with the transition 
to the 246-kev level, was not observed. 

Figure 4, obtained from the charts of Way and 
Wood," shows the observed total decay energies as a 
function of neutron numbers for the Sm-Eu decays. 
A value!® for the Sm™*-Eu™ decay energy, which was 
not available when they compiled the data, is also 
shown. In addition, the figure shows the value of 
1.8+0.1 Mev, as observed in this study, for the 
Sm!*-Eu!®® decay. The latter point falls on a straight 
line with the points representing the decay of other 
nuclei which have the same atomic number. As can be 
seen in Fig. 4, the previously reported value of 3.2 Mev 
for the total decay energy did not evidence this linear 
relationship. 


Graham and J. Walker, Phys. Rev. 94(A), 794 (1954). N. Marty, 
Compt. rend. 238, 2516 (1954). 

12 J. Baker and B. Bleaney, Proc. Phys. Soc. (London) A68, 257 
(1955). 

13 B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 

14K, Way and M. Wood, Phys. Rev. 94, 119 (1953). 

16 Mack, Neuer, and Pool, Phys. Rev. 91(A), 497 (1953). 
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The extrapolated end point from Kurie plots of the tritium beta spectrum between 14 and 18 kev has 
been measured as 18.61+0.02 kev (internal consistency) on the Argonne double-lens beta spectrometer. 
Composite sources of tritiated estradiol and 10-hr thorium B (Pb?") and its daughters allow calibration 


at 25 kev (the 


“‘4”’ line) as well as some check on the effect of the source thickness on the “A’”’ line. A 


review of other measurements, including mass difference data, average energy determination, and propor 
tional counter work, shows agreement with the present magnetic spectrometer result, 18.6+0.1 kev (this 
error includes some estimate of possible systematic effects). Two notable exceptions give lower values, 


18.2 and 18.0 kev 


one an average energy determination, the other a magnetic spectrometer result. The 


18.6-kev decay energy and a half-life of 12.43 years give ft=1137+20 sec. 


I. INTRODUCTION 


ECENTLY the spread in the values of tritium 

decay energy appearing in the literature has been 
pointed out again by Friedman and Smith! in their 
publication of the mass difference H*— He’, obtained 
by mass “‘synchrometer” technique. The present work 
is not directed to the question of the neutrino mass or 
the shape of the spectrum but rather to the “extra- 
polated end point” which, as Sakurai? has re-emphasized, 
should be just equal to the mass difference. An accurate 
value for the decay energy of H*® and hence for the /¢ 
product for the beta decay is of interest in connection 
with the relative size of the Gamow-Teller and Fermi 
coupling constants. 


II. EXPERIMENTAL PROCEDURE AND RESULTS 


Because another addition to the list of values might 
justly be regarded as further confusion, the features 
of this measurement must be examined carefully. They 
are the following: 


(1) ‘“‘built-in” low-energy calibration using a com- 
bined-source technique in which Pb?” (ThB) and the 
tritiated material are put on the same source; 

(2) an iron-free double lens spectrometer® whose 
linearity down to 2 kev has been demonstrated‘; 

(3) sublimated sources with thicknesses estimated at 
0.3 to 0.03 yg/cm?; 

(4) aluminum foil backings 400 yg/cm?, while too 
thick for shape measurements at the low energies, give 
certain electrical grounding without affecting the shape 
at the high-energy end of the spectrum. 

The procedure consists of collecting the 10-hr ThB 
(recoils from the a decay Em*”* > Po?! —> Pb?!) elec- 
trostatically on a 200 ug/cm? Al foil over an area of 


* Based on work performed under the auspices of the U. S.,,. 


Atomic Energy Commission. 

1 L. Friedman and L. G. Smith, Phys. Rev. 109, 2214 (1958). 

2 J. J. Sakurai, Phys. Rev. Letters 1, 40 (1958). 

Porter, Freedman, Novey, and Wagner, Phys. Rev. 103, 921 
(1956); Porter, Wagner, and Freedman, Phys. Rev. 107, 135 
(1957). : 

‘Freedman, Porter, Wagner, 
(1957). 


and Day, Phys. Rev. 108, 836 


ig-inch diameter. The holder is designed to insure that 
no emanation can reach the back of the foil. Tritiated 
estradiol’ is then sublimated® from a warm filament in 
vacuum onto a }-inch area overlapping the thorium B 
deposit. A j-inch diameter disk is then cut out of the 
center (the tool is much like a small cork borer) and 
fastened with an extremely dilute glyptal drop to 
another 200-ug/cm? Al foil on a standard source holder. 
This cut-out technique was adopted so that both 
thorium B and tritium were deposited on the same 
area without worrying about the effectiveness and the 
alignment of the masks. The deposits are quite invisible. 
The specific activity of the material and the actual 
count on the samples in the spectrometer leads to 
surface densities of 0.3 ug/cm? for the strongest sources 
and 0.03 g/cm? for the weakest source. Ohmmeter 
checks with a fine wire touching the }-inch source disk 
showed electrical contact on all the sources. 

The flow-type proportional counter window (formvar 
supported by Lectromesh, 150 mesh, 50% open) has 
a cutoff of 1.2 kev. It was operated at 5 cm Hg pressure 
and has a background of 3 counts/min. The spectrom- 
eter was operated at 1.6% resolution and 1% trans- 
mission. Counting rates on the peak of the spectrum 
with the strong sources were 600 counts/min. From 
30-50 counts/min on the “A” line was sufficient for a 
suitable measurement on the line in 3 or 4 hours. A 
minimum of ThB was used so that the tritium spectrum 
near the end point could be run without waiting for the 
10 hr ThB to decay completely. The prominence of the 

5 This material was prepared by a group at the Ben May 
Laboratory for Cancer Research of the University of Chicago, 
H. I. Jacobson, L. Closs, G. N. Gupta, and E. V. Jensen, with the 
facilities and cooperation of K. E. Wilzbach of Argonne National 
Laboratory. The method involved catalytic hydrogenation with 
88% pure tritium (to be published). The specific activity, deter- 
mined by enzymatic assay for the quantity of estradiol in a 
sample of known activity, was ~200 wC/ug. 

6 A range of volatility was observed using this material (there 
are radiation decomposition products in the solution). The most 
volatile fractions could be shown to pump off slowly even at 
room temperature at 10-5 mm Hg pressure. The less volatile 
fractions (coming off the filament at temperatures not known 
accurately but in the range 100-300 C°) were used for the spec 
trometer sources and showed no detectable pump-off at the 
spectrometer pressure of 10-° mm Hg. 
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“4” line and the fact that the Th(B+C+C’+C”) beta 
spectrum is quite featureless between 410 and 488 
gauss-cm make it convenient in this respect. Two of the 
runs (3b and 4) were started 20-24 hours after the line 
was measured showing that the presence of ThB was 
not affecting the result. 

The tritium data were taken from 14.5 to 18.5 kev 
in half-kilovolt steps. Alternate points were taken with 
increasing and the others with decreasing current. 
Points at 19, 19.5, and 20.5 kev were included in the 
cycles and the average of these taken as background. 
The background at these points above the spectrum 
includes 1 to 2 counts/min of the thorium beta con- 
tinuum if the run was made before the thorium decayed. 
When the thorium has decayed, the background above 
the spectrum is indistinguishable and from the 
background at zero current or from that with the 
source removed. The error flags (and the weights used 
in the least squares fits) include the uncertainty in the 
background. 

The effect of correction (Owen- 


the resolution 


Primakoff-Hinman approach)’ cannot be seen on the 
Kurie plots except for the 18.4-kev point. Since the 
fiducial point on the line is taken as the middle of the 
width at half height, the first moment of the trans- 
mission curve is very small and no large first moment 
shift in the spectrum occurs in the correction. Thus the 
plots in Fig. 1 are the data with no resolution correction. 


The weighted least-squares fits of a straight line to the 
Kurie plots were made excluding the 18.4-kev point 
both because the resolution correction is appreciable 
for this point and (with an open mind) because possible 
finite neutrino mass effects might influence the extra- 
polated end-point determination. These results are 
summarized in Table I. 

The “A” line Hp value’ used here is 534.21+0.03 
gauss-cm. It is the /; line of a 40-kev transition in 


TABLE I. Summary of the data on tritium decay energy 
with volatilized sources. 


Least squares 
Eo +0(Eo) kev 


Calibration constant 
gauss-cm/mv 


Relative 

strength 
12 (13.195)¢ 

1 13.209+0.01 

3 13.19;+0.01 


Source 


18.70+0.11 
18.66+0.35 
18.56+0.04 
18.71+0.07 
(18.71+0.07)4 
18.61+0.03 
18.61+£0.02¢ 


11 13.19)+0.01 
Weighted average 


1.b Different runs of same source, b about 24 hr later. 
Source No. 1 was directly volatilized with }-in. mask on 200-ug/cm? Al 
no calibration line. This is an average based on the other sources. 
4 Run 3b with resolution correction showing no effect at this level of 
precision. 
© o(Fo) =(2 wi) 4=0.022_kev ; (Eo) 
kev, where wi =1/o012, Ai =o —Ei, k =5. 


=[(k-1)—' D widi?/D wi}? =0.024 


7G. E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948) ; 
Rev. Sci. Instr. 21, 447 (1950) ; G. W. Hinman, Carnegie Institute 
of Technology Report No. NYO-91, Appendix VII, 1951 (un 
published) ; see also Appendix I of Argonne National Laboratory 
Report ANL-5525 (unpublished). 


8K. Siegbahn and K. Edvarson, Nuclear Phys. 1, 137 (1956). 
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Fic. 1. Kurie plots of the tritium beta spectrum with several 
volatilized sources. The upper plots, on an expanded energy scale, 
show only the region near the end point. The points from 14.5 to 
18 kev inclusive were used in weighted least-squares fits to a 
straight line to obtain the extrapolated end points. One source 
(4) is shown including the lower energy region of the spectrum. 
Table I gives the differences in the sources and the numerical 
results. The inset shows the ‘‘A”’ line of the Th decay chain which 
was incorporated in composite sources with the tritiated material 
to provide for calibration and for probing the source effects. 


TI’. The Ly line of the same transition has an intensity 
of yo the Ly; line and is not resolved in these experi- 
ments. Its presence can be seen in the line asymmetry, 
and in obtaining the calibration constants the small Ly, 
peak was unfolded from the large one (see inset of 
Fig. 1). The shift in the fiducial point due to this 
unfolding of the line was 5 parts in 10 000. Reversing 
the current in the spectrometer coils showed that the 
uncompensated? axial component of the earth’s mag- 
netic field introduces much smaller effects than could 
be seen at the precision of these experiments (0.1% in 
momentum). 

The most important systematic bias that can arise 
in a measurement of this type is due to the source 
thickness. Note that the ThB recoils are collected first, 
that the “A” line electrons penetrate the entire source 

®The components of the earth’s magnetic field transverse to 
the axis of the spectrometer are degaussed to the extent that 
500-volt electrons (special 1-meter-long oscilloscope tube) suffer 
0+1 mm deflection in traveling along the axis of the spectrometer. 
This corresponds to an average field of <1.4 milligauss over the 
trajectory. 
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TaBLe II. A summary of several methods yielding the total decay energy of tritium. 


Reference Method 


Friedman and Smith* Mass synchrometer 


Jenks, Sweeton, and Ghormley” Calorimetry average energy (kev) 


E=5.6940.04 


Popov et al.‘ E=5.52+0.01 


Curran, Angus, and Cockcroft4 


Hanna and Pontecorvo' 


Hamilton, Alford, and Gross‘ 


Langer and Moffat* Magnetic spectrometer 


Present work 


* See reference 1. 

» See reference 14. 

© See reference 13. 

4 Phys. Rev. 76, 853 (1949) 
¢ Phys. Rev. 75, 983 (1949) 
£ See reference 12. 

® See reference 16. 


Gas sample proportional counter 


Electrostatic integral spectrometer 


Tritium decay 
energy (kev) 


18.640.2 


18.6+0.15 
18.21+0.03 


18.6(+0.5) Resolution near the end point ~8-13% in 
energy. No Kurie plots 

Both this and above calibrated with external beam 
Mo Ka x-rays at 17.4 kev 


18.9+0.5 


17.6+0.4 Calibration troubles 


Calibrated with “A” line on separate sources 


17.95+0.1 
18.61+0.1 


» Slack, Owen, and Primakoff, Phys. Rev. 75, 1448 (1949) obtained this value from the E of Jenks et al. The other is obtained by the same procedure. 


thickness of the tritiated compound. This offers a direct 
probe of the source effects on these 25-kev electrons by 
comparing the “A” line Hp with that of the “F” line 
(K line of a 238-kev transition in Bi?!*) at an electron 
energy of 150 kev. This ratio was obtained on one of the 
thicker sources (No. 4) and the result, with considerably 
less precision, is the same as the Siegbahn and Edvarson® 
value. 

Hp(F)/Hp(A)=2.59907+0.00025 (Siegbahn and Ed- 

varson), 


Hp(F)/Hp(A)=2.599+0.003 (present work). 
This implies” a shift of less than 60 ev in the peak of the 
A line after passing through the thickest source. 

Further one can examine the results on the different 
sources. Certainly a factor of 3 or 4 in source thickness 
is not affecting the results, and with a lower confidence 
level a factor of 10 in source thickness is not affecting 
the results. 

The deviation of the Kurie plot from linearity can 
qualitatively be ascribed to the thick backing but no 
quantitative statement can be made. 

Finally we mention briefly a series of preliminary 
experiments in which the idea of the combined source 
was tried out except that 50 times lower specific activity 
tritiated thymadine was deposited by evaporating a 
liquid drop on the Al source backing. These sources 
showed crystalline structure (under microscopic ex- 
amination) of very nonuniform character. The results 
for the tritium end point on six runs on three sources 
ranged from 17.7 to 18.4 kev and the “A” line cali- 
bration constants showed variation of 0.6%. These 
results are not surprising in view of the source prepa- 
ration and are in marked contrast to the consistency of 
the results in Table I. 


” Assuming the most probable energy loss/ug/cm? for 25-kev 
electrons is 4 to 5 times that for 150-kev electrons, 


III. REVIEW OF OTHER DETERMINATIONS OF 
BETA DECAY ENERGY OF H' 


In the summary of Table II many of the measure- 
ments with cloud chambers, absorption, etc.," have not 
been included, but there remain representatives from 
several approaches. It appears that with three excep- 
tions the value 18.6 kev would be included in all the 
other measurements. In this writer’s-opinion the end- 
point value of Hamilton, Alford, and Gross” from the 
electrostatic spectrometer should not have great weight. 
The absolute value of the end point was not their 
primary objective but rather the shape of the spectrum 
in the last kev occupied their efforts so that no checks 
on the absolute calibration with their 100-yg/cm? source 
were described. 

One of the remaining two exceptions in a recent 
calorimetric determination of the average energy in the 
tritium decay by Popov ef al."* whose quoted precision 
is very good (0.2%), but whose result appears disparate 
with the earlier result of Jenks ef al.'415 The other is 
the well-known work of Langer and Moffat'® on the 
large shaped-field 180° spectrometer. No explanation of 
the disparity in either the E measurements or the 
magnetic spectrometer measurements is at hand. 

If we take 18.6+0.1 kev (this error includes some 


't Some of these may be traced in the review article by Hornyak, 
Lauritsen, Morrison, and Fowler, Revs. Modern Phys. 22, 291 
(1950). 

2 Hamilton, Alford, and Gross, Phys. Rev. 92, 1521 (1953). 

18 Popov, Gagarinskii, Senin, Mikhalenko, and Morozov, 
Atomnaya Energiya 4, 296 (1958). 

4 Jenks, Sweeton, and Ghormley, Phys. Rev. 80, 990 (1950). 

16 There would be considerable interest if future work shows a 
real discrepancy between the average energy and, say, spec 
trometer values for the end point, because the two are related by 
the theoretical expression for the shape of the spectrum about 
which we know very little below 3 or 4 kev. 

16 |, M, Langer and R. J. D, Moffat, Phys. Rev. 88, 689 (1952). 
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estimate of possible systematic effects) for the decay 
energy of tritium and the Jones!’ half-life of 12.262 
+0.004 years, the ff value’® of H® is 1122+20 sec. 
Popov et al." report a longer lifetime 12.58+0.18 years 
and give an average (which includes the value of 
Jenks et al. as well as that of Jones!”) of 12.43+0.04 
years. This average along with 18.6+0.1 kev gives 
ft=1137+20 sec. 

Some recent comments on the problem of the ratio 
of Gamow-Teller to Fermi coupling constants were 
made by Kistner and Rustad’ at the Gatlinburg Con- 


17 W, M. Jones, Phys. Rev. 100, 124 (1955). 

18E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 
(1950), Eqs. (A6) and (A7) for f. 

19Q. C. Kistner and B. M. Rustad, Bull. Am. Phys. Soc. Ser. 
7 Be 79 (1958); and private communication of work to be pub- 
lished. 
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ference on Weak Interactions. Using /o(H*)= 18.6 kev 
from the mass difference work, and magnetic moment 
data to correct | fo@|*, they pointed out that H*, 0", 
and F"’ are consistent with Cgr?/Cr’=1.16+0.05 while 
the neutron data (along with the average of 0— 0 
transitions) point to a higher value (1.4) for this ratio. 
However, if the uncorrected single-particle value for 
| fe|? is used for H*, then tritium and the neutron are 
consistent with Cgr/Cr~1.45. 
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Magnetic Moments of Strongly Deformed Odd-Odd Nuclei* 
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The strong-coupling magnetic moment relation for odd-odd nuclei is evaluated with the use of Nilsson 
wave functions for finite values of core distortion. The theoretical predictions are compared with all of the 
data available on odd-odd nuclei in the strong-coupling region. There is no evidence for appreciable error 
having been introduced by the assumption of no interaction between the odd proton and odd neutron. 


I. INTRODUCTION 


HE magnetic moments of odd-odd nuclei have 
been calculated using a variety of approaches. 

The simplest model to meet with some success is the 
j-j coupling scheme wherein one assumes that the 
magnetic moment arises from an odd proton and odd 
neutron, each in its appropriate shell-model state.’ An 
improvement in agreement of theory with experiment? 
was obtained when Schwartz’ suggested that, still using 
the j-j coupling scheme, the g-factors for the odd 
proton and neutron states could be obtained empirically 
from nearby odd-even nuclei where the shell-model 
states being occupied are presumably the same as in 
the odd-odd nucleus under consideration. Caine‘ has 
shown that this semiempirical approach is successful 
because it takes into account a large part of the effects 
resulting from configuration mixing. 

The work described above is based on the assumption 

* This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. 

t Now at Forrestal Research Center, Princeton University, 
Princeton, New Jersey. 

1 EF, Feenberg, Phys. Rev. 76, 1275 (1949). 

2R. J. Blin-Stoyle, Theories of Nuclear Moments (Oxford 
University Press, London, 1957), p. 68. 


3H. M. Schwartz, Phys. Rev. 89, 1293 (1953). 
*C. A. Caine, Proc. Phys. Soc. (London) A64, 999 (1956). 


that the particles are in a spherically symmetrical 
potential well. Calculations of the magnetic moments 
of distorted core, odd-odd nuclei were performed 
first by Bohr and Mottelson.° The odd proton and odd 
neutron were assumed to be coupled strongly to an 
ellipsoidal core, but both nucleons were considered to 
be in pure j-states. The effects of j-mixing arising from 
the noncentral potential were considered qualitatively. 
Recently, Gallagher and Moszkowski® have calculated 
moments of odd-odd nuclei using the ‘‘asymptotic wave 
functions” obtained by Nilsson.’ These are wave 
functions for particles so tightly coupled to the distorted 
core that the effects of spin-orbit coupling are insignifi- 
cant. Thus these calculations represent the opposite 
extreme from those based on the spherical-core shell 
model. 

Nilsson, however, has solved exactly a Hamiltonian 
which includes both the spin-orbit and particle-core 
couplings, so that for each value of the core distortion 
parameter one is given a level order and corresponding 


5A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

6C, J. Gallagher, Jr., and S. A. Moszkowski, Phys. Rev. 111, 
1282 (1958). 

7S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 
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wave functions. In the case of no core distortion the 
energy levels and wave functions reduce to those of the 
shell model, while for very large core distortions one 
obtains the asymptotic eigenvalues and eigenfunctions. 
In the present article we shall use these intermediate- 
coupling results of Nilsson to calculate the magnetic 
moments for all of the nuclei in or very near the strong- 
coupling region (150<A<190) with experimentally de- 
termined magnetic moments. 


II. STRONG-COUPLING MAGNETIC MOMENT 
RELATION FOR ODD-ODD NUCLEI 


In order to use the Nilsson wave functions most 
directly for odd-odd nuclei, we shall assume that the 
two extra-core particles interact much more strongly 
with the nuclear core than with each other. Should the 
moments calculated on this assumption differ from the 
experimental values by more than the corresponding 
calculations for odd-even nuclei, we might conclude that 
the odd-proton and odd-neutron wave functions are 
strongly correlated. 

To investigate this possibility we have used the 
Nilsson “intermediate” wave functions along with the 
Nilsson-Mottelson energy level diagrams’:* to calculate 
the magnetic moments of several odd-even nuclei in 
the strong-coupling region. We have obtained results 
similar to those of Gottfried? who has calculated odd- 
even nuclear moments using energy levels and wave 
functions which he obtained by solving a Hamiltonian 
with a different particle-core potential from that 
employed by Nilsson. By “‘similar’” we mean that the 
theoretical predictions for the odd-even nuclei result in 
disagreements with experiment which, as in Gottfried’s 
calculations, average about one fourth of a nuclear 
magneton for odd-neutron nuclei and about one half a 
nuclear magneton for odd-proton nuclei. Thus, we expect 
discrepancies of at least this size in the odd-odd moment 
calculations, since there has been no refinement of the 
theory in the consideration of the even-A nuclei, even 
though a possibly significant new interaction (odd- 
proton—odd-neutron) has arisen. 

To obtain the strong-coupling value of the magnetic 
moment, yw, for odd-odd nuclei, we write 


w=(u-D)/(U4+1), (Mr=J) (1) 


where p is the magnetic moment operator and J is the 
nuclear spin. The magnetic moment operator in Eq. (1) 
is given by 

U= LspSpt Bipl pt SenSatZinknt+geR, (2) 
where s, I, and R represent intrinsic spin, orbital, and 
core rotational angular momenta, respectively; the 
subscripts p and mn refer to proton and neutron; and the 
g’s represent the appropriate g factors for the various 
angular momenta. 


§ B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955). 
*K. Gottfried, Phys. Rev. 103, 1017 (1956). 
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The total angular momentum of the nucleus is 


given by 
I=s,+s,+1,+1,+R. (3) 


In obtaining an expression for » we see from inspec- 
tion of Eqs. (1), (2), and (3) that we must obtain 
expectation values of I,-I, 1,-I, s,-I, and s,-I. These 
quantities can be obtained from pages 27 and 28 of 
reference 7. These expressions derived by Nilsson have 
complicating terms for the case 2=K=},!° but since 
we are considering here only even-A nuclei, K can 
never equal } and these additional terms will not arise 
even though the 2 values of the individual neutron or 
proton states may equal }. Combining Egs. (1), (2), 
and (3) and assuming that 7=Q=K for the ground 
state, we obtain 


w=(1/ (+1) ]Lgap(Sps) + gen(Sns) +8r(l ps) +8r J. 


The subscripts, 3, refer to the components of angular 
momenta along the core axis of symmetry. If there were 
no spin-orbit coupling, then the spin and orbital angular 
momenta components along the symmetry axis would 
be constants of motion and the expectation values in 
Eq. (4) would be replaced by the appropriate eigen- 
values, A and &, of the Nilsson asymptotic wave func- 
tions. In this case Eq. (4) reduces to the relation used by 
Gallagher and Moszkowski for odd-odd nuclei. 

In the following we shall make estimates of the core 
distortion for several nuclei and use the Nilsson wave 
functions and energy level diagrams corresponding to 
this value of the distortion to compute the strong- 
coupling magnetic moment given by Eq. (4). Estimates 
of the core distortion parameter, 6,’ are based on the 
work reported in reference 8. The numerical values of 
the g factors used in this work are the standard “un- 
quenched” single-particle values 


£ep= 95.985, £sn= — 3.826, 


together with 


(4) 


£ip= 1, £in=0, gr=0.40. 


III. NUMERICAL RESULTS 


There are comparatively few experimental data 
available on the odd-odd nuclear magnetic moments in 
the strong-coupling region. We shall discuss here the six 
nuclei in this region about which there is some experi- 
mental information. 


Eu'® and Eu’ 


One of the most significant achievements of the 
collective model in connection with nuclear magnetic 
moments is its natural explanation of the large difference 

10 The symbols 2 and K represent respectively the projections of 
the particle angular momentum and the total angular momentum 
onto the core axis of symmetry. For an odd-odd_ nucleus 
Q= |Q,+0,,|, and we expect for the ground state that 7=Q=K. 
See, for example, references 5 and 7. 
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between the magnetic moments of the two spin-3 
isotopes of europium? (415;= +3.4 nm; wi53=+1.5 nm), 
The observed large difference in the distortion of these 
nuclei together with the Nilsson or Gottfried energy 
level scheme indicates that the odd proton is ina 
different state in these two nuclei. Furthermore, the 
collective model predicts the occurrence of this sharp 
change in nuclear distortion in the region of neutron 
number 88.8 

Recently Abraham, Kedzie, and Jeffries!' have 
measured the spins and magnetic moments of Eu'*? 
and Eu! by the paramagnetic resonance method. 
These nuclei differ from the ones discussed in the 
preceding paragraph only by the addition of one 
neutron. 

If we assume the core deformation of the heavier 
isotope, Eu'**, to equal that of the relatively non- 
spherical core of Eu'®,’ we see from the Nilsson level 
scheme that the odd neutron (V=91) should have 
Q,,==3 or } depending on which of three close-together 
energy levels (Nilsson levels 52, 55, and 44) is being 
filled. The level diagrams indicate that the odd proton 
should also be in a level with 2,= 3 or 2,=3. Since we 
expect that J= |Q,+0n!°* for the ground state, 2, must 
equal Q2,,= 3 in order to be consistent with the observed 
spin of 3. This means that the proton is not in the same 
level in Eu’ as it is in either of the two spin-3 isotopes, 
Eu! and Eu'®, Nilsson and Mottelson* have pointed 
out that there is experimental evidence! for the 
existence of this 2,= 3 level very close to the ground 
state of Eu!®, so its occurrence in the ground state of 
Eu'*! would not be surprising. 

Under the above assumptions, we obtain with the use 
of the Nilsson wave functions, together with Eq. (4), 
Mtheor= +1.95 nm which compares favorably with the 
experimental result of +2.1 nm. 

Eu!” is midway between the two nuclei (Eu! and 
Eu’) with the previously mentioned large distortion 
difference, so there is some ambiguity in the core de- 
formation to be assumed. It may be that the addition to 
Eu!*! of the neutron in a state whose energy decreases 
with deformation could tilt the scales in favor of the 
large distortion increase which is about to occur. We 
shall, therefore, calculate the magnetic moment for 
both the large and small distortions. 

For the smaller deformation (6=0.16), the Nilsson 
levels are such that level 52 (the one assumed in the 
above Eu! calculation) is again available for occupancy 
by the odd neutron. If we assume that the proton is still 
in level 33 as it should be according to the level scheme, 
we obtain ptheor= +2.33 nm which agrees relatively well 
with the observed value of +2.0 nm. The prediction of 
this model is somewhat vague for this case because of 

11 Abraham, Kedzie, and Jeffries, Phys. Rev. 108, 58 (1957). 

12M. R. Lee and R. Katz, Phys. Rev. 93, 155 (1954); R. L. 


Graham and J. Walker, Phys. Rev. 94, 794(A) (1954); N. Martz, 
Compt. rend. 238, 2516 (1954). 
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the relatively high density of levels in this particular 
region. 

If for Eu! we assume the large deformation associ- 
ated with Eu! (6=0.30),8 we see that a different 
neutron level is involved (level 57). The resulting 
theoretical moment value of 2.14 nm is so close to the 
value corresponding to the smaller distortion that we 
are unable to gain insight from these calculations 


concerning the deformation of Eu'™. 


Lu’6 


The spin and moments of Lu!’® have been estimated 
by Schuler and Gollnow® and Klinkenberg'* on the 
basis of optical studies of the hyperfine multiplet. Their 
results are ]>7 and p= +4.2+0.8 nm. Estimating the 
nuclear distortion from the observed large quadrupole 
moment of around seven barns, we obtain 6=0.33. 

The Nilsson energy level diagram indicates that the 
proton should be in an Q= 3 state (level 25), which 
agrees with the observed spin of } for Lu'”®. The 
neutron level available is also an Q= state (level 41). 
Thus, the collective model predicts a spin of 0 or 7, 
the latter value being consistent with the experimental 
data. The value calculated from Eq. (4) for the Lu'’® 
moment is ptheor=+2.93, which is not in good agree- 
ment with the observed +4.2+0.8 nm. 

This poor agreement with experiment is not surprising 
in this case, since the use of level 25 in calculating the 
Lu'’®> moment yields the correct spin but gives a theo- 
retical moment far different from that observed for 
Lu!”*. In fact, the disagreement in this case is larger 
than any other odd-even nucleus we have studied in the 
strong-coupling region.!® 

We can, however, use a semiempirical approach in 
this case. Thus, the procedure we shall follow is to solve 
for Zsp(Sp3)+ (lps) using the odd-even strong-coupling 
moment relation® 


= [ I/(I+ 1 ) Wgen(Sps)+8rn(l ys) J, () 


together with the observed magnetic moment of Lu!”® 
of +2.940.5 nm. Using this empirically obtained 
information concerning the proton state together with 
the neutron state assumed above (level 41), we obtain 
Utheor= +4.59+0.56, which is consistent with the ob- 
served value of w= +4.2+0.8. The uncertainty in the 
theoretical value results from the uncertainty in the 
observed value of the Lu'?® magnetic moment. This 
indicates that both of the errors in the theoretical 
predictions for Lu'’® and Lu'”6 arise from the use of the 
proton wave function associated with level 25. 


18H. Schuler and H. Gollnow, Z. Physik 113, 1 (1939). 

4 P. F. A. Klinkenberg, Physica 17, 715 (1951). 

15 The energy level diagram of Gottfried also predicts the } spin 
for Lu!”, but the eigenstate involved is different from the Nilsson 
level mentioned above. The theoretical value in this case, however, 
differs by about the same amount from the experimental result as 
does the value based on the Nilsson level scheme. 
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TABLE I. Comparison of experimental and calculated magnetic 
moments.* The theoretical values are obtained by using Eq. (4) in 
conjunction with the Nilsson wave functions corresponding to the 
assumed value of the deformation parameter. The values used 
here for this parameter are based on the results given in reference 
8. The level numbers refer to the particular Nilsson level assumed. 


Neutron 
level and 
0-value 


Proton 
level and 
Q-value 


33, 
33, 
33, 


23, 


Assumed 
defor- 
mation 


0.30 
0.16 
0.30 
0.33 
0.33 


A be 
(theoretical) (observed) 


; +2.14 
} +-2.33 
‘ +1.95 
3 +2.93 
+-4.59+0.6" 
0.15 +0.50 
0.12 +0.46 
0.10 —0.46 


* W. M. Hooke, Bull. Am. Phys. Soc. 3, 186 (1958). 
6 Semiempirical value. See text 


Nucleus 
Ful? +2.0 
+2.0 
+2.1 
+4.2+0.8 
+4.2+0.8 
+0.008 
+0.07 
+0.50 


Eu 
Lu'’6 


Aul® 
Au™ 
Au! 


SNS eS SU 


— me ee et eee KO 


Au’, Au’, and Au” 


Recently, atomic beam magnetic resonance measure- 
ments of the spins and moments of Au'*, Au’, and 
Au’ have been obtained.'*” Studies of nuclear excited 
states have shown that the strong particle-core 
coupling decreases sharply in the region of 114 neutrons. 
The gold nuclei discussed here, therefore, may be 
described more accurately by an intermediate-coupling 
model rather than the strong-coupling model assumed 
here. 

The distortions assumed for these nuclei have been 
estimated by extrapolating the curve given by Mottel- 
son and Nilsson® showing nuclear core distortion as a 

‘6 Ewbank, Marino, Shugart, and Silsbee, Bull. Am. Phys. Soc. 
Ser. IT, 2, 383 (1957). 

17 Reynolds, Christensen, Hooke, Hamilton, Stroke, Ewbank, 
Nierenberg, Shugart, and Silsbee, Bull. Am. Phys. Soc. Ser. IT, 
2, 317 (1957). 

18 Hooke, Christensen, Hamilton, Reynolds, and Stroke, Bull. 
Am. Phys. Soc. Ser. II, 2, 344 (1957). 

19 Christensen, Hamilton, Lemonick, Pipkin, Reynolds, and 
Stroke, Phys. Rev. 101, 1389 (1956). 

2 Proceedings of the University of Pittsburgh Conference on 
Nuclear Structure, June 6-8, 1957, edited by S. Meshkov (Uni- 
versity of Pittsburgh and Office of Ordnance Research, U. S. 
Army, 1957), p. 497. 
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function of atomic number. We have assumed that the 
proton is an {= 3 level (level 42), since the odd-even 
gold nuclei, Au, Au, Au’, and Au™, are all observed 
to have spin 3. 

The results of applying Eq. (4) are shown in Table I. 
The theoretical values of the Au’? and Au" moments 
differ from one another by less than 0.1 nuclear 
magneton as do the observed moments. There is a 
disagreement in absolute value, however, of around } a 
nuclear magneton, an error typical of odd-even moment 
calculations mentioned previously. The theoretical 
value of the Au’ magnetic moment is consistent with 
the observed moment and indicates a negative sign. It 
would not be surprising, however, if this moment were 
found to be positive, since this nucleus is probably 
outside the strong-coupling region. 


CONCLUSION 


In obtaining the strong-coupling magnetic moment 
relation for odd-odd nuclei [Eq. (4) ], we have assumed 
that the odd proton and odd neutron are tightly 
coupled to the core but do not interact with each 
other. The effect of the spin-orbit interaction for each 
odd particle has been taken into account by the use of 
Nilsson wave functions corresponding to finite values 
of core distortion. 

We have evaluated the strong-coupling moment 
relation for every odd-odd nucleus in the strong 
coupling region for which the value of the magnetic 
moment is known. The theoretical values of the 
moments differ no more from the experimental values 
than do the corresponding predictions for odd-even 
nuclei. Thus, in these few cases, we find no evidence 
that the odd neutron-odd proton interaction is com- 
parable with the odd nucleon-core interaction. 
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Dispersive Effects in Electron-Nucleus Interactions* 
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Elastic scattering of electrons from nuclei is influenced by the possibility of virtual transitions to excited 
nuclear states in intermediate states. Such dispersive corrections to electron-deuteron elastic scattering 
are calculated in second order Born approximation for incident electron energies from 200 Mev to 500 Mev 
for various values of the momentum transfer. The static second-order Born formulas are also evaluated. 
Similar, but less accurate, calculations are carried out for He‘, C!*, and some heavier elements. These 
results are used to find small corrections to nuclear radii obtained from an analysis of the Stanford experi- 


ments. 


Dispersive effects on the energy level shifts in bound s states of hydrogenic atoms are also calculated, 
using second-order perturbation theory for the deviation of the nuclear charge distribution from a point 
charge. These small shifts are evaluated for deuterium and He‘ and, less accurately, for other nuclei with 


Z<50. 


I. INTRODUCTION 


ROBLEMS involving Coulomb interactions be- 

tween electrons and nuclei have reached a stage 
of considerable experimental sophistication. Electron 
scattering has been developed into an increasingly 
delicate instrument by the Stanford researchers,! and 
the energy of low-lying bound states in certain atoms 
has been determined with amazing accuracy following 
the original work of Lamb.’ 

The interpretation of these experiments has been 
based on a picture of the nucleus as a static charge 
cloud.! The Stanford workers have determined electron 
scattering from such a model with almost infinite 
accuracy, using a phase-shift analysis and numerical 
techniques, and the “nuclear size” correction to the 
Lamb shift has also used a static picture of the nucleus.* 

In view of the importance of electron scattering in 
directly measuring the deuteron wave function and the 
charge distribution of heavier elements, and in view of 
the continuing interest in the Lamb shift, it is of 
interest to examine these phenomena—elastic scattering 
and Lamb shift—for the effects of virtual nuclear states 
other than the ground state. 

The present work examines accurately electron- 
nucleus elastic scattering in second Born approximation, 
and the shift of 2S levels due to nuclear structure in 
second order perturbation theory. In both cases the 
formulation contains a sum over possible intermediate 
states of the nucleus. When this intermediate state is 

* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at the John Jay Hopkins Laboratory for Pure and 
Applied Science, General Atomic Corporation, San Diego, 
California. ; Vel 

1R. Hofstadter, Ann. Rev. Nuclear Sci. 7, 231 (1957). This 
excellent review also contains a complete list of references to 
earlier experimental and theoretical work on electron scattering. 

2 Triebwasser, Dayhoff, and Lamb, Phys. Rev. 89, 98 (1953) ; 
Dayhoff, Triebwasser, and Lamb, Phys. Rev. 89, 106 (1953). 

3H. A. Bethe and FE. E. Salpeter, Quantum Mechanics of One 
and Two-Electron Atoms (Academic Press, Inc., New York, 1957), 
Sec. 20. 


not the ground state, we have the contribution from 
effects ignored in state pictures of the nucleus. These 
are termed dispersive effects, and have previously been 
the subject only of qualitative evaluation.‘ Here we 
will discuss, in Sec. II, a method for dealing accurately 
with the sum over intermediate states in a semi- 
numerical fashion, and use this method to derive cross 
sections for electron-deuteron scattering in first and 
second Born approximation at energies from 200 Mev 
to 500 Mev for large momentum change, and for 
electron scattering from other elements (He‘*, C®, Ca, 
Bi) at fewer combinations of energy and angle. A 
similar method for the bound state problem is discussed 
and used in Sec. III to evaluate the shift in 25 levels 
due to nuclear size and structure for all nuclei up to 
Z=S0. 

A discussion of the results from electron scattering, 
their interpretation in terms of nuclear sizes, and their 
significance for earlier calculations of the bound state 
problem will be presented in Sec. IV. 


II. ELECTRON SCATTERING 


The Born approximation for Coulomb scattering 
from a point charge, to second order, has been clearly 
and correctly expounded by Dalitz,® and the formalism 
in his paper can be extended® to include scattering from 
an extended charge source or from a real nucleus 
containing nucleons which may occupy virtual states 
other than the ground state during the interaction. In 
terms of incoming and scattered electrons of momentum 
pi and ps, intermediate states of plane wave electrons 
of momentum p, the electron mass m, and intermediate 
nuclear states y,, the amplitude for electron scattering 

4L. I. Schiff, Phys. Rev. 98, 756 (1955); H. S. Valk and B. J. 
Malenka, Phys. Rev. 104, 800 (1956). 

6 R. Dalitz, Proc. Roy. Soc. London 206, 509 (1951). 

®N. A. Krall, Ph.D. thesis, Cornell University, 1959 (unpub 


lished). This work contains complete details concerning methods 
and results indicated here. 
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with momentum change q= p2— p; is, with p=p,7", 
M = —ie*5(e2.— «Sera F(q)/q’—e*(2n") fa 
X5(ps—€1)(D2— p)*(P— Pi)” De nleP=- PB )o, 


X(ei(P-P) RB) (LE, — Eo t+ p—m) ba (1) 


The matrix elements (e'?®)o, are taken between the 
nucleon ground state Wo and the state ¥,, and the 
scattering has been derived, for simplicity, from the 
potential due to a single nucleon whose coordinate is 
R, V=—eé/|r—R|. The restriction to one nucleon is 
lifted for complex nuclei by summing over protons, 
V=—>;é&!r—R,| ; for the deuteron the one-nucleon 
formula, is, of course, the proper formulation. The 
expression (1) is exact in the first two terms of the 
Born expansion retained, and the usual notation 
F(q)=(e'*®)o9 has been used to define the nuclear 
form factor. 

The problem in evaluating (1) centers on evaluating 
the sum over nuclear states. A simple means of dealing 
with the sum would be to ignore £,,— Eo in the denomi- 
nator, and use closure: 


> (E,— Eot+p—m) Keir 


0 


R),,(e" Ais R) ( 


(p—m)KePz-Pv Rog, (2) 


This approximation has been used often before,‘ and is 
based on the following considerations. If there is 
approximate momentum balance in the intermediate 
state, the nucleon momentum will be near p, then 
E,~ p?/M, where M is the nucleon mass, compared to 
the electron energy ¢€ of about poc; then E,,/€0~ poc/Me’, 
a smal] number for electrons of 200 Mev/c. This implies 
that E,—E» may be ignored in the denominator for 
most electron intermediate states. However, when 
p= po, the electron part of the denominator vanishes, 
and it is clear that neglecting E,—o in the denomi- 
nator is a bad approximation there. The integral over 
p depends strongly on the region p near fo; so while it 
is clear why (2) might be used, for simplicity, to give a 
first approximation, this approximation gives only a 
very qualitative result. The procedure used in the 
present quantitative treatment is to write 


> (E,— Eotp—m)Keir-P 


0 


R one's? pi)-R r 


=> [(p—m)7—(E,— Ev) (p—m)“(E,.— Fe 
+ p—m) Ke Pe-P)R), (eP-P-R) 


(p—m)'F (q)+remainder. 


AND 
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The remainder is then evaluated, using appropriate 
approximations, and will, of course, give its biggest 
contribution from the region p near fo. To see best the 
approximations used to get the remainder, we restate 
the problem in terms of the cross sections, after spin 
sums have been taken, obtainable in a well-known 
fashion from the amplitude M, 


do /dQ=([cos*(8/2) JetF2g-*+- [csc (6/2) —1 Je*a Fg 
—2e'm*Fr-“g"R, (4) 


where the first term is the first Born approximation 
result, the second term is the contribution from the 
crude approximation represented by (2), and the third 
term is the remainder—the difference between the 
exact second Born statement and the crude approxi- 
mation stated in (2). Writing Eo,=E,— Eo, we have 


2 2: (po?— p*) —1 


n=l 


R=(—po 2m) § p(0—D *(P— Pi) 


X (po? — p?— Eon? + 2m Eon) Ke?” Bo, 
XK (et P- Pi R) of Eon(2m— Eon) (pit pe) 
(pit pot+2p)(m)!+4Eon(po?— p*)}. 


R=(—po 2m) f span: 


$= Cauchy principal value. (6) 


As indicated in Eq. (6), we shall carry out the integra- 
tion over the absolute value, p, of the electron momen- 
tum after the other operations. It should be noted that 
in the cross section (4) we have only retained terms of 
order e®, the interference terms between the first and 
second Born amplitudes, besides the pure first-order 
term in e*. The terms in e® which we have omitted, the 
square of the second Born amplitude, should be smaller 
than our terms in e® by a factor of the order of 2/137 
except at angles where the form factor F is unusually 
small. 

To evaluate R we divide the integration over p into 
three regions: (7) p large enough (p>1.05p0) so that 
we can ignore Eo, in the denominator, (ii) p small 
enough (p<0.950) that we can also ignore /, in the 
denominator, and (iii) po’— p” small enough that it may 
be ignored in the denominator, retaining only the terms 
in £o,. Using this division, the operator representation 
E,XA)on=(AHo)on, and the sum rule 


Y f(Ex)(A)on(B)nv=(A fT 0) B)oo, 


we can write the integrand of (6) in the three regions 
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of p as follows: 


| p— po| >0.05 po: 
f(b) = fos P?(po’— p’)*(p2— p)*(p— pi)? 


X (ei pz) Ry (Ho Eo) (2m— Hot Eo) (pet Pi) 
. (pe+ pPit2p)m 14+4(Hy— Eo) (po?— p*)} 
Kelp Pv Roo; (7) 


po(l+A/2) 
A g ap { an P| pot+ pi) 
po(l—A/2 


-(po+ pit2p) (po?— fp?) (po— p)?(p— pr) 7m 
X [(e' too — (ei Pe P)-R) (et(P PL) R09 J. (8) 


The reason the regions in which we may neglect Hon 
in the denominator extend so close to p=po is as 
mentioned earlier, that the important nuclear inter- 
mediate states are those where approximate momentum 
balance is achieved, and Fo, ~ (poc)?/Mc?~40 Mev for 
po~200 Mev/c. Then p’?—p," is five times as big as 
(E,—o)? even for p=1.05p0. The matrix elements 
(e(P2-P)-R),,, were also examined explicitly, and con- 
firmed the intuitive feeling that the important nucleon 
states’? were actually those with /£,<50 Mev. The 
matrix elements in (7) are solved by simply deducing 
the commutation relations between e?-?) 8 and 
Hy y= —V?(R)/2M+V(R); the resulting matrix element 
is then an expectation value over the ground-state wave 
function of the nucleus: considered. The angular inte- 
grations in this first integral are involved but standard; 
then in this region f(p) reduces to a combination of 
analytic expressions multiplying matrix elements such 
as (e'®2i cos#dV /dR)oo, which depend on the nuclear 
ground-state wave function and on the assumed nuclear 
potential, and which may be evaluated analytically in 
simple cases, such as a Hulthén deuteron, or by high- 
speed electronic computer in more complicated cases. 

In the central region p~ po, the matrix elements for 
the selected nuclear ground state give complicated 
functions of (p—pi) and (p.—p), and the angular 
integration dQ was done on the IBM 650 computer for 
all cases considered. These regions were joined by a 
smooth curve and R was evaluated by numerically 
integrating under the curve. 

The major error in this procedure comes in joining 
the regions |p—po| >0.05p9 with the region p~ po. 


7 For the case p< po, the denominator of (6) vanishes at large 
Ey. The principal value of the sum over this singularity gave a 
contribution an order of magnitude smaller than the sum over 
the regions where E, could be safely ignored. The integrations 
over such singularities for the second Born amplitude also lead to 
terms involving residues at each pole but these terms are purely 
imaginary and do not contribute to the first-second Born inter- 
ference terms of order e® which we retain in our Eq. (4) for the 
cross section, 
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Fic. 1. f(p) in arbitrary units vs p, from R= (—«/2m)C f(p)dp, 
showing the joining of regions |p—po| >0.05p0 and the region 
p = po, for electron-deuteron scattering, with pp=400 Mev/c, and 
q=2.2 f. 


Figure 1 gives a typical demonstration of what /f(p) 
generally looks like. It is clear that the big contribution 
to R comes from electron intermediate momenta near 
po, especially |p—po| <1.2po. An error of about 10% 
comes from this joining of the two regions. This 
remainder itself is generally larger than, or at least 
comparable in size to, the crude approximation (2). 

It is worth noting here that the remainder, containing 
containing /%o, as a factor in the numerator, contains 
only dispersive effects (intermediate states other than 
the ground state), while the crude approximation 
contains a static part (n=0) as well. To obtain the 
part of the second Born approximation due only to 
dispersion (the part ignored in a static charge picture 
of the nucleus), we write the second Born approximation 
to scattering from a static charge and subtract it from 
the total second Born formulation just described: 

(da /dQ) static [cos?(0/2) JeF?g?—2e'm?F ag ?S, 


charge 


S= fa F(p.— p)F (p— pi) (po?— p’ +ie) 


X (po— p) *(p— pi) "(2 pom 2 cos*(@/2) 
+ pomp: (po+pi) |. (9) 


This integral is very similar to the one encountered 
in f(p) for p~ po, and was evaluated numerically in the 
same fashion on the IBM 650. 


Deuteron— Electron Scattering 


For the deuteron the Hulthén wave function and 
potential was used to evaluate F(q) and the nuclear 
matrix elements appearing in /(p). The calculation was 
done at 7 combinations of energy and angle, with 


results for 01, G2, Gdispersivey Tstaticy Ferudey and Oremaindet 
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TABLE I. Results of the electron-deuteron scattering calcu- 
lation, where (do/dQ),=first Born approximation in cm?/sterad 
(do/dQ),=second Born approximation = (do /dQ)crude+ (do /dQ) r 
= (da/dQ)static+ (do /dQ) dispersive. F is the deuteron form factor, 
and do/d2=SF*X 10-* cm?*/sterad. 


fo q . . 
(Mev/c) (f~) Serude ; S: Sstatic  Sdispersive 


0.13 
—0.095 


—1.1 
0.15 


—0.96 


0.67 0.054 


188 1.08 
1 

0.22 

—0.66 

0.12 


1.69 
1.36 
0.101 


1.82 —1.6 


0.174 


listed in Table I. The exact choice of model and wave 
function parameters must be of little importance in 
present application of this method, since this is such a 
small correction. A partial repeat of the calculation 
using a square-well nuclear potential indicates a change 
in o2 of about 10%. 


Other Elements 


The shell model was used to apply the formalism to 
complex nuclei, after extending it to include more than 
one nucleon. This extension was accomplished by the 
replacement, in formula (1), 


(exp(iA- R))o,(exp(7B- R)) 0 
(> ; exp(7A- R;))on(do1 exp(7B- Rp) no. 


For states n#0, if only single-particle excited states 
are considered,’ the excited nucleon must be the same 
nucleon in both matrix elements, and 


(>; exp(7A- R;))on(307 exp(7B- Ry) no 
=> exp(iA- R;))o,(exp(7B-R,;)).0 
Z(exp(tA- R))on(exp(7B- R)) jo. 


lor the ground state, independent nucleons may appear 
in either matrix element, and a term appears here that 
was not present for the deuteron: 


0 


(En Lot p—m)-\D exp(iA- R;))on(d exp (iB- Ry) no 
J l 


— 
0 


ZY (E,— Eo+ p—m)Kexp(iA- R))o, 
X(exp(iB- R)) n0+Z(Z—1)(p—m)" 


X(exp(7A- R))oo(exp(7B- R))oo. (10) 
The first term is identical with the deuteron term, and 
is handled identically, separating it into a crude 
approximation and a remainder. The second term is 
identical with the expression for the static second Born 
approximation, except for the Z(Z—1) factor, as 
§ Excited states corresponding to collective motions appear to 
have little effect on the results. This was checked by studying a 
liquid-drop picture adjusted to fit the giant resonances. 


AND 
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mentioned for the deuteron case. There are two differ- 
ences between the complex nucleus calculation and the 
deuteron calculation. First the ground-state wave 
functions—and potential—are chosen differently, and 
secondly, the static second Born contribution exhibits 
a Z® dependance, compared with a Z dependance for 
the dispersive part. The latter feature, of course, is 
concealed in the deuteron calculation. 

In Table II we list cross sections calculated from this 
formalism, at several angles and energies for He* and 
C”, and at fewer points for heavy nuclei Ca® and Bi. 
The last two were included to exhibit the effect of the 
extra power of Z in the static part, namely that an 
accurate static charge calculation for heavy nuclei 
contains only completely negligible errors (fractions of 
a percent) due to ignoring dispersive effects. Table II 
lists @1, 02, Cdispersive, ANd Cstatic along with other cross 
sections. The term in Z(Z—1), which did not appear in 
the deuteron calculation, is termed the cross term, @ct. 


III. NUCLEAR STRUCTURE AND THE LAMB SHIFT 


The problem of determining the energy levels of 
bound atomic S states is formulated in perturbation 
theory, using Vo= — Ze?/r as the unperturbed potential, 
and V;=)>);—e/|r—R;|+Ze?/r as the perturbation, 
with R; the displacement of the ith proton, r the 
displacement of the electron, and Z the nuclear charge; 


E= eg t Al, +Ak), static tp Ap, dispersive 5 (11) 


€o is the energy level of a point-nucleus atom. The 
first-order energy shift, AE,:=(V1)o00~€0(ZRo/ao)”, is 
evaluated in other places,’ where Ro’ is the mean 
squared radius of the nucleus and ap is the Bohr radius. 
E2, static €0(ZRo/ao)*, as can be demonstrated® by 
studying the Schrédinger differential equation.’ The 
smallness of the binding energy for the deuteron results 
in a larger value for AE), dispersive than might have been 
expected.” From perturbation theory, then, writing ¢o 
as the unperturbed Coulomb wave function and using 
plane waves (27)~‘e‘®-® for the intermediate-state 
electrons (it will be shown that practically all the 
contributions to this effect comes from relativistic 
intermediate states, allowing the Coulomb force to be 
ignored in those states), we have 


AF 2: dispersive foray fap go(r)po* (r’) (277) 


x 
Keip- (0) F(e?/| r— R! )on(e?/ |r’ — R] ) no 
1 


XLEn— Eote(p)—eo}. (12) 


® More explicitly, AZ, = (4/3n*) (ZRo/ao)*eo for the nS state in 
a hydrogenic atom. For a hollow-shell nucleus (constant potential 
inside), an explicit evaluation gives AF2, static= (2ZRo/5Sao) AF) 
to lowest order in powers of Ro/do. 

” Our thanks are due to Professor N. Kroll, who first pointed 
out in a discussion that AZ2, dispersive might be large. 
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TABLE II. Result of electron-heavy nucleus scattering calculation, with (do/dQ),= first Born approximation, (do/dQ)2=second Born 


approximation, = (da /dQ) static +. (do /dQ) dispersive = (da /dQ) crude + (da /dQ) remainder + (da /dQ) cross term, (da /dQ), ross term = [ tz 
x (da /dQ) static, and da /dQ=S 


po 
He! 188 Mev/c 
400 Mev/c 


188 Mev/c 


400 Mev/c 


q(f~) 


0.62 


1.34 
1.39 


x 


10~ cm?/sterad. 


Si 
3:7 
0.26 
1.90 
0.019 


18: 


0.18 


Scrude 
2x10 
0.01 
LSxX10- 


1.05 

0.06 
2X10-% 
0.006 
2.6X104 


Sr 
—0.39 
— 0.0088 
— 0.067 

-(0.001 


—2.0 
—0.19 
—(.012 
— 0.04 
2X10 


Sotat le 
0.13 
—9X 10 


—0.011 
—6X 10 


3.8 
—0.11 
—0.026 
—0.11 

3X10 


Sdisp 


—0.27 
— 0.006 
—0.051 
—5.6X10"4 


—1.6 
—0.12 
—(.0055 
— 0.022 
+-0.0004 


1)/Z] 


So 


—0.14 

— 0.007 
— 0.062 
— (0.0012 


188 Mev/c Lis 4.8 
0.98 ¥ 0.035 
1.34 i 5x10" 


1570 9.0 
0.005 
0.1% 107 


188 Mev/c 0.62 
0.98 6 
1.34 14x 10° 


As before, the expectation values (Vi)o, are taken 
between the nuclear ground state Yo and the nuclear 
excited state yn. E, refers to the nuclear energy, and e 
refers to the electron energy. The sum is over all nuclear 
states excluding the ground state, thus including only 
effects due to dispersion in the sum. 

The problem here takes on a more lucid aspect if the 
Coulomb functions ¢o(r) are written in momentum 
space. Then 


go(r) = f exp(7s-1)Xo(s)d’s, 


go(r’) = f exptit-ryxo(da, 


f expi0-n)(—e r—R' )d*r=4r exp(iQ- R)Q™, 


(13) 
AF, disp= f d°pd*sd°l(2/m)e*(p+s)-2(p+l)-2 


XX (8)Xa* OEE Eyte(p)— eo] : 
1 


X(exp[i(p+s)- R })on(expl—i(p+l)- R))n0. 


Anticipating again that relativistic values of p, the 
intermediate-state electron momentum, are the im- 
portant ones, we may clearly neglect s and / where they 
appear in combination with p, since Xo(s) decreases 
very rapidly for s above Z times the Bohr momentum 
h/ay~a/2 Mev/c, a being the fine structure constant. 
We may also note that fd*sd*J Xo(s)Xo*(1) = |@o(r)| p=" 
= |¢(0)|?, and write finally 


AF), disp > | po(0) |?(2 ne fap p ‘ 


oa 


XY LE.— Eote(p)— 0] VeiP R), le Kf R) 0. 


1 


(14) 


—10 ‘ —2.9 — 54 
—0.11 0.004 —1.6 
0.0014 0.0004 0.03 


—14 2.4 — 632 
— 0.023 0.007 —2.1 
—2X10-* 5.5X 10° —6X10 


To demonstrate the fact, stated earlier, that relativistic 
p is the important region, we note that (14) may be 
written as 


8(P) 
AF). disp >= (0) | et dp, 
p 


1 w 
g(p)=— SL En— Eote(p) — eo }(e'P 8 )on(e~'P'®) no, 
p 1 


po< (Ko C) fee 2 Mev lc: 


1 oO (1 +ip- R)o.(1—ip- R) no 
g(?)~— 2 oo 
p l (i _—<— Eo) 


(15) 
= pF n(En— Ec)-{R cos) on’, 


p> Ry~ 100 Mev C3 


g( p) ~ p 1 ~~ (e'P-R) 7 |, 
1/Ri>p>Eo: 


1 
g(p)= ie (1+ip- R)on(1—ip- R)no= 4Ro?. 
ile 


This indicates that g(p) is very small at nonrelativ- 
istic values of p, rises to a constant value Ro?/3 between 
the characteristic energies Hy and 1/Ro, and falls off 
rapidly for higher values. One approximation, then, 
used to get order-of-magnitude results for general 
nuclei, is 


1/Ro 7 Rye 1 
AF), disp = 6(0)|*8e f ( ~)( )as 
Ee 3 p 


Re 1/Ro 
=81|4(0)|1(- ) in ‘) (16) 
3 Fo 


For general nuclei this must be summed over all 
protons. This was done for general Z<50, and the 
results are plotted in Fig. 2. 


1 





KRALL 





et” Li” 


Het/ 
— a! r 1 1 
2 < 6 
Z-— 











Fic. 2. M=3AF2, disp/| (0) |*Reet vs Z for Z 210. For ele 
ments Na to Ca, M=(11Z—26); for elements Sc to Sn, M 
= (12Z7—56 


To obtain a more accurate value for the deuteron, we 
note that (R cos@)9,=Do, is a well-known matrix ele- 
ment," and g(p)= (1/p)d01*(E,— 
can be evaluated explicitly to get g(p) for regions 
p<K100 Mev/c. For p>Eo/c~2 Mev/c, g(p)=(1/p") 
XL 1—(e'P®)o? ]. Then g(p) can be evaluated directly 
in the two overlapping regions of p, and AF), aisp 
obtained by a simple numerical integration. The result 
for this accurate calculation is, collecting other results 
for completeness, for a 2.S level, 

AF) dispersive = 0.20 | (0) |? fermi/ Mev 
2.9X 10-9 = 0.02 Me 
AF) static=0.001 Mc/sec, 
AF,= (24/3) Ro?! (0) |?, 
AE= E—e=0.88 Mc/sec. 


Sec, 


Comparing with the earlier, more approximate pro- 
cedure, we note that 


(1—0.1)AF2(accurate). 


AF:(approximate) = 


The deuteron calculation also yields the information 
that 


3), g(1/Ro)~Re/3, 


g(Eo)~ Re 9. g(1 4Ry)~O0.8(ReP 


as an indication of the reliability of approximation 
(16). The logarithmic dependence on the limits is 
clearly a saving feature of the approximation. 
Assuming that the correction required to bring the 
approximate and accurate calculations into agreement 
is a linear addition to In(1/Ro£po) in (16), and is inde- 
pendent of Z, we may use the deuteron calculation to 
obtain a slightly improved value for AEF), aisp for 


J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 


\NDZE. E. 


Eot+ p) i R cosé on p” 
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helium for a 2S level. 


AF), disp(helium)=0.16 Mc/sec, 
AE,=7.08 Mc/sec, 
AE=AE,+AF.=7.2 Mc/sec 
+0.7 Mc/sec. 


The error comes from the present experimental error in 
determining the nuclear radius Ro. 


IV. DISCUSSION OF RESULTS 


Table I and Table II indicate that the contribution to 
the cross section due to dispersion is generally negative, 
and between a few percent and ten percent for the light 
elements. The tabulated results for the heavier elements 
indicate, of course, the breakdown of the Born approxi- 
mation, and the simultaneous decrease in the impor- 
tance of dispersion. The contribution from the so-called 
remainder is generally larger than the contribution from 
the crude approximation (2). The unusual largeness of 
the dispersive contribution for the deuteron, compared 
with the static terms in the same order, which was 
observed in the calculation of energy shift for bound 
states, is reflected also in the scattering calculations. 
The ratio of static to dispersive contributions to 
second-order perturbation theory is much smaller for 
scattering from the deuteron than from heavier ele- 
ments, even when the extra factor of Z occurring in 
the static part is divided out. 

The ideal way to use the cross sections derived here 
would be to subtract them from the experimental 
values, and fit the difference with an appropriate static 
model, using the Stanford partial-wave techniques. 
Some summary of the cross sections may be made by 
indicating the change in Ry deduced from experiment 
when dispersive effects are included. We may write 
F(q) as the form factor deduced from experiment using 
a first Born approach to scattering, and F;(g) as the 
form factor deduced using first and second Born 
approximation. Then, for the deuteron, with the 
Hulthén wave function .V(e~-*"—e-#")/r, we have 


Fexperiment= Fe (g)o point charge= F'1°(q)o point + 2, 
AF*=—¢s/¢ point; 
AF?=[7.4F — 63 (g?+0.86)— (¢?+10) Jaa 
+[0.44—122(¢?+30)-!(¢?+9)— Jan, 
AR,= —20.0Aa—1.4Ap. 
A similar approach was used for the shell model on He‘ 
and C® with the results 


Ro (in fermis) 
2.10+0.04 
2.32 


AR» (in fermis) 
—0.010 
—0.08 
—0.05 


deuteron 
helium 
carbon 


The experimental errors will soon be reduced. 
It is clear here that the scattering calculation, giving 
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a correction to Ro, has an influence on the first-order 
change in the bound-state energy, A#,, which was 
seen to depend on R,’. 

It should be pointed out, in conclusion, that the 
approximations used here in solving the second Born 
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approximation are based on the fact that in the region 
of electron energy considered, the nucleons remain 
nonrelativistic. For incoming electrons with energies of 
the order of the nucleon rest mass energy, or more, this 
method will fail. 


NUMBER 2 


Anticommutator for a Nonlinear Field Theory 


F.. L. Scanr* 
CERN, Geneva, Switzerland 
(Received February 26, 1959) 


The anticommutator for the Thirring model is computed by ordering the operator y (x)y* (x’) and evaluat- 
ing its renormalized vacuum expectation value. The infrared divergence is defined by introducing an ad hoc 
cutoff. The final expression does not agree with the approximations obtained by using perturbation theory 
or by using expansion over intermediate states (with the same cutoff). It is also found that Heisenberg’s 
procedures cannot be applied to this two-dimensional problem 


I 
N recent years, there has been much discussion 
concerning the form of the anticommutator for 
bare-particle spinor operators which satisfy nonlinear 
equations of motion such as! 


iy"), +2¢(Wv=0. (1) 
It has been suggested? that 
Sas’ (*1,X2) =1(0| {a(a1),Wa(x2)} | 0) 


resembles a classical solution of Eq. (1) modified by the 
addition of a mass term near the light cone, and that 
(in four dimensions) it is “effectively” more regular in 
this region than S_(1,2), the corresponding free-field 
function. The soluble two-dimensional Thirring model? 
allows one to check on the first of these speculations for 
a nonlinear theory, but since g is dimensionless in 
Thirring’s case and [g |= L~ in Heisenberg’s, the actual 
forms of S’(x) in the two problems cannot be directly 
compared. 

At first sight it would seem that the calcu- 
lation is trivial for the two-dimensional example. 
Since no lengths are present, it has been pointed 
out‘ that the most general form for Lehmann’s spectral 
function® is p(m)=a(g)d(m)+b(g)|m|-!, giving S’(x) 
=S(x)[a(g)+b(g)J], 1=PS* dx/x(1—x). Perturba- 
tion theory and expansion over intermediate states also 
yield this expression,®:* which does not resemble a 
c-number solution of Eq. (1). However, the infrared 


* U.S. National Science Foundation Post-doctoral Fellow on 
leave from the University of Washington, Seattle, Washington. 

1h=c=1, 

2 W. Heisenberg, Revs. Modern Phys. 29, 269 (1957). 

8’W. E. Thirring, Ann. Phys. 9, 91 (1958). 

4F. L. Scarf, Nuclear Phys. 11, 475 (1959). 

5H. Lehmann, Nuovo cimento 11, 342 (1954). 

6W.E. Thirring, Nuovo cimento 9, 1007 (1958), 


divergence in J leads to an ill-defined space-time 
dependence for S’. If one tries to specify the divergent 
term precisely by introducing a cutoff, Rnin=K, the 
dimensional argument fails and singular contributions 
to p(m) such as mXsin(K/m),etc., cannot be excluded, 
even as K—0. 

In order to resolve any ambiguity, it is desirable to 
write the operator Y,(x)y,/* (x’) as an ordered functional 
of the free-field operators ¢, and @¢,*, as in Glaser’s 
treatment’ for y,. This is done in Secs. II, III. In Sec. 
IV, the renormalized vacuum expectation value is 
computed and a “covariant” infrared cutoff is intro- 
duced. The result is 


Sto! (x1,l15 X2,l2) 
Sio(v1— 02) exp{[gg’/ (24)? ] In(L/|m1—u2| )} 


1, UWxKL, (2) 


where v=x—l, u=ax+1, g’=g+27n, so that | g’/2x| <1, 
and Z is a constant (with dimension of length) 
which transforms as L’=yL(1—8) under a Lorentz 
transformation. 

The functional dependence of Eq. (2) does not agree 
with the predictions of perturbation theory (there is, in 
fact, an essential singularity at «/ =O) or of the inter- 
mediate state expansion. Furthermore, it is shown in the 
last section that Heisenberg’s techniques cannot be 
applied to this two-dimensional example. 


II 


In Thirring’s two-component representation (y“ = 701, 
7°) =B=a»), Eq. (1) becomes 


Oy, /du= ighe*pai, pe ‘dv= — ighi*Pivs, (3) 


7V. Glaser, Nuovo cimento 9, 990 (1958), 
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and the general c-number solutions are 


Vix=¢1(v)Ui(u, — ©) = (2) exp((is f pwd’), (4) 


Y2=o2(u)U ov, © ) =po(u) ep(-ief pica’), (5) 


yn 


where pi(v)=Wi"Wi=1" 1, po(u)=P2*~2=G2"d2. Glaser 
has quantized the problem by treating ¢ as an incoming 
field with free-field commutation relations 


$1,.2= (2n) if dp Ci,2(p) expLip(r,u) |, 


zx 


{Ci(p),Cr*(p’)} =6,75(p—p’), 


(6) 
{C,(p),Cr(p’)} =0. 
The physical vacuum is defined by 

Ci |0)=C.— |0)=0, Ci*—|10)=C.*+ |0)=0. 


Then, since [p,(x), p-(x’) ]=0 for all x, x’, it is possible 
to treat the p, as c-numbers so that Eqs. (4), (5) remain 
valid as operator equations relating y to the incoming 
fields (it is convenient, however, to replace p by 
:p: in these equations; this eliminates a physically 
meaningless infinite phase factor). 

Because of the Hermitian nature of p,, it follows that 
Wi (x1) (2) = G1 (41) b1* (x2) U1 (41,42) and 


ug 
Uilusan)=Ui= eri f ss*(u'(u!): du). (7) 
ul 


In order to evaluate matrix elements of this operator, 
we would like to have U in the form suggested by 
Glaser’s work : 


U 1 (44,2) 


=(U;)o | exp| ax fay H(a9)6e(3)64() F (8) 


where (U;)» and H/ are c-numbers. Equation (7) leads to 


10U, “a 


-f du! :bo*(u')bo(u’): U, (9) 


i Og 


and if Eq. (8) is inserted and the vacuum expectation 
value is taken, this becomes 


1 dU 1)0 (U1)0 ue 
=— f du’ 
1 Og (27)? ul 


H (x,y) 
x far fay : ) 
Ff (u'—x—te)(u! — y—te) 


so that (U1)o can be calculated in terms of H. To find 


(10) 


SCARF 


H, assume that 


[U 1,62(x) ]=G; go(x) Ui; = fy 


XS (x,y) [bo (y)Uit+-U b2 (y)] (11) 


has been evaluated. Then, by considering (0| {C.*(p), 
[C2(p’),U1]} 0) and inserting in turn Eq. (8) for U; 
and Eq. (11) for the commutator, it can be verified 
that H(x,y)=—G(x,y). Thus, the calculation of U; in 
the ordered exponential form is reduced to evaluation 
of G(x,y).§ We shall order Yiy.* below; the correspond- 
ing result for Yao* can be obtained from this by letting 
oT =z 


III 
Glaser has shown that 
$2(x)Us(u, — ©)=U4(u, — © )po(x) expligd(u—x) ]. 
This equation and the relationship 
Uy (11,42) = Uy" (ue, — ©)Us(m, — ©) 
lead to 
Uo=oU —(e ig— | )gig9 (uz u}) | 
X[O(u2—x)—O(ui—x) }oU, (12) 
and 
oU = Ugd— (e#— 1) ewe (ur—) 
X[0(u2—x)—O(ui—x) ]Ug, (13) 


where the indices on ¢, U are suppressed. The positive- 
and negative-frequency parts of @ are defined by 


oP+o~ =, 
1 * dy o(y) 
p(x) =+ f ' 
2ri J_» y—xXFie€ 


o> (x) =P 
When P' to (13), they 


become 


is applied to (12) and P“ 


u2 


[Uo J=Kogu= f dy 
X Lo (WU +4 (y)U JK 


(x4), (15) 


u2 
[¢ »ul-Koue= f dy 


X [Ud (y) + Ud (y) JR (x,y), (16) 


*In the original calculation, U; was ordered by transforming 
Eq. (11) to momentum space. This led to an integral equation, 


S(P)+AS0” dk f(k) sin(p—k)/(p—k) =2(p), 


which was solved by letting sinx/x — e~*!*! sinx/x and using the 
Wiener-Hopf technique for the modified equation. The method 
of solution is nonrigorous and the solution and consequent 
integrations have an extremely complicated form which could not 
be simplified appreciably. I am greatly indebted to Dr. V. Glaser 
for suggesting the present rigorous and relatively simple configura- 
tion-space approach and especially for pointing out that the latter 
method naturally leads to a reduction of the number of integra- 
tions in Eq. (10) [see Eq. (23), below]. Subsequent comparison 
shows that the two calculations give equivalent expressions for 
H (x,y) but different values for (U;)o (unrenormalized). 





NONLINEAR 


with 
(1—e*'2) 1 
K+) (x,y) = =———_ —— 
2st ¥—- 2 F te 


» Wry. 


In symbolic notation, Eqs. (15) and (16) are 


[1+ KH UG =gU-KHUG, 
[1+ KOPOU=UGO-KOGMU, 


Inverse operators, defined by 


[i4+-G* T1+k* ]=1, 
obey 
(1+G™ ]K& = —(G‘+) 


so that 
LU, ]=G™ ; gU; [6 U]=GO ; oU;. 
Thus [U,¢ ]=G; oU; withG=G*)—G~. The inverse 


operators are constructed in the Appendix by solving 
the integral equations [1+A‘*) ]f=g in the form 
f=[1+G™ ]g. The results are 


and 


‘ (1—etiv) pu 
GG f ( x)= i dy i (x,y) f( y) =+ ; [ dy 


oul 2ri uy} 


Ve— 1 9?" (— V4. 
- ) 
YEU Mo— X4 


alee f(y) 
(18) 
44—Y 


where x,=xabie and (xy—0)9/?* (g—44)-%!?* is 
defined to be real when x is real and u,;}<x< Uo. 

The subsequent calculations can be simplified with 
the aid of the identity [ (x—ie)~!— (x+-ie)—! ]= 2ni5(x) ; 
then G‘~ may be expressed in terms of G and 


G(x,y) = (1—e~*) [6(x— yy) + (x,y) J, 


U1 < (x,v) <u 


=(), otherwise, (19) 


so that Eq. (10) can be written as 


1 AU 1)o (1—e"9) u2 ua 
8 = : J uf dx 
i Og (2x)? ” a 


« [ey 4G (ey) ] 
x dy (Ll 1)0- 
w «Ct 


u’ —x—ie)(u’—y—ie) 


(20) 


The factor (u’—y—ie)“! in Eq. (20) is equal to 
K+) (y,u’) times a constant. Accordingly, using 


(14-6 ]K +) =-—G) 


’ 


the integration over y may be performed to give 


1 acl ‘yo —— 1 = ug g t (x,’) 
= Serecapmenen NS a J aw’ f dx- (U1), 
i og 2r Yi ul (u“/—x—ie) 


where the integrand is now of the form G+? (x,u’) 


(21) 
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XK@ (u’,x). As before, [1+G JK™ 


—G~ or 


u2 ug 
J aw f dx G— (z,u’)KR@ (u’,x) f(x) 
ul ul 


u2 
-{ du'[G— (s,u’)+R@ (s,u’) | f,(u’), (22) 


ul 
and furthermore, 


G+) (x,u’) = [eG (x,u") + (e'@—1)8(x—u’) J. 


When G**? in Eq. (21) is written in terms of G~, and 
cCOK@ is reduced using Eq. (22) [with lim/,(x) 
=6(x—z) ], an indeterminate form is obtained for the 
last integrand. Using L’H6pital’s rule, this gives 


10(U:)0 ig pu 1 1 
hea f in| > om (23) 
i og (29)? Jur u,’—U, U2—U,! 


so that 
/ 
= 


g ua 1 1 
Ui)v=exp| j in| + | (24) 
2(2r)? Jus uU,’—U, Uo—U,! 


IV 


The final expression [Eq. (24)] has (Ui)o=1 for 
U)= Ug; (U1)o=0, otherwise. The result is not meaning- 
ful because it is a matrix element of unrenormalized 
operators.’ Although Glaser calculated Z* in 
momentum space, it is necessary to repeat the calcula- 
tion in configuration space (the two computations give 
different values for the renormalization constant). In 
the latter case, Z*!=(U1~-'(u2, — © ))o may be obtained 
by setting #,=— in Eqs. (18), (20): 


has 


' — gg’ 2 dy! 
Z =e : 
oP oni d tie—u,! | 


A corresponding substitution gives (U,(m, —®))o. 
Note that lim u:+-« (Ui(m1,u2))o is not equal to 
(U4(mM, The renormalized matrix element, 
defined as (U))?=Z'Z*-(U)o, has the form 


— © ))o. 


2 


Te gg’ a du’ 
(U1)o* =exp J 
2(2r)*LY_n Us— Uy’ 


“dy! 
+f } (26) 
ip Uo—U,! 


The divergent quantity (U;)o" is independent of 
U1, U2. In this sense, the results of perturbation theory, 


The unrenormalized expression for U’ does, in fact, occur in 
certain equations, such as U/p(u2, — ©) =U (u2,m1)U Rr (11, 0). 
This would appear to be nonsensical for u2#a,, but the product 
operator is actually defined by UUp=Zy U|N)(N| Up, and the 
expansion diverges. These considerations are connected with 
Haag’s theorem [R. Haag, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 29, 12 (1955) ]. 
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expansion over intermediate states, and arguments 
based on Lehmann’s representation are reproduced ; 
S™” is simply S*? multiplied by an infinite constant. 
However, inspection of Eq. (26) shows that the diver- 
gence is entirely of the infrared type. There is no 
singular contribution for u’~u, u2 and it should be 
possible to introduce a covariant cutoff into the 
definition of 7}. 

Since an infrared divergence is associated with mass- 
less virtual particles, one can try to account for a finite 
mass, #, ina phenomenological manner. We observe that 
the integral in Eq. (25) can be interpreted as a sum of 
contributions from all space-time points w’ = (x’+1') <u» 
along the past light cone, weighted by the propagator, 
(u.—u’)~'. For massive particles, it would then be 
expected that propagation over distances Ax>Acompton 
or Ax>>y~'! is attenuated. Furthermore, virtual particles 
would not exist for times A>!" or AD>yu!. However, 
Z‘ contains contributions only from points on the light 
cone and all trajectories have the same proper distance 
and proper time; an exact calculation with 40 at all 
stages is required to eliminate the infrared divergence 
in this manner. 

Another, more successful, ad hoc cutoff is introduced 
by considering the system placed in a box of length L. 
Then the maximum contribution to the integral comes 
from the space-time point (—L/2, —L/2), or tmax 
=Xmaxtlmax= —L. [Note : max transforms like x+/ so 
that tnax’=YUmax(1—8) under a Lorentz transforma- 
tion. ] Of course, the exact solution with box normaliza- 
tion should use standing waves, but if the box is 
sufficiently large, the cutoff can be inserted directly 
into Eq. (26) with negligible error. The result is 


Ui— U2 )}, 


Uy, UW<<L,. 


(U1 (141,u2) o® = exp{ [gg’/ (2x)? ] In(L 


The L dependence of Eq. (27) differs strongly from 
the logarithmic divergence predicted by perturbation 
theory with the same cutoff. In fact, (U1)o” can be 
expanded in a power series in g only if (gg’/8) 
X [In (L/ | #2—|) ]<1 and the radius of convergence 
tends to zero as L— &., 

Furthermore, (U1(2,0#2))o” = x 
infrared cutoff is present [this follows from {y*y"*} 

Z3Z*45(x—x’), t=1' |. However, 


(U1 (12,42) o”® = Yon Dep (Ol WY" (ue) | 2,p)(n,p | W** (u2) |O 


(n is the number of particles and p refers to their 


whether or not an 


momenta), and with an infrared cutoff, each term in the 
series over 7 is finite. Thus, the expansion over inter- 
mediate states must diverge. 

Therefore, to the extent that this cutoff is meaningful, 
one can conclude that both expansions yield poor 
approximations to the exact function, S’. These results 
also indicate that the spectral density p(m) for a system 
in a box may be considerably different from that pre- 
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dicted on dimensional grounds when no length is 
present. 
Vv 
Heisenberg considers the quantity 
Xa(x,a") = {exp[iR(x’) }}wa(x){expl—iR(x’) ]}, 
where R(x’)=[a’y,*(x’)+a*y,(x’) ], Y is a solution of 
Eq. (1), and a” is constant spinor with 


{a’,y} ={a* vy} =0. 


Clearly, x satisfies Eq. (1) as a function of x, but not as 
a function of x’. A further property of x is 


(28) 


lim 0xq/da"=i{p,*(x’) Wa(x)}. (29) 


a’—0 


In the four-dimensional case, Heisenberg assumes 

) g 
x=x°+c where c is a singular c-number function and 
x° is an operator regular near the relative light cone. It 
is then argued that ((Xx)x)o™(éc)c+(Kx")oc near the 
light cone. Setting (x)oc¥c in this region, Heisenberg 
examines classical solutions of 


1y"O C+ 2g (Ec)c+KcemO, = K~B{Kx")o, (30) 


for xv’ and takes 


lim 0¢q/da’=i{0) {,*(x") Walx)} 0). (31) 


a” —() 
This procedure is not valid in the two-dimensional 


case. First, consider Eq. (1): the most general solution 
for x consistent with [Wa(x) }?=0 or [ya(x,x’) }?=0 is 


x1 x,x') at «| (v,x") 
exp ig f x2i9* (yx) xoi"(y,x")dy |, 


aD 


(32) 
x2(x,0') = y2i"(u,x’) 


Xexp ~igf xii™*(y,a)x1'"(y,a") dy J, 


rv 


where the operator x'" is defined by setting Ya(x) > 
a(x) in Eq. (28). These expressions cannot be 
decomposed into sums of regular operators plus singular 
c-numbers: one can, of course, set x=c+(y—c) but 
then x°= (x—c) is also singular.'° 
Secondly, although one component of Eq. (30) is 


O¢;/Ou—ig(c2*cy—C1*C2) Cop ixce~0, (33) 


the exact function satisfies 
OS 10! ge’ 1 
Sis =0. (34) 


ou = (2)? |u—u'| 


‘0A more significant observation is that {y;(x),yi*(x’)} 
= {$1 (v),o1*(v')} U1 (u,u’) is a singular operator. Thus, the anti- 
commutator itself cannot be written as a singular c-number plus 
a bounded operator. 
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The anticommutator does indeed obey a differential 
equation which differs from y“d,5 =0 but it is a singular, 
linear equation with no mass term [as classical equa- 
tions, (1) and (33) contain terms of the form ¢2*¢¢1 but 
since ¢;°’=0 for a spinor operator such a term does not 
appear in the operator equations }. It may also be noted 
that Eq. (33) would seem to predict oscillatory behavior 
for S’, however, as a’ > 0, Ca > 0 [xa — Wa which is not 
singular | and Eqs. (31), (33) may be combined to give 

IS 12! /OU+iKS 29’ =0. (35) 
Since S».’=Q, it can be seen that Heisenberg’s method 
is not applicable to the Thirring model. 
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APPENDIX 
The equations [1+K‘*) |f=g may be solved using 
the methods of reference 7. For instance, if one lets 
h(x)= f(~)—g(x), the A? equation is 


h(x) + (A.1) 


(e-'9—1) pp [h(y)+g(y)] 
f dy 9, 
dei Su gies 


which implies that /(«) is the limiting value of a func- 


+ Note added in proof.—We have recently determined the 
exact solutions for the Thirring model with g=g(x,t). No infra 
red divergence appears if g-0O as u,v->—. A variation 
g=g0(L+u)0(L+2) gives the same results as those obtained with 
the ad hoc cutoff of Sec. IV, and all of the conclusions contained 
here are rigorously valid for this modified field theory. 
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tion /i(x,), analytic in the entire complex plane, except 
for a branch cut along the real axis between m and u. 


Then, 
h(x4)—h(x_) = — (e-—1)[h(x4)+¢(x) ], 


Uy<xX<Uo, (A.2) 


=(), otherwise. 


Let A(x) = (a—1)~9"/?* (u2—x)"'/?*S(x), where g’=g 
+2nn, and define the factors to be real for «= | «| +e, 
uy<|x| <p. If | g’/2m| is always chosen to be less than 
unity, there is a single-valued continuation from x, to 
x_ and 


e h(x) —h(x_) 
=~ 9 (7, — 4 )—9'!2* (u.—x,)0'/?*[ S(x,)—S(x_) ], 
Uy,<X¥< Uo. 


(A.3) 
Equations (A.2) and (A.3) yield 


S(x4.)—S(ax_) = — (1— et?) (xy — ay)? * 


X (tto— x4) (A.4) 


g’ 29 (x), 
which finally leads to 


fla)=a(a)+ f dy G*(x,y)g(y) 
ul 


f dy 
41 


2ri 
(= ee i V4 
X44 Me— X 
The equation corresponding to (A.2) for the K 
operator is just the complex conjugate of (A.2) for real 
valued h, g. Thus, G“~ is defined by taking the complex 


conjugate of (A.5), assuming f/f, g real. The factor 
(x_—u)~9'/?* (u.—x_)t+9'/2" is chosen to be real when 


(1—e'?) 
g(x)+ 


x is real and between wm; and to. 
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The AJ=} rule is incorporated into a previously discussed universal weak Yukawa interaction by 
assuming the simplest relation between chirality and charge operators. Expressing the AJ=} rule by 
forming the N and & isospinors into an isovector B and an isoscalar Bo, we assume B occurs (as in B decay) 
with gy,$(1+rys) and Bo (which has no 8-decay counterpart) with gy,$(1—rys). Here g is the constant 
previously fitted to the x decay rate, and r the ratio of Gamow-Teller and Fermi coupling constants. De 
pending on the sign taken between the B and Bp interaction terms, 2 decays into n+-x* in pure S and into 


n+” in pure P channels, or vice versa. In either case, 2+ 


+ p+7° involves maximal S-P interference and 


a®=0.98. Decay into J =} proceeds via y,(4+4r7s) or y4(3+4rvs), depending on whether 2~ decay is pure S 
or pure P. The second case, but not the first, leads to a A-decay rate in agreement with experiment. In this 
case a, =0.54, and in Z~ decay, az =0.64 and the calculated decay rate is 2.4X10~" sec™. 


I. INTRODUCTION 


N a recent paper,’ we discussed the consequences of 
assuming a phenomenological weak Yukawa inter- 
action 


(g/Mv2)0,0¥y.(1+-s)¥ (1) 


between a meson field ¢, with mass M, and various 
fermion pairs y. This interaction, with 


g’/4r=3.67X10-"® (2) 


fitted to the experimental charged pion lifetime, was 
proposed tentatively as an alternative to calculating 
decays involving mesons through the strong couplings 
m(.V.V), K(VY) and the Fermi interactions (VY) CV.\), 
(VV) (uv), and (.V.V) (ev). The possibility of attributing 
all weak processes to a more or less universal Fermi 
interaction involving only one weak coupling constant 
is certainly attractive in principle, provided the out- 
standing discrepancy between the predicted and ob- 
served rates of hyperon 6 decay can be explained. In 
practice, however, the number of virtual states possible 
is so large and the difficulties of strong-coupling calcu- 
lations so severe, that we preferred—tentatively at 
least—to calculate with the simple phenomenological 
interaction (1). 

If virtual baryon pairs are responsible for the ob- 
served meson and hyperon decays, then g, instead of 
being a universal constant, will be a form factor func- 
tion g(p,m) of the momentum transfer and intermediate 
states (each of mass m) involved. Because of the variety 
of intermediate states possible and the apparent damp- 
ing? of the strong meson-baryon coupling constants g, 
and gx, it is conceivable that g(p,m) actually turn out 
to be effectively constant for a variety of processes. 

In the earlier paper no attempt was made to calculate 
branching ratios that would follow, for example, from 

* Presented at the Conference on Weak Interactions, Gatlin- 
burg, Tennessee [Bull. Am. Phys. Soc. Ser. II, 4, 77 (1959) ]. 

+t Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1§. A. Bludman, Nuovo cimento 9, 433 (1958). 

2M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178 
(1958). 


rules for strangeness change, like the AJ=} rule. In 


this paper, motivated by the recent experiments on 
> decay,’ we attempt to include the AJ=}3 rule by 
making a simple assumption about the relation of 
charge operators and chirality. The AJ=}3 rule, like 
the interactions we discuss, is a phenomenological rule 
that is so far consistent with all information on hyperon 
and A-meson decays, with the possible exception of the 
6,° — 2n°/(xt++7-) ratio. Recently, attempts have been 
made‘ to derive some of the consequences of the AJ =} 
rule from more basic theoretical ideas about the rela- 
tion of strangeness-changing and strangeness-preserving 
baryon pairs. These attempts are also frustrated by the 
practical impossibility of including all virtual strong 
processes we know to be important. For that reason, 
we believe that the predictions of the simple but 
phenomenological weak Yukawa interaction and AJ =3 
rule are worth comparing with experiment. Even if the 
basic process is the weak Fermi interaction, useful 
physical orientation may be gained in this way. 


II. CHARGE-INDEPENDENT DESCRIPTION OF 
DECAYS INVOLVING UNSTRANGE 
PARTICLES 


Our purpose is now to write the r-decay and hyperon- 
decay interactions in a charge-independent form. In 
doing this we actually generalize somewhat from the 
empirical charge-exchange character of r* — w++yv and 
n—+ p+e+v. Such a generalization is necessary be- 
cause in the strange decays charge retention, A > n+7°, 
=+ — p+", occurs along with charge exchange, A — p 
+n-, 3*-—+n+nx+*. Such a generalization is also sug- 
gested theoretically’ if the Fermi interactions are to be 
derived from a continuous symmetry group, since the 
charge-exchange interactions involving 7* and 7~ form 
a group only when 7; is also included. 


§ Cool, Cork, Cronin, and Wenzel, Phys. Rev. 114, 912 (1959). 
I am indebted to Dr. R. L. Cool for access to his results before 
publication. 

4R. H. Dalitz, Revs. Modern Phys. (to be published), reviews 
these attempts, which are originally due to Gell-Mann, Okun, 
and Marshak and collaborators. 
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The generalization of the 6-decay and w-decay inter- 
actions to a charge-independent form leads to the 
prediction of specific weak processes, e~+ p — e~ + and 
n° — e++e-, with the same coupling constant as in 
e-+p— v+n and rt — e++y. Both these weak charge- 
retention interactions are, unfortunately, completely 
masked by identical processes proceeding through the 
electromagnetic interactions. Specifically, if w and v 
(and also e and v) are regarded as members of a charge 
doublet V, so that Wey, (1+~75) is the lepton covariant 
involved in w decay, then the interaction (1) assumes 
the charge-independent form 


H,= (g/M)0,6-Vey,3(1+ys) ¥. (1’) 


This interaction leads to r°—> e++e~ at the rate 1.0 
X10* sec-!. However, 7° decays into 2y (presumably 
electromagnetically) at a rate >10' sec! and hence® 
into et+e~ at a rate faster than 2[a(m./M,) In(M,/m.) |? 
X 10'*= 10" sec. The charge-retaining part of Eq. (1’) 
is thus completely hidden by the electromagnetic inter- 
actions, which also lead to 7° — et+e-. 


III. CHARGE-INDEPENDENT DESCRIPTION 
OF HYPERON DECAY 


1. Spurion Formulation of AJ=} Rule 


We now write the hyperon-decay interactions in 
charge-independent form by the device of introducing a 
“spurion” S that transforms as an isotopic spinor, but 
carries no other physical attributes.* With S the nucleon 


eo n : eis 
isospinor V= (5) can form an isovector N*S or an 


isoscalar W.S. Then, taking S= (;) so that the fictitious 

spurion carries no charge, we have 
B=NS= (j,ip,i), 
By=NS=i. 


2 


(3) 

With this isovector and this isoscalar, the 2-decay 
interaction 

Hy={B,0'=+iBX 0} += (4) 


involves only two different interactions © and 0’. When 
Eq. (3) is substituted into Eq. (4), we have 


Hz=n(0'+ 0)r-S-+[1i(0’— O)a++-v2p Or |d+ 
Seen (5) 


where r+ emits r+ and =* absorbs 2+. The 2° decay 
interaction in Eq. (5) is weak wicca with the 
electromagnetic interaction 2°—A+y and will be 
dropped hereafter. 0°, O+, and O~ will be used to 
designate the amplitudes for 2+ — p+7”°, 2+ n+r*, 
and 2- —> n+7-, respectively. 

5S. D. Drell, Nuovo cimento (to be published). 

6G. Wentzel, Proceedings of the Sixth Annual Rochester Con 
ference (Interscience Publishers, Inc., New York, 1956); B. 
d’Espagnat and J. Prentki, Nuovo cimento 3, 1045 (1956); 
and others. 


ANAL 


SiS OF HYPERON DECAY 469 

TABLE I. Dimensionless phase-space and matrix elements of y, 
ow vuys for hyperon decay according to the interaction (8). The 

and A matrix elements squared, with r?=1.42, are given in 
X% last two columns. These lead to partial decay rates and decay 
asymmetries given, once a and bare chosen, by Eqs. (9) and (10), 
respectively. 


(r Yuys)® 


3.42 
3.49 
3.12 
1.85 
0.87 


a/(Myoc) (Yu) 


0.160 1.83 
0.159 1.86 
0.156 1.79 
0.104 1.50 
0.0896 1.27 


>hIMMM | 


Since, from Eq. (5), we have 0°=v20, O0+= (0’—0), 
O-=(0’+0), the constraint V20°= 0-— 0+, which is 
also imposed by the usual AJ=} rule, is immediately 
recognized here. The amplitudes for decay into isospin 3 
and 4 are 


O=o, 
(6) 
0'=3(30t—O-). 


The interactions responsible for A and = decay in- 
volve only the isovector NS formed through the 
spurion device: 

Hy={ (N25) 0A} -2= (V2pa-+7ir") 0A, 


Hz={K0'" (SxZ)} -2=A0'" (V2E-9- — Zn’). 


(7) 


The v2:1 ratio predicted by the AJ=} rule for the 
ratio of the —o (A — p+27)/(A— n+7°) and 
for (Z~ — A+7-)/(%°— A+7°) is apparent here also. 


2. Dynamical Assumption About the Interaction 
Forms © and 0’ in © Decay 


So far the spurion formulation (which is identical to 
the assumption AJ=4) has been introduced only to 
express the dependence of the decay interaction on the 
ordinary charge operators « and 1. A specific assumption 
(made in the next paragraph) concerning the spin and 
momentum dependence contained in © and 0” leads to a 
generalization of the heretofore used interaction (1) to 
the new form 


Hy = (g/M)2-'0,rp(at+bys)y, (3) 


in which a and 6b are parameters depending on the 
baryon charge states in such a way that the AJ=} rule 
will now be satisfied. With the neglect of final-state 


interaction, Eq. (8) leads to a decay rate 
(Myt+ Ew) 2 
(g?/4r)——— 
2h 
XK (ayy)? +b*%(yuvs)?)(q/Myc), (9) 
and a pion asymmetry 
a= ably yyyvs)/[ay,) +b ys) |. (10) 


Here Ey, My, E, M are the energies and masses of the 
decay nucleon and pion; q is the final-state momentum 
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TABLE II. Partial decay rates and pion asymmetries for the three modes of charged Y decay calculated from the effective inter- 
action (13) of the V-A form. Solutions (1) and (2) correspond to choosing + or — for the relative sign between the isoscalar and 
isovector terms in Eq. (13). The observed decay ratio and asymmetries are taken from Glaser* and Cool e¢ al.,» respectively. 


Asymmetry 
Solution (2) 


Decay rate (in 10! sec™) 
Solution (1) Solution (2) 


0.59 
0.53 
0.58 


Observed 


> 0.70+0.30 
<0.030.11 


Observed Solution (1) 


0.65 0.98 0.98 
0.68 0 0 
0.58 0 0 


0.59 
0.52 
0.57 


>+ > ptr 
at + n+nt 
~— n+r 


* See reference 8. 
b See reference 3. 


and My the parent hyperon mass, so that (g/Myc) is a 
dimensionless measure of the phase space available. 
The matrix elements 


E E 
(n= (146 7 —) _ 
E+M/ Me 


E q 
(Yu¥5) = (1+ ~.) > 
E+M/ Mc 


where fc is the decay pion’s velocity, are given in 
Table I for the momentum transfers obtaining in 
hyperon decay. The quantities (y,) and (y,7¥s) are, 
within 10%, the total energy and momentum of the 
decay pion, in units of its mass. With g?/4r=3.67 
<10~-', the numerical formula 


W = (0.53 10" sec) (a*y,)?+b*%yuys5))g/Myc (11) 


is obtained. From Eqs. (11) and (10), together with 
the entries in Table I, the rate of any hyperon decay 
and the asymmetry a can be read off immediately once 
the amounts a and 6 of V and A are decided upon. 

Now, the * operator has appeared before in w decay 
and in 8 decay: there the spinor form of the interaction 
is known to be O=gy,3(1+rys), where r= —ga/gy is 
the ratio of Gamow-Teller and Fermi coupling con- 
stants. We assume that the + operator always occurs in 
combination with 


O= gyua(1+r7s), (12a) 


and the 1 operator always with 


0’ = g'y,4(1—r7s), (12b) 


with g?/4r= g’?/4m equal to the same universal coupling 
constant, Eq. (2), chosen to fit the r* decay rate. 
Phenomenologically we have no way for choosing r, 
the ratio of A to V strengths. In uw decay we have r~1, 
and in neutron decay’ r=1.19+0.03. There is the 
feeling that in the absence of strong interactions r 
should be precisely 1, and that the departure from 
unity in 8 decay is a strong-coupling renormalization 
effect. In any case, r has so far been neither observed 


7Burgy, Krohn, Novey, Ringo, and Telegdi, Phys. Rev. 


Letters 1, 324 (1958); Sosnowski, Spivak, et al., quoted by 
M. Goldhaber in Proceedings of the Annual International Con 
ference on High-Energy Physics, CERN, 1958, edited by B. Ferretti 
(CERN, Geneva, 1958). 


nor calculated for hyperon decay. In the numerical 
results to be presented we assume simply that the re- 
normalization effects operating in hyperon decay are 
similar to those in 8 decay, and insert r=1.19. This 
choice of r makes the matrix elements of (ry,7¥s) 
approximately equal to those of (y,) at the energies 
characteristic of = decay. 


3. X& Decay 


The two possibilities for the relative sign between 
the By and B terms lead to two possible Yukawa 
theories for = decay, 


2 


g/M{ Boy,3 (1—rys)Z+iBX7,3 (1+rys5)Z}-d,2. (13) 


Solution (1), for g=+¢’, is 


(g/Mv2){ py, (1 +rys)2+0,0° +7 (V2ryy5)2+0,* 


+7 (V2y,)2~-0,0-}. (14) 


Solution (2), for g= —g’, is 


(g/Mv2){py,(1+rys)2*0,9°+71(v2y,)2+0,0+ 


+n(v2ry.ys)2~O,r-}. (15) 


In Solution (1), 2+ —> ++ through the pure A inter- 
action (with 6=v2r), and 2- — +7 through the pure 
V interaction (with a=v2). In Solution (2), the reverse 
is the case. In both cases =+— p+7° through the 
V-A mixture (with a=1,b=r). As a consequence, 
a’=a-=0 and at~1. The 2-decay rates calculated 
from Eq. (11) in this way are given in Table II along 
with the observed rates, with which they agree within 
about 30%. 
4. A and = Decay 

1. If the principle enunciated in the preceding sub- 
section—that + always occurs in combination with 
Yu2(1+rys)—is adhered to, then in A and Z decay 
©” and 0’” are given by Eq. (12a) and the interaction 
forms responsible for A and & decay are 

H x= (g/M) (vV2p0,9-+70,9°)y,3 (1+rys5)A, 

and (16) 
Hz= (g/M)Ay 3 (1+rys) (V2E-0,9- +2°0,9°). 
8 Summary talk by D. Glaser, Proceedings of the Annual Inter- 


national Conference on High-Energy Physics, CERN, 1958, edited 
by B. Ferretti (CERN, Geneva, 1958). 
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TABLE III. Partial decay rates and pion asymmetries for A > p+a7~ and = 
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»A+7 calculated from the effective interaction (7) 


of the V-A form. Solutions (1) and (2) are obtained by assuming that the interactions forms responsible for A and = decay are the same 
as those leading to isospin } in = decay. Solution (3) is obtained by assuming that the interaction (12a) is associated with the ¢ operator 


The observed decay rates and asymmetries are taken from Glaser.* 


Decay rate (in 10! sec) 
Solution (1) Solution (2) Solution (3) 


0.37 0.42 0.23 
0.14 0.24 0.12 


® See reference 8. 


For A decay this interaction gives an asymmetry 
a,=0.89, which is in good agreement with the experi- 
mental value ag=0.7+0.1, but also gives a transition 
rate into p+a~ of 0.1210" sec~!, which is in poor 
agreement with the value 0.2510" sec—! observed. 
For &-— A+ this interaction gives az=0.95 and 
W2z=0.23X10" sec~!. These values are listed as Solu- 
tion (3) in Table ITI. 
2. According to Eq. (6), in = decay into all of the 
isospin-} channel the interaction operator is 
—gy,3(1+3rys) [Solution (1) ] si 
(17) 


gy.3(3+rys5) [Solution (2) ]. 


Now A and = decay only into the isospin-} 


* final state 
(of which A— p+ and =~ — A+7m constitute in each 
case two-thirds). If this 7=}3 final state, rather than 
the association of the + operator with y,3(1+rys), is 
determining, then the asymmetries and rates listed in 
the first two columns of Table III are obtained. 
Between these two solutions, Solution (2) gives a 
P- to S-wave decay amplitude (P/S),=0.29, con- 
sistent with the evidence (P/S),<1 from the analysis’ 
of light hyperfragments. [Solutions (1) and (3) give 
(P/S),= 2.61 and 0.87 respectively. | Solution (2) leads 
to a A-decay rate agreeing with experiment but a 
decay asymmetry barely in agreement with the lower 
of the two measured values a20.67+0.13 (by the 
Columbia group) and a20.73+0.14 (by the Berkeley 


group). 


9R. H. Dalitz, Phys. Rev. 112, 605 (1958). 


Observed 
0.005—0.2 
0.25 


Asymmetry 
Solution (1) Solution (2) Solution (3) 


0.55 0.64 
0.66 0.54 


Observed 
0.95 e 
0.89 >0.7+0.1 


Solution (2) predicts a lifetime of 2.4107! 
second, 

The observed rates quoted in Tables II and III are 
each subject to about 10% uncertainty. Even within 
the framework of our Yukawa model, the neglect of 
strong couplings (final-state interaction corrections are 
<10%), departures from charge independence (the > 
and mw masses each differ among themselves by a few 
percent), and uncertainty about the V-A ratio r must 
lead to a theoretical uncertainty that is also at 
least 10%. 


IV. CONCLUSIONS 


We have found that =-decay rates and asymmetries in 
fairly good agreement with present experimental data 
can be calculated from the universal weak Yukawa 
interaction (8) by making the simplest assumption 
relating the chirality operators y,3(1+7s5) ory,3 (1+rys) 
and y,4(1—rys5) to charge operators + and 1. 

The same simple assumption unfortunately leads to 
too slow a decay rate when applied to A decay [ Solu- 
tion (3) in Table III]. If, on the other hand, the 
isospin-} interaction (17) found in & 
applied to A decay, then in one case, corresponding to 
a P/S ratio 0.29, a reasonable A-decay rate is obtained, 
along with a rather low asymmetry. 

The approach relating A decay to 2 decay through 
the isospin-} channel has already been employed by 
Cool et al.,3 who from the observed 2-decay rates, 
obtain A-decay rates and asymmetries similar to our 
Solutions (1) and (2). By assuming the phenomeno- 
logical Yukawa interaction we have, on the other hand, 
obtained absolute rates for Z, X, and A decay separately. 


decay is also 





PHYSICAL REVIEW VOLUME 


115, 


NUMBER 2 JULY 


Low-Energy Antiproton Interactions in Hydrogen and Deuterium* 


NauMIN Horwitz, DONALD MILLER, JOSEPH MURRAY, AND ROBERT TRIPP 
Lawrence Radiation Laboratory, University of California, Berkeley, California 
(Received February 27, 1959) 


The distributions of charged particles resulting from antiproton annihilations in hydrogen and deuterium 
are compared with the predictions resulting from the “normalized” statistical theory of Fermi. Multiplicities 
and momentum distributions are shown to be in agreement with the theory if the radius of the interaction 
volume is chosen to be about 3X 10-" cm. The values given for the average multiplicities observed in hydro 
gen and deuterium are 4.94+0.31 and 5.03+-0.44, respectively, both somewhat lower than found in the 
emulsion experiments. K-meson production in annihilations was found to be consistent with previous 
experiments, but the number of events is statistically inadequate to warrant any new conclusions. The 
total elastic scattering cross sections in hydrogen, though of small statistical significance, are in agreement 


with recent theoretical calculations. 


I. INTRODUCTION 


HE major features of the annihilation process in 

complex nuclei have been investigated by several 
emulsion groups.’ Since the characteristics of the 
primary annihilation in a complex nucleus are 
necessarily modified by secondary interactions, it is 
desirable to study annihilation directly on individual 
nucleons. To this end we have exposed the Berkeley 
15-inch bubble chamber to an antiproton beam 
“enriched” by a coaxial electromagnetic spectrometer.’ 
For the initial exposure, liquid hydrogen was used as 
the sensitive medium in the bubble chamber; for the 
second exposure, the chamber was filled with liquid 
deuterium. 


II. BEAM 


A schematic diagram of the antiproton beam is 
shown in Fig. 1. The characteristics of the beam have 
been discussed in detail elsewhere’ and only a brief 
description is given here. The 6.2-Bev/c internal proton 
beam of the Berkeley Bevatron struck a 3.5-inch 
copper target. Particles produced in the forward 
direction with momentum 450 Mev/c were deflected 
through 90° by the Bevatron magnetic field. The 
transverse dispersion of the beam was removed by a 
suitable deflection in magnet M1. In the absence of 
spectrometer forces the beam was focused by the fields 
of the Bevatron, M1, and quadrupole (1, to an image 
near the end of the coaxial spectrometer. When the 
spectrometer presented the beam with a radial electric 
field, E, and an azimuthal magnetic field, H=E/, 


where 8c was the antiproton velocity, pions were 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1 Barkas, Birge, Chupp, Ekspong, Goldhaber, Goldhaber, 
Heckman, Perkins, Sandweiss, Segré, Smith, Stork, Van Rossum, 
Amaldi, Baroni, Castagnoli, Franzinetti, and Manfredini, Phys. 
Rev. 105, 1037 (1957). 

* Chamberlain, Goldhaber, Jauneau, Kalogeropoulos, Segré, 
and Silberberg, Phys. Rev. 113, 1615 (1959). 

3Joseph J. Murray, University of California Radiation 
Laboratory Report UCRL-3492, May, 1957 (unpublished) ; 
Horwitz, Murray, Ross, and Tripp, University of California 
Radiation Laboratory Report UCRL-8269, June, 1958 
(unpublished). 


deflected outward and stopped in collimator C1 while 
the antiprotons were transmitted essentially unde- 
flected. After additional focusing by Q2 and collimation 
by C2, the antiprotons passed through a suitably 
chosen absorber and stopped in the bubble chamber. 
Approximately 1 antiproton entered the chamber per 
4000 background tracks. 


Ill. IDENTIFICATION AND ANALYSIS OF EVENTS 


A. Procedure 

All film was scanned twice for heavily ionizing 
particles entering the chamber, and if the direction and 
curvature of a track were approximately consistent 
with the known properties of beam particles, the event 
was recorded for analysis. Tracks of interest either (a) 
produced characteristic annihilation events in the 
chamber, (b) appeared to stop with no charged particles 
emerging from the ending, or (c) traveled the full length 
of the chamber and left. Because of the possibility of 
missing prongs near the diffuse edges of the illuminated 
region, and the uncertainty in momentum measure- 
ments on short tracks, only those events were accepted 
which occurred in a selected volume of the chamber. 

Pertinent coordinates of all tracks were digitized 
and punched onto IBM cards by means of the precision 
measuring machine, ‘“‘Franckenstein,” developed at the 
Radiation Laboratory. For each track, direction co- 
sines, momentum, and momentum error (due to fitting 
and multiple Coulomb scattering) were then calculated 
by means of an IBM-650 program. Since two sets of 
stereoviews had been taken of each event, it was 
possible to check the internal consistency of the 
measuring thechniques and programs used. 


B. Charged-Prong Events 


With the bubble chamber operating in an ionization- 
sensitive region, minimum-ionizing particles produced 
light tracks with gaps, whereas the 200- to 350-Mev/c 
incident antiprotons produced dark, gap-free tracks. 
This feature, together with a curvature measurement 
and the characteristic appearance of the annihilation 
event, allowed unambiguous identification of antiproton 
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Fic. 1. Schematic diagram for separated 450-Mev/c antiproton beam using coaxial velocity spectrometer. 


annihilations that resulted in the production of charged 
particles. Identification of zero-prong annihilations was 
more difficult, but was approached as follows. 


C. Zero-Prong Events 


Despite extensive shielding there remained a sub- 
stantial background of fast neutrons passing through the 
chamber. Some of these created recoil protons in the 
chamber which traveled opposite to the beam direction 
and left the chamber through the entrance window. 
They therefore had the same sign of curvature as 
antiprotons and, if they were of low momentum, 
appeared to have about the correct average curvature. 
Twenty-six ‘‘zero-prong events” were observed to fit 
rather loose scanning requirements on entrance angle, 
position, and momentum, and were admitted for 
measurement. By means of the following observations, 
however, most of events 
possible antiproton annihilations. 


these were eliminated as 

Because the incident beam was highly collimated, 
the entrance position and entrance angle of the anti- 
proton in charged-prong events were correlated to a 
high degree, whereas the zero-prong events exhibited 


no such correlation. In addition it was noted that in 
charged-prong events, the apparent momentum of the 
antiproton was nearly always lower in the stopping 
half of its track than in the entering half, although a 
few of the antiprotons scattered so as to appear to gain 
momentum as they came to rest. The zero-prong 
events displayed the opposite behavior. From these 


comparisons it was possible to conclude on a statistical 
basis that only two of the 26 zero-prong events fitted 
sufficiently well to be classified as antiprotons. We 
assign an uncertainty of +1 to this result, not including 
the statistical uncertainty of the number two 


IV. RESULTS FROM HYDROGEN AND 
COMPARISON WITH THEORY 


A. Selection-Rule Theory 


Many authors have pointed out the consequences 
in antiproton annihilation of strong selection rules 
stemming from conservation of angular momentum, 
isotopic spin, and parity. In general these consequences 
are revealed most strongly in annihilations that result 
in low pion multiplicity. Since only 5% of all annihila- 
tions result in 2 or 3 pions, our data are insufficient to 
test any of the predictions based on selection rules. 
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TaBLE I. Meson multiplicities in the statistical theory for 
several values of the interaction volume @. 


Interaction volume, 2* 


K pairs neglected 
With K pairs 


Fraction of stars in which 
K pair produced 


* Given in units of (4/3)x(A/m,c)*. 
n =average number of particles produced. 
© ne =average number of charged particles produced. 


1. Fermi Statistical Theory 


Fermi has suggested that processes involving the 
release of large amounts of energy might be described 
by a statistical theory in which the details of the 
initial state do not play an important part.‘ In his 
original formulation for collisions involving nucleons, 
Fermi assumed that the available energy of the inter- 
acting particles was deposited in a volume equal to 
that occupied by the nucleon pion cloud. Then, because 
of the strong pion-nucleon couplings, a statistical 
equilibrium among the possible final states of the 
system was reached before the emergence of the 
particles from the interaction volume. Because of the 
poor agreement of the detailed predictions of the theory 
with experiment, Fermi and others introduced modi- 
fications to include the Lorentz contraction of the 
interaction volume, and the effects of final-state 
interactions. These additions have produced small 
changes in the correct direction, but the discrepancy 
is still large. 

The predictions of the statistical 
theory of Fermi and a more refined version by Lepore 
and Neuman® as applied to the annihilation process 
have both been evaluated by Barkas ef a/. in the 
Antiproton Collaboration Experiment (hereafter refer- 
red to as the ACE).' Normalization was achieved by 
considering the interaction volume as an arbitrary 
parameter to be adjusted to fit the observed meson 
multiplicity. Since the two theories were shown to be 


“normalized” 


TABLE II. Summary for antiproton annihilations in hydrogen. 


Fraction 
of annihilation 
energy appearing 
in charged prongs 


Number of 7°’s 
emitted per 
annihilation 


Energy 
per prong*® 
(Mev) 


Number 
of events 


Charged-prong 
multiplicity 


2+1 tee 

33 478 

41 357 
5 291 

Over-all averages 
380+ 12 0.65+0.03 


0.51 
0.76 
0.93 


3.21+0.12 81+1 


* Includes m,c? = 139.6 Mev. 


‘E. Fermi, Progr. Theoret. Phys. (Kyoto) 5, 570 (1950). 
5 J. V. Lepore and M. Neuman, Phys. Rev. 98, 1484 (1955). 
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in qualitative agreement, we shall consider only the 
Fermi version. In the ACE, average meson multiplicities 
were determined with and without the inclusion of K- 
pair production. Average multiplicities for several 
values of the interaction volume Q [in units of 
4m (h/m,c)* | are given in Table I. 

A summary of the data for antiproton annihilations 
in hydrogen is presented in Table II. We obtained an 
average charged-prong multiplicity, m.=3.21+0.12. If 
it is assumed that the energy distribution for neutral 
pions is the same as that for charged pions, we may 
divide m, by the fractional energy in charged prongs, 
0.65+0.03 from Table II, to obtain the average total 
multiplicity, n=4.94+0.31. Comparison with Table I 
shows that this value of the average total multiplicity 
corresponds to an interaction volume 2 of about 10. 

Since in the statistical theory the possible final 
isotopic spin states are assumed to be occupied in 
proportion to their statistical weights, the expected 
charged-prong distributions may also be evaluated.® 
In Fig. 2 we have plotted the observed charged-prong 
multiplicity distribution for the 81 antiproton annihila- 
tions occurring in hydrogen, together with the multi- 
plicity distributions predicted by the statistical theory. 
Though annihilation of antiprotons captured in atomic 
orbitals may occur mostly from p states, while annihila- 
tion of low-energy antiprotons in flight occurs from 
S states, it is not necessary to separate these two groups 
in a comparison with the Fermi theory as used here, 
since no account is taken of the conservation of angular 
momentum. The small kinematic effects due to the 
few antiprotons interacting in flight may be taken into 
account separately. 
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Fic. 2. Multiplicity dis- 
tribution for 81 antiproton 
annihilations in hydrogen 
(m-==3.214+0.12). 2=10, 
(ie = 3.32) - 2=755, 
(ie = 3.16) Koba and 
Takeda -----. 


= Dd id 
a So wn 


Number of annihilations observed 
5 





io] 














i 1 
2 6 
Number of prongs 
6 Dr. Gerson Goldhaber kindly provided us with the results of 
calculations by Dr. Donald Stork of the University of California 
at Los Angeles on the relevant properties of the multimeson 
isotopic spin states. 
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2. Theory of Koba and Takeda 


Koba and Takeda have attempted to explain the 
dominant features of the annihilation process by 
recourse to a specific model.’ They argue that even 
though the detailed predictions of the statistical theory 
may not be expected to agree with the observations, 
the fact that the interaction volume must be chosen 
so large presents a compelling reason for believing that 
the annihilation process reflects characteristics of the 
nucleon structure and that—in contrast to the assump- 
tion of the Fermi statistical theory—the initial state 
of the system is of great importance. They assume that 
when the antinucleon core ‘‘touches” the nucleon core, 
annihilation proceeds in times of about h/myc*, i.e., 
short compared with oscillation periods in the pion 
cloud. Therefore, the pions present in the nucleon 
clouds materialize directly. The remainder of the 
energy is assumed to be deposited in the core volume 
and to become distributed among accessible final states 
according to the predictions of the statistical theory. 
On the assumption of an average of 1.3 mesons in each 
nucleon cloud and a core radius of 34/m,c, the model 


yields an average meson multiplicity of 4.8. Since the 
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Fic, 3. Histograms of momenta for charged pions from anti- 
proton annihilations in He. Smooth curves represent predictions 
according to the statistical theory for 2=10. (a) Two-prong 
events (33 events); (b) four-prong events (41); (c) six-prong 
events (5). 


7Z. Koba and G. Takeda, Progr. Theoret. Phys. (Kyoto) 19, 
269 (1958). 
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Fic. 4. Momentum histogram of all charged particles emitted 
in antiproton annihilations in Hz, compared with predictions 


(smooth curve) according to statistical theory for 2= 10. 


energy available in the core annihilation is now reduced 
to about 1 Bev, K-pair production is greatly suppressed. 

Koba and Takeda have calculated, in addition to 
the average multiplicity, the distribution of multiplici- 
ties expected from their model. If we again assume 
that the accessible meson isotopic spin states are 
statistically occupied, the charged-prong multiplicity 
may be extracted. The result of this calculation is also 
plotted in Fig. 2. 


B. Momentum Distributions 


The statistical theories may be used to predict 
pion-momentum distributions. The pure phase-space 
distributions have been calculated in the ACE for 
several values of the total meson multiplicity, #. 
Suitable averages of these distributions yield the phase- 
space distributions for annihilations resulting in x 
charged pions. The results for the 2-, 4-, and 6-prong 
stars are compared with the observed distributions in 
Fig. 3. Each curve has been normalized to the observed 
number of pions so that the shapes of the distributions 
may be compared. We have also evaluated the predicted 
over-all charged-pion momentum distribution. This is 
shown in Fig. 4 together with the observed distributions. 


C. Energy in Charged Pions 


For each group of stars the average energy emitted 
in charged pions has been calculated.* Assuming that 
the energy spectrum for neutral pions is the same as 
for charged pions, we have calculated the average 
number of neutral pions emitted per annihilation. The 
results are summarized in Table II. 


8 Two small corrections were applied to the data. (a) All 
prongs had been treated as if they were pions. From the emulsion 
results we infer that there were (0.035) (81)~3 A pairs produced. 
If half the K’s were charged, there were three K’s included among 
the charged prongs. A rough correction may be made by increasing 
the average energy per charged prong by 2.6 Mev. (b) Six inter 
actions occurred in flight at an average energy of 50 Mev. This 
introduces an additional energy of (50)(6)/(81)~4 Mev per 
annihilation, or 0.8 Mev per prong, which must be subtracted 
from the measured total energy per prong. 
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Fic. 5. — 
p annihilation in deuterium (”%,=3.23+0.18). 
by statistical theory for Q2=10 (n,=3.34). 


Charged-prong multiplicity distribution for 
Prediction 


It is important to note that for the proton-antiproton 
system the pion charge distribution cannot be predicted 
from charge independence alone. However, when’ the 
average multiplicity is as large as observed and many 
meson isotopic spin states are accessible, any statistical 
theory involving only the z-meson isotopic triplet will 
predict the appearance of approximately 3 of the annihila- 
tion energy in charged pions, whether the interaction 
occurs from the initial J=0 or J=1 state or a combina- 
tion thereof. For deuterium, on the other hand, the 
property of charge independence for the interaction,’ 
is sufficient to ensure that exactly } of the annihilation 
mesons will be charged. 


D. Interactions in Flight 


Because of multiple scattering, the measured momen- 
tum of the incident antiproton does not provide a very 
sensitive indication of whether or not the interaction 
occurred at rest. Nevertheless, comparison of the 
correlation of measured momentum and track length 
exhibited by the antiprotons with the known 
momentum-range curve for stopping protons did 
provide a useful statistical basis for identification of 
in-flight annihilations. By this means we estimate that 
in the hydrogen exposure, 6+2 annihilations occurred 
in flight where the statistical uncertainty of the number 
6 is not included. Five scatterings with visible recoils 
were observed. The total path length examined was 
1520 cm in the energy interval 5 to 80 Mev. From this 
we calculate ototai= 210+70 mb and oetastic= 96+43 mb 
at a mean energy of 50 Mev. 

This result may be compared to recent calculations. 
Using a model in which only the effects of the long-range 
pion interactions are considered, Ball and Chew 
calculated the p-p cross section at 140 Mev.” The 


predictions are in good agreement with experimental 


® Kenneth M. Watson, Phys. Rev. 85, 852 (1952). 
10 J. S. Ball and G. F. Chew, Phys. Rev. 109, 1385 (1908). 
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Fic. 6. Momentum histogram for all prongs from p 
annihilation in deuterium (110) prongs. 


results obtained with counters!!!? and nuclear emul- 
sions. The calculations have now been extended 
by Ball and Fulco™ to energies of 50 and 260 Mev. 
At 50 Mev their model yields ototai=232 mb and 
Gelastic= 91 mb. 


V. DEUTERIUM 


Thirty-four stopping antiprotons were identified in 
the acceptable region of the chamber. In Figs. 5 and 6 
we have compared the predictions of the normalized 
Fermi theory for an interaction volume of 2=10 with 
the observed charged-pion multiplicity and momentum 
distributions. 

In three cases of annihilations into odd charged-pion 
multiplicities, proton recoils of 110, 180, and 235 Mev/c 
were observed. This is not inconsistent with the 
predictions of the impulse approximation applied to a 
deuteron described by a Hulthén wave function. In 
the computation of the average total multiplicity 
appearing in the following summary of deuterium 
results we have, therefore, included a small correction 
to account for the average energy carried off by the 
nucleon on the assumption that its momentum distribu- 
tion is the same as the internal momentum distribution 
of the deuteron. We have also made a small correction 
for the probable number of K mesons included among 
the charged prongs. The results in deuterium are as 
follows: 
3.23+0.18, 


371417 Mev, 
0.64+0.04, 


Average number of charged prongs 
Average total energy per charged prong 
Fraction of annihilation energy in 

charged prongs 
Average total multiplicity 

(charged plus neutral) 

1 Cork, Lambertson, Piccioni, and Wenzel, Phys. Rev. 107, 
248 (1957). 

12 Coombes, Cork, Galbraith, Lambertson, and Wenzel, Phys. 
Rev. 112, 1303 (1958). 

18 Goldhaber, Kalogeropoulos, and Silberberg, Phys. Rev. 110, 
1474 (1958). 

4 J. S. Ball and J. R. Fulco, Phys. Rev. 113, 647 (1959). 


5.03+0.44. 
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VI. K-MESON PRODUCTION 


A systematic effort was made to determine the 
number of charged K mesons among the pions in both 
hydrogen and deuterium. Many tracks with dip angles 
less than 30° could be identified as pions from momen- 
tum and ionization measurements. However, there 
remained a group whose identification was uncertain 
because of inhomogeneity of illumination or obscuration 
by background tracks. No charged K mesons were 
observed to stop in the chamber. Consequently, we 
can place only an upper limit of 20% for the fraction 
of annihilations yielding charged K mesons. 

For neutral K mesons, the bubble chamber provides 
a detector of high efficiency (the mean decay length of 
an 820-Mev/c 6 meson is 5.5 cm), and in effect comple- 
ments the emulsion observations. Two annihilations 
were observed involving the production of @; mesons. 
In event No. 1, two @; mesons decaying into charged 
pions originated from a two-prong antiproton annihila- 
tion in hydrogen. A total momentum-energy balance 
indicated that an additional r® meson had been pro- 
duced in the annihilation. In event No. 2, a single 4, 
meson decaying in two charged pions was produced in 
a two-prong annihilation in deuterium. Momentum 
and ionization measurements proved that neither 
visible prong could be a K meson. 

Chamberlain et al. have identified three certain and 
six probable charged K’s resulting from 221 annihila- 
tions in emulsion nuclei.? Correcting for geometrical 
factors, nuclear absorption, and loss of neutral K 
mesons, they estimate that 3.54+1.5% of all annihila- 
tions yield KK pairs. If we now assume that AtK-, 
K+K°, K°K-, and K°K® meson pairs are produced in 
equal numbers, the probability is 11/36 for observing 
at least one #, in an annihilation in which a K pair is 
produced. Thus, we might have expected to observe 
(11/36) (0.035)(115)~1 annihilation accompanied by 
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a 6; meson among the total of 115 annihilations in 


hydrogen and deuterium combined. 


VII. CONCLUSION 


Measurements have been made on antiproton 
annihilations observed in hydrogen and deuterium. 
Momenta and multiplicity distributions are consistent 
with the Fermi statistical model when the interaction 
volume © is adjusted to fit the average multiplicity. 
However, the momentum spectra are very insensitive 
to the details of the theory. It is observed that % of the 
annihilation energy appears in charged pions, as would 
be expected from a statistical process involving only 
the -meson isotopic triplet. There was no apparent 
structure in the pion momentum spectrum that could 
be correlated with the detailed model proposed by 
Koba and Takeda. 

The calculations by Ball and Chew have demon- 
strated that it is not necessary to assume any long-range 
annihilation interaction in order to obtain agreement 
with experiments for interactions at laboratory-system 
energies greater than 50 Mev. It is therefore probable 
that the radius of the anomalously large interaction 
volume in the statistical theory has no physical signi- 
ficance but relates to the limitations of the theory. 
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Dynamics of a System of Spin 1 Particles 
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The time variation of the dipole and quadrupole polarizations of a system of spin 1 particles is discussed. 
The case of axially symmetric external fields is treated in detail and it is shown that this furnishes a canonical 
representation for the polarization dynamics. Elementary techniques are used to obtain an enumeration of 
the constants of motion and a geometric representation of the time dependence of the multipole polarizations. 


1. INTRODUCTION 

NSEMBLES of particles of spin 1 and higher have 

been the object of some recent work! in which 
the authors have dealt with the characterization of the 
states of ensembles in terms of multipole polarizations. 
Our object in this paper is to study the time-variation of 
the (dipole and quadrupole) polarizations of an en- 
semble of spin 1 particles in given magnetic (dipole) 
and electric (quadrupole) fields. In particular we wish 
to determine the number and nature of the dynamical 
invariants of the system in various types of external 
fields. We shall see that the present approach yields a 
vivid geometric representation of the dynamics of the 
polarization parameters. 

In Sec. 2, we present the equations of motion govern- 
ing the variations of the density matrix of the system 
(in both integral and differential forms) and exhibit the 
two absolute invariants. Section 3 deals with the special 
case of an axially symmetric electric field and a possibly 
time-dependent magnetic field parallel to this axis. 
This case lends itself to explicit solution and a direct 
geometrical interpretation. We show also that the case 
of arbitrary but constant external fields can be reduced 
to the special axially symmetric case which thus defines 
a canonical representation for the polarization dynamics. 

Certain general comments are made in the final 
section. 

2. EQUATIONS OF MOTION 

The spin state of an assembly of spin 1 particles can 
be described in terms of a 3X3 density matrix? p(t). 
Now any 3X3 matrix p can be expressed as a linear 
combination of the invariant, dipole and quadrupole 
matrices R,;"(—1<m <1; 1=0, 1, 2) in the form’ 

Tr{pRi"} 
p > a mR a;™ , (1) 
l,m Tr{Ri"RO-™} 


* Supported by the Air Force Cambridge Research Center. 

'C. B. van Wyk, Nuovo cimento 9, 270 (1958); W. Lakin, 
Phys. Rev. 98, 139 (1955); R. H. Dalitz, Proc. Phys. Soc. London 
A65, 175 (1952); see also L. C. Biedenharn, Ann. Phys. 4, 104 
(1958). A geometrical representation of the polarization dynamics 
of spin 4 particles has been given by Feynman, Vernon, and 
Hellwarth, J. Appl. Phys. 28, 49 (1957). 

2J. von Neumann, Mathematical Foundations of Quantum 
Wechanics (Princeton University Press, Princeton, 1955). 

3 U. Fano, Revs. Modern Phys. 29, 74 (1957). 


We shall find it convenient to choose the phases and 
normalizations of these matrices in such a manner that 
R,-™ is the Hermitian conjugate of R," and 


Tr{ ROR} =3, Tr{ Riko} =2, Tr{ RRs} =2. (2) 


It will also be assumed that the representation of the 
R,”’s is that in which R,° and R,° are diagonal. R,” 
and R»™ are traceless, while Ro? when normalized ac- 
cording to (2) has trace unity. In view of this, and the 
requirement that Tr p=1, we have ao’= 1 independently 
of time. The parameters a," and a2” are the “dipole” 
and “quadrupole” polarizations, and in general, they 
vary with time. 

Now, the time variation of the density matrix of a 
conservative system can be described by the following 
equation of motion: 

p(t) = U (t,to)p (to) U* (t,to), (3) 
where U’(t,fo) is a unitary operator. In contrast to this 
“integral” characterization, one can have a differential 
characterization by the familiar equation 

dp 

ih - = H(t)p(t)—p()H (1), (4) 

€ 


the relation between the Hamiltonian operator H(t) 
and U(t,to) being 


t 
U (Wo)=exn| —ih f (dd (5) 
t 


0 


A somewhat more useful form of the equation of motion 
(useful, in that the equations are in terms of the ob- 
servable quantities a,") can be obtained from (4) by 
expanding H/(t) in a form similar to (1): 


y= >. b, ey ee (60) 


l,m 


The },"’s are proportional to the spherical com- 
ponents of the magnetic field at the position of the 
particle and to the gyromagnetic ratio for the particle, 
while the b2”’s are proportional to the magnitude of the 
quadrupole moment and to the spherical components 
of the electric field gradient. 
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Fic. 1 Triangular plot showing the constraints on the eigenvalues yw, w2, uw; Of p, imposed by the specification of X (and hence the 
degree of polarization) or Y. The values of y1, 2, ws in the plot are the distances of a point from the three sides of an equilateral 
triangle, one sixth of which is shown here. Dotted lines in the diagram indicate values of the y’s at intervals of 0.1. 


One obtains then from (4), (1), and (6). 


b,° —b;? 0 v2b.! 
—b;} 0 b; 1 —2b,? 

0 b; —b,° 0 
V2b-! —2bs 0 2b,° 
v3b-" —bs! v2be? —v26}! 
—v3b_! 0 V3b5"! 0 
—v2b." b.! —v3b2" 0 

(0) 2b" —v2b,! 0) 


> 
ay? 











Equations (7) form a system of coupled differential 
equations for the multipole polarizations, which cannot 
in general be solved explicitly. But one immediately 
notices some general features: 


(i) The polarization parameters a,", ay" are not 
coupled directly if |m—m’|>2. (This is a consequence 
of the absence of octupole and higher interactions.) 

(ii) For a pure magnetic field (b."=0) the dipole and 
quadrupole polarizations are uncoupled. 

(iii) For axially symmetric fields (6,"=0; m0) the 
polarization components a," and ay™’ are uncoupled 
unless m=m’. This last case is discussed in detail in the 
next section. 

We may now observe that there are two independent 
absolute invariants for a system described by (3) or (4). 
Their existence follows from the elementary result that 
the eigenvalues y; of a matrix are invariant under 
unitary transformations, so that the characteristic 
equation 

det[_p(t)—u J=0 (8a) 

‘The total number of algebraically independent scalars that 
one can construct from a vector (7;) and a symmetric traceless 
tensor (f;;) is five (namely, o,2;, tijtij, Vid jtij, bijtjater, ANA V;0jt jeter). 
Only the first four of these are required to express X and Y. Each 


of the five scalars is a constant of motion for an arbitrary pure 
magnetic field. 


V3b." —V3b2"! 
—b,’ 0 b= 
v2b-" V3b»! —v3b.° 
—v2b,;" 0 0 
b,° —v3b;" 0 0 
—v3b! 0 V3b;"! 0 
0 V3b;! —b,° V2b;" 
0) 0 v2b;' —2b,° 


—v2b;-? 











is independent of time. In terms of 
polarizations, this becomes 
we—w+Xu—-VY=0, 

Mimotpomstws and VY=pyous are non- 
negative (since the u,’s, being eigenvalues of a density 
matrix, are non-negative numbers that sum to unity). 
X and ¥ can be expressed in terms of scalars‘ formed 
from the vector (dipole) and tensor (quadrupole) 
parameters : 


X + — > .s a,"a;", (9) 


l=1,2—-lqmcl 
y 1 27-3 pw = aia; ” 
l=1,2 -—l<m<l 


Z 


+ as*{ (a)°)?—ay'ay ‘ 
V3 


+v2{a?(a;')?+a2-*(a;')?} 


the multipole 


(8b) 


where X= 


+ 24;°{ a;'ae Ita, a | 
2 


a2"{ (d2")?+ 3a2'a2—! — 6a,"a2~*} 
3v3 


+v2{ a2" (d» 1)?-+ ay ?(ay!)?} (10) 
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1-—3X=3 Doi.m ai"a;-™ has a value between unity (for 
a pure state, complete polarization) and zero (for a 
state with u4:=42=u3;=4, corresponding to a complete 
absence of polarization) and can clearly be considered 
a measure of the degree of polarization. This has been 
noted by van Wyk.! Specification of the value of X¥ 
restricts the values of the triplet 4, u2, us to lie within 
fairly narrow limits. This is best exhibited by means of 
a plot in which jy, ue, ws are represented by the distances 
of a point from the three sides of an equilateral triangle 
of altitude unity. In such a plot, curves of constant X 
are parts of circles centered at the centroid of the 
triangle. In Fig. 1 is given one sixth of this triangle, 
with curves of constant X and constant Y. The remain- 
ing parts are similar, with 4, w2, ws permuted among 
themselves. 


3. CANONICAL REPRESENTATION AND 
GEOMETRIC INTERPRETATION 


Let us now consider in some further detail the special 
case of an axially symmetric electric quadrupole field 
and a magnetic field parallel to this axis. The problem 
then possesses symmetry under rotations around this 
axis and hence we can choose coordinate axes in such 
a manner that b;"=0 for m0. The differential equa- 
tions (7) now reduce; one obtains 

d d 
ith—a,=0, ih—a.°=0, 
dl dt 
d 
th—ast? = F 26)°a.*?, 
dt 


d fa,* b,° v3." a,*! 
ih =F )( ). 
dt ay*! v3b2° b,° a+! 
It is convenient to introduce the eigenpolarizations 
%4= 3(a:*'+a2*'), yz=F(ait!—a,*!). = (12) 
The system (11) can then be explicitly solved : 


a,"(t) = a,°(0), ay"(t)=a"(0), 


x,(t)=x,(0) exp| ti f wx(tha} 


t 
ya (0 =y4(0) exp| +if wo(t')dt’ } 


t 
a2*?(t) = aa**(0) exp| +i f [ox(t) +ox(e) ar, 
0 


where 


fiw, = b;°+-V3b2,  tw2= b;"—V30,". (13b) 
The solutions (13) are closely related to the familiar 
equations which describe ‘‘precession”’ of the polariza- 
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tions in a pure magnetic field.5 This formal similarity 
may be exploited to provide a geometrical picture of the 
time variation of the polarizations. For this purpose 
define the quantities 

x= (1/27) (x,—x_), 
y2= (1/27) (y+—y-), 
Zo= (1/22) (a2— az). 


%=43(x4,+2_), 
EL Nae 3 (v4 +4_), 


21=}(a+a2”), 


They correspond to two-dimensional vectors x, y, 2 in 
the plane normal to the symmetry axis. Equations (13) 
now can be translated to imply rotation of the vectors 
x, y, 2 with the angular velocities w;, w2, (wit+we). Ina 
pure magnetic field w;=w2 and hence x and y rotate at 
the same speed but z rotates twice as fast. On the other 
hand, in a pure electric field w;= —we so that x and y 
rotate in opposite directions while z is stationary. 

From this geometric picture or from Eqs. (13) one 
can enumerate the algebraically independent invariants. 
A suitable set consists of the following: a;°, a2°, x,4_, 
V4¥_, @*x_y_, and az*x,y,. To these might be added 
the quantity (x;/x_)**(y_/y,)*! which is also an in- 
variant for constant fields but depends explicitly on 
the strength of the electric field relative to the magnetic 
field. 


(14) 


4. THE GENERAL CASE 


In the general case of no axial symmetry of the type 
considered in the last section one has to deal, in general, 
with the full matrix of Eq. (7) and an explicit solution 
cannot be obtained. Nevertheless, for constant external 
fields it is possible to enumerate the invariants and to 
give a geometric representation by the following artifice. 
Since H is a Hermitian matrix, one can transform it into 
diagonal form with real eigenvalues by means of a 
(time-independent) unitary matrix V: 


H— H=VHV*. (15a) 


If at the same time the density matrix is transformed 
according to 


p— p=VpV*, (15b) 


then the physical content of the equations of motion is 
unaltered. In this transformed representation H and p 
can be expanded in terms of a set of matrices which are 
numerically identical with the multipole matrices, but 
which of course do not represent multipole operators 
in the physical space. If the coefficients in the expansion 
of H and # are denoted by 6," and a”, respectively, all 
the 6," except those for which m=0 vanish. Conse- 
quently all the previous results can be directly carried 
over to the present case, thus obtaining a similar 
geometrical picture of the time development of the 
pseudopolarizations a,". In particular the number of 
the constants of motion is the same as in the previous 
case. But the explicit expression for these invariants in 

5 See Rabi, Ramsey, and Schwinger, Revs. Modern Phys. 26, 
167 (1954). 
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terms of the physical polarization parameters can be 
obtained only when the transformation matrix V is 
known. 


5. CONCLUDING REMARKS 


The explicit considerations of the previous sections 
thus show that it is indeed possible to extend the usual 
methods of polarization parameters to the study of the 
dynamics of higher spin ensembles. In the present paper 
we have deliberately restricted ourselves to the case 
of spin 1, since the algebraic methods developed here 
become quite tedious for higher spins, though no diffi- 
culty of principle remains. Some economy is achieved 
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by the use of Clebsch-Gordan coefficients. But the 
most powerful approach to the problem of constructing 
invariants is in terms of group characters and the general 
case will be so treated elsewhere. Needless to say, such 
a discussion of the polarization dynamics is of appli- 
cation in scattering problems also. 
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It is proven that in any leptonic decay experiment in which the lepton masses and charges may be neglected, 
and in which no pseudoscalar correlations are measured, all V-A interference terms will be antisymmetric 
under exchange of the two leptons, while the pure V and A terms will be symmetric. If the experiment 
measures a pseudoscalar correlation, these conclusions are reversed. Even if the lepton masses cannot be 
ignored (e.g., for A° + uw +v+P, or low-energy 8 decay) it is still true that no V-A interference may appear 
when scalars are measured, and only V-A interference may contribute when pseudoscalars are measured, 
providing that the lepton spins and momenta are not directly observed. Thus experiments can be devised 
that involve no interference effects, or only interference effects. This theorem holds independently of the 
strangeness change, spin change, energy transfer, or of any particular assumptions about the form of the 
V and A currents. It proves most useful when it is difficult or tedious to calculate transition rates directly. 
Applications are discussed, including possible tests of the Feynman-Gell-Mann theory in nonunique for- 
bidden 8 decay, of the nature of the leptonic A° and K® decay interaction, and of the charge symmetry 


properties of weak interactions. 


I. INTRODUCTION 


T is generally supposed that leptonic decay processes 
proceed through vector and axial vector interaction 
forms, so that the rate for any given process will, in 
general, involve positive terms from V alone and A 
alone, plus an interference between V and A. It is the 
purpose of this note to point out that the interference 
terms are always different qualitatively in their de- 
pendence on lepton variables from the ‘“pure’’ terms, 
and that experiments can always be devised to measure 
the pure terms only, with interference terms vanishing, 
or to measure the interference terms only. Our results 
are independent of any multipole expansion, and prove 
most useful when such expansions cannot easily be used 
to calculate the transition probability directly. 
II. THE INTERFERENCE THEOREM 
Let us consider a process a + B+/+ 3, where a and B 
are states of the strongly interacting particles, and 
* This research supported in part by the U. S. Atomic Energy 
Commission. 


+t Now at the Lawrence Radiation Laboratory, University of 
California, Berkeley, California. 


l=y, or e-, or w. We make no assumption about the 
spin or strangeness change in the transition a— 8. We 
will consistently neglect the charge of 1, but may include 
other electromagnetic effects. The various correlations 
that may be measured among the momenta and polari- 
zations of a, B, 1, #, may be closed as either scalar (if 
the experiment is arranged to be space-inversion 
invariant) or pseudoscalar (e.g., a op correlation). The 

total decay rate is of course a scalar. 
The interaction Hamiltonian for such decays is 

given by 
H=I OPW t Iv Pr vh+Ir. A Vili 
+I AD (iysy*)ys+ H.c. 
(Ih —1J, 4 ry, 

4 (Jy! 1) 4 iJ Wiiysyv4t js on 
The operators J,-4) and J,{"":4” 
volving strongly interacting fields. They are defined to 
be vectors (J)(” J,"”’) and axial vectors (J, J, (4) 
but we will not need to make any assumptions about 


their form. Our theorem has two parts: 
(A) Suppose that the mass of / may be neglected, so 


(1) 


are “‘currents” in- 
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that the energy transfer must be >>m,. If a scalar 
correlation is measured, then the interference terms 
between vector and axial vector currents will be anti- 
symmetric under interchange of / and neutrino, while 
the “pure” terms will be symmetric. Thus, it we 
measure any quantity symmetric under / <> > [such as 
the total transition rate, or average |— 7 angular correla- 
tion, or ((E,— E,)*) ] there will appear no interference 
between V and A or V’ and A’, while if we measure 
antisymmetric quantities (such as (£;—E,)) we get 
contributions only from the interference terms. On the 
other hand, if a pseudoscalar correlation is measured, 
then it is the vector-axial vector interference terms that 
are symmetric functions of lepton spins and momenta, 
and the “pure” terms that are antisymmetric. As a 
trivial corollary, if we sum over all lepton polarizations 
and momenta, scalar (pseudoscalar) correlations will 
involve no (only) vector-axial vector interference, since 
only terms symmetric under / < 7 will contribute. 

(B) If we do not neglect m, (we cannot if / is a 
uw meson, or if the energy transfer is small and / is an 
electron), then these rules don’t apply. However, in 
experiments in which no lepton spins or momenta are 
directly observed, the above corollary is still correct; scalar 
correlations involve no vector-axial vector interference, 
while pseudoscalar correlations involve interference 
terms only. Part (B) is applicable in a measurement of 
the total decay rate, or of any correlations between the 
spins and momenta of a and 8. 


Proof 


(A) If we neglect the mass and charge of /, the 
free Hamiltonian is invariant under the canonical 
transformation 


yiwrv, Woe. (2) 
Under this transformation, we have 


vow, > —bow,, 
Vivsy Ws = Prsrwy. 


Thus we can make the entire Hamiltonian invariant by 
extending (2) formally, to include 


(3) 


IM 3 —JO 


Jy —> JA 


JO J, 


Jy ig peers —J) 4’ 


(4) 
Therefore the pure terms (V?,V",A2,A”) and _ the 
V-A’, V’-A interference must be symmetric under 
1<> 5, while the V-V’, A- A’, and V’- A’ terms must be 
antisymmetric. If a scalar is measured, the V-V’, V- A’, 
A-V’, A’-A terms drop out; if a pseudoscalar correla- 
tion is measured these are the only terms that don’t 
drop out. 

(B) For a transition a— 8 (where we may measure 
the momenta and polarizations of a, 8, but must sum 
over the momenta and polarization of / and #) the decay 
rate will contain terms quadratic in J,\‘Y)—iJ,(4” and 
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in J,(4)+iJ,”, plus an interference term given by 


d*pd*p, 
— (prt prt ba Palo 
Uy, 


X (pi) o(Pr)e Re{(B| Jn —iJ 4” far) 
XB|J +i, [a)*}, (5) 


wa og it) = der 


where 


p:=([p:z, E.= (m+ | p.|?)*). 
Now let us make a nonlinear change of variables, 
given by 
pi = (1+5)p,46p1, 
p= (1-$)pi-F ., (6) 
t=—m/?, (pit p, ie 


[In the limit m,=0, (6) is the same as (2).] This 
transformation leaves / and v on their respective mass 
shells, i.e., p= —m/?, p,"*=0, and has the properties 


pi + py’ = pit p, 
9 ( r') p(y )o= —E?* (Pi) (Dy) os 
d*p'd*p,’ d®pd*p, 
EYE, Eby 


Therefore, making the substitution p— p’ in (5), we 
get the same integral, with a minus sign from (8); thus 
wWa+g"*)=0. Therefore we can have no interference 
between J,(Y)—iJ,4” and J,“?+iJ,” in such an 
experiment. If a scalar correlation is measured, the 
only terms that can enter are V*, V’, A?, A’?, while 
for a pseudoscalar correlation the only terms are 
V-A’, V’-A, 

As an example, let us consider the second forbidden 
corrections to allowed 6 decay.! One of the V-type 
matrix elements fa@XR, may interfere with the main 
A-type matrix element, fe. This interference makes a 
contribution to the electron energy spectrum propor- 
tional to 


wVA(E dE, 


Wo m.* 
~ pE(Wo—E.)*{ E.——— Jac, (10) 
2: 
where E,=(p.2+m.”).) (We neglect Coulomb correc- 
tions.) Part (A) is obviously correct here, since if we 
neglect m, we have p.= E., and 
wV A(E )\dE~ E?2(Wo—E.)?(E.-—Wo/2)dE., (11) 


and this is an antisymmetric function of FE, and 


W —E.=E,. Part (B) is also correct; we may show by 
direct calculation that even if m.+0, 


Wo 
f w+) (E)dE,=0. 


g., M. Gell-Mann, Phys. Rev. 111, 362 (1958), 


(12) 
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This is not at all obvious upon inspection of (10). Similar 
examples may be found in published formulas for first 
forbidden transitions.” 

It is easy to extend this theorem to a general 
S, V, T, A, P mixture; the results are given in Table I. 
(Part B holds even if m,¥0.) 


III. APPLICATION—-THE FEYNMAN-GELL- 
MANN THEORY 


Let us consider a “‘nonunique”’ forbidden 8 decay, in 
which either AIT=(—)4/ (i.e., |AJ|=1 yes, |AJ|=2 


no, etc.), or AJ=0, yes (not 0-0). We assume the 
2-component neutrino theory, so that J,°?=J,(", 
J,“=J\49, The dominant matrix elements will be, 


from the vector interaction,’ 


ansm(a)= Co] [arr J‘”)(R) 


“Vp. (R)R «), 


anaa)=Ca| fare Ty" (RV L(R)R" a), 


and from the axial vector interaction 


ms .M(o)=(a! far J‘)(R) 


-Y¥7,.%(R)R* «), (15) 


m(0) =(8| far J (R) 


Yiu.M(R)R!|a), (16) 


where the order of forbiddenness is L= | AJ|. (If AJ=0, 


TABLE I. Summary of the interference theorem in the general 
case: Here S, V, T, A, P and S’, V’, T’, A’, P’ refer to parity- 
conserving and parity-nonconserving currents respectively. Cross 
terms marked ‘S”’ or “A” or “0” are respectively symmetric or 
antisymmetric under lepton exchange, or zero, providing lepton 
masses may be neglected. Even if lepton masses are not neglected, 
cross terms marked “A”’ cannot contribute if no lepton properties 
are observed directly. If only scalars are measured, there can be no 
interference between primed and unprimed coupling; if only 
pseudoscalars are measured, such terms are the only ones present. 
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2 See, e.g., M. Morita and R. S. Morita, Phys. Rev. 109, 2048 
(1958). 

3 For the definition of the vector spherical harmonics Yz,r”(R), 
see J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physcis 
(John Wiley and Sons, New York, 1952), Appendix A, 


EFFECTS 


IN- LSBPTONIC DECAYS 


Fic. 1. Proposal 

or a test of the 
Feynman-Gell-Mann 
theory in forbidden eo 
B decay. A _ strict 
lower limit (19) may 
be placed on the 
ratio of the B- and 
y-decay rates. 


Lth FORBIDDEN 


take L=1; there are then additional A-type matrix 
elements.) For example, if L=1 these are respectively 
proportional to fa, f'1, foXR, and f(o:Rj+o;R; 
—?§,o0-R). The last term, (16), does not appear if 
Jat I g<L+1. 

The theory of the vector interaction suggested by 
Feynman and Gell-Mann‘ states that the vector current 
is divergenceless, i.e., ¥-J?=Jo, and equal, up to 
an isospin rotation and a constant Cy/e, to the isovector 
part of the electric current. If J,“"? is divergenceless, a 
relation is implied between IN,“(e@) and Iz, (1), 
namely 


iW 


Mi“ (1), 
CL(2L-+1)}! 


(17) 


WW. (a) = 


where Wo=ma—mez. If, furthermore, J,‘"? is related to 
the electric current, I%;“(1) is analogously related to 
the electric 2“-pole moment for the analogous y tran- 
sition. The y transition is parity favored, and therefore 
pure electric, so that the magnitude of the XL moment, 
and thus of IN,” (1) and IN,™ (qa), is given by the decay 
rate for the y transition. For example, if the nuclear 
level scheme is as shown in Fig. 1, then the y-decay rate 
is given by 
Saw?! 1 
T(EL)= 
(2L+1)!"? L 


L+1 1 1 
137|V2Cy |? Wat 


xX 


M, Ma, Mp 


Mr (1)/*, (18) 


where w is the photon energy. 

So far, we have said nothing about the A-type matrix 
elements (15) and (16). However, by part (B) of our 
theorem, the total 6-decay rate is given by a positive 
term involving M,"(1) and Mz™(qa), plus a positive 
term involving 9,,.“%(@) and Wzr41,,"(e), with no 
cross term. Thus if we measure the y-decay rate T(EL), 
and use (18) and (17), we obtain a strict lower bound on 
the B-decay rate 7(8), independent of any nuclear 
model. Neglecting Coulomb effects, we obtain for the 
decay scheme of Fig. 1, 


137 In2 Wo 
T(8)/T(EL)> , 
48q2h+1 (ft)o 


LX \(X—1)? 
x (we- ) (2X+1)dX. 
L+1/ x? 


Feynman and M. Gell-Mann, Phys 


(We? ang X) = 


(19) 


Rev. 109, 193 


‘R. P. 
(1958). 
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Nuclei for which this prediction might be tested include 
C}**, K® (AJ=0 yes), and Na™ and Cl**(|AJ| =2 no). 
The greatest experimental difficulty comes in measuring 
the y lifetime. (It may be possible in the case | AJ| =0 
or 1, yes, to measure T(F1) by an (n,y) or (p,7) 
resonance width measurement. It should be fairly easy 
to pick out the 7=1 resonance, since all T=0 — T=0 
F1 widths are smaller by several orders of magnitude 
than a T=1— T=0 F1 width.) 

If relation (19) is violated in experiment, the Feyn- 
man-Gell-Mann theory will be disproven. On the other 
hand, if it is verified, this will be only weak evidence 
for their theory. This is not only because we don’t 
known the axial-vector matrix elements, but also 
because it is not clear whether we would expect relation 
(18) to hold approximately in any case. Indeed, if we 
neglect meson effects in 8 decay and y decay, it is 
possible to derive identical formulas for the electric 
multipole operators’ and IN,“(1). Also, the relation 
(17) was suggested® before there was any suspicion that 
J\‘© was rigorously divergenceless. Thus our suggested 
experiment probably falls in the same class, as a test of 
the Feynman-Gell-Mann theory, with measurements of 
the ft values of 0* — 0* superallowed transitions, or of 
the Fermi term in J—J no transitions between 
different isospin multiplets. 


IV. OTHER APPLICATIONS 


(a) The decay process A°— p+e~+ 7 seems anoma- 
lously slow. Of course one may try to explain this as an 
“accident,” a damping due to strong interactions. 
According to part (B), however, this damping must take 
place for both V and A interactions separately, since 
no V-A interference term appears in the decay rate. 

Actually, we have as yet no evidence that both V and 

! are present; the existence of K,; decay proves that 
either V or A strangeness violating interactions occur, 
but since K,» decay has not been observed, we cannot 
be sure that both are present. A clear test would be to 
measure the average value of (/,—,) for the A° decay. 
Part (A) tells us that ((£,—F,)?"*") is proportional to 
the V-A interference, and therefore vanishes unless V 
and A are both present. If not zero, the magnitude of 
(E.— E,) would give information on the relative strength 
of V and A. 


6A. J. F. Siegert, Phys. Rev. 52, 787 (1937). 
6M. Yamada, Progr. Theoret. Phys. (Kyoto) 9, 268 (1958). 
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(b) If we make the simplest assumptions about the 
charge-symmetry properties of the strangeness-con- 
serving parts of the currents J, then the transition 
rates for a process a—>f8+/-+% and the charge- 
symmetric process & > B+/++y (e.g., +, > > A°, or 
BY, N®—-C®, or Li’, B§— Be’) should be equal, 
except for a change of sign in the V- A interference term. 
Since there is never any V-A interference in the fofal 
transition rates, these should be entirely equal. This 
might serve as one test of the charge-symmetry 
properties of weak interactions.’ 

(c) The K,;° decay mode proceeds through a V 
interaction or an A interaction (the difference being one 
of convention) but not through both. Therefore, by 
part (A), the differential transition probability (with 
no pseudoscalar correlations measured) must be totally 
symmetric under interchange of electron and neutrino 
spins and momenta. In particular, we must have 
(E.—E,)=0. It would be very surprising if this predic- 
tion were not fulfilled; the only reasonable explanation 
that could then be offered would be the simultaneous 
presence of S and 7, or of P and T, interaction forms. 

(d) We can apply our results to w-meson decay, 
taking a=yu, B=e, /=v, and considering the electro- 
magnetic interaction between yw and e as “strong.” In 
fact this is the only case where the conditions for part 
(A) are met exactly. The most important experimental 
parameters® are those giving the decay rate (1/7) the 
spectrum shape (p) and the o,-p,. correlation (a,f), 
none of which involve observation of the neutrinos. 
Since 1/7 and p are “‘scalars,”’ they can involve no V- A 
interference, while a and ¢, which describe a pseudo- 
scalar correlation, involve only V-A interference. This 
result holds to all orders in the electron charge and 
mass, and may be checked against the lowest order 
calculations. 
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